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Summary

Learning-Based Calibration, Estimation and

Stage Control for Electron Microscopy

Given noisy observations, what can we learn about the system that produced
them? The answer depends not only on the data but also on prior knowledge:
a physical model, a symmetry in the data, or a structural constraint on the
solution. This interplay between structure and data is the central theme of this
thesis, which specifically addresses two persistent challenges. The first is data
scarcity: in electron microscopy, every measurement carries a physical cost in dose,
time, or operator effort, and thus large labeled datasets are simply not available.
The second is the simulation-to-reality gap: while physics-based simulators can
provide abundant synthetic training data, simulated and real measurements are
generated by different processes, and this discrepancy limits what can be learned
from simulation alone. Across eight chapters, we develop machine learning and
control methods that exploit known structure to extract more information from
less data. The primary application is electron microscopy, one of the most powerful
and demanding measurement platforms in modern science, although many of the
presented methods apply to various application domains.

Electron microscopes use electrons instead of photons to image matter. Because
the wavelength of electrons is far smaller than that of visible light, they can
resolve individual atoms, enabling breakthroughs in materials science, structural
biology, and semiconductor manufacturing. Achieving such resolution requires
these instruments to be precisely tuned and calibrated. Lens imperfections such as
aberrations degrade resolution and must be measured and corrected before high-
resolution imaging can begin. Furthermore, the specimen must be positioned with
nanometer accuracy over millimeter-scale ranges. Existing automation for these
tasks relies on simplified physical models or hand-crafted heuristics rather than
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general data-driven methods. As instruments grow more complex and throughput
demands increase, the limitations of hand-crafted procedures become increasingly
apparent, and the field is moving toward data-driven approaches. This thesis
contributes to that shift. It develops learning-based methods for the optical
calibration and precision positioning of electron microscopes, and it provides general
methods for data-efficient machine learning that extend beyond the microscopy
application.

The work is organized in three parts. Part I focuses on the calibration of
scanning transmission electron microscopes (STEM). The first chapter introduces
a data-driven pipeline that combines a convolutional neural network with Bayesian
optimization to estimate and correct low-order aberrations from simulated training
data. A subsequent chapter advances this pipeline into a principled framework
based on variational autoencoders (VAEs). The VAE extracts compact features
from simulated microscope images, which are then used to estimate the aberrations.
Crucially, this approach succeeds despite the simulation-to-reality gap. By exploit-
ing the symmetry of electron-optical aberrations, an expectation-maximization
algorithm can bridge this gap by jointly estimating the aberration state and learning
the domain-transfer model.

Part II pertains to the transmission electron microscope (TEM). The first chap-
ter develops a method for estimating TEM aberrations based on images acquired at
different beam tilt angles, together with a principled approach to selecting the most
informative tilt sequence. The second chapter addresses precision positioning of the
specimen stage, which is driven by multiple piezoelectric actuators. These actuators
suffer from hysteresis, mechanical misalignments due to manufacturing tolerances,
and non-collocated sensing. The proposed method combines data-driven feedfor-
ward control with image-based feedback to achieve nanometer-scale positioning
accuracy.

Part III broadens its scope beyond the electron microscopy application and
contributes to the wider field of data-efficient machine learning. Four chapters
address different aspects of this theme: constructing VAE latent spaces with
prescribed topological structure, extending Gaussian process regression to time-
varying functions, learning optimal control policies from few data by exploiting
structural assumptions and linear matrix inequalities, and designing exploration
strategies for reinforcement learning based on limited model knowledge.

In every chapter, the key to data efficiency is structure, which constrains the set
of admissible solutions. It may take the form of a physical law, a symmetry, a bound
on the parameter space, or a dynamical model. This determines which parameters
are identifiable from data at all, and it determines how much information each
observation carries about them. Where simulation is used, structure constrains the
comparison between simulated and real measurements, making the gap bridgeable
from limited real data. Rather than relying on large datasets, each method in this
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thesis is designed to extract as much information as possible from limited data by
formally integrating what is already known. This structured approach to learning
provides a robust path forward for complex scientific instruments, particularly
when real data is scarce and simulation-driven approaches face the realities of the
physical world.

Keywords: Electron microscopy, aberration correction, machine learning,
Bayesian estimation, data efficiency, simulation-to-reality gap, variational au-
toencoders, Gaussian processes, reinforcement learning, iterative learning control,
inverse problems, specimen positioning
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1
Introduction

1.1 Electron Microscopy

Electron microscopes use electrons instead of photons to image matter. Because
the wavelength of electrons is much smaller than that of visible light, electron
microscopes break the diffraction limit of optical microscopes by several orders of
magnitude. This makes them capable of resolving individual atoms. Since the first
electron microscope was built in 1931, this capability has enabled fundamental
discoveries across physics, chemistry, biology, and engineering. Figure 1.1 shows
a modern electron microscope. To appreciate where the field stands today, and
what challenges remain, it helps to briefly trace how electron microscopy developed.
Figure 1.2 summarizes the key milestones.

Ernst Ruska and Max Knoll built the first electron microscope, a transmission
electron microscope (TEM), in Berlin in 1931 [2], a breakthrough for which Ruska
received the Nobel Prize in Physics in 1986. In the decades that followed, the
TEM matured into a versatile tool for materials science and biology. The basic
physics of electron optics was understood early on, but achievable resolution was
limited by so-called aberrations in the electromagnetic lenses. Aberrations are
imperfections in how the lenses focus the electron beam. In 1936, Scherzer proved
that any rotationally symmetric electron lens has positive spherical aberration [3],
a result known as Scherzer’s theorem. Since at the time, all electron lenses were
rotationally symmetric, this set a fundamental limit on resolution, and for the next
sixty years aberrations remained the primary barrier to atomic-resolution imaging.

A first turning point came in 1970, when Crewe demonstrated single-atom
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Figure 1.1. A Thermo Fisher Scientific Spectra scanning/transmission electron
microscope, taken from Davies [1]. The column contains the electron gun, multiple
electromagnetic lens systems, a phase plate, and a direct electron detector in a
housing that exceeds two meters in height. Specimen loading, stage control, and
image acquisition are automated, but alignment and calibration of the optical
column still require expert intervention before each session.
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Figure 1.2. Key milestones in electron microscopy. Technology developments are
placed above the timeline, and scientific impact and recognition below it.

imaging using a scanning transmission electron microscope (STEM) [4] (Figure 1.3).
Rather than improving the lenses, STEM uses a different imaging mode: it rasters
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3

(a) Uranium, Z = 92 (b) Thorium, Z = 90

Figure 1.3. Zoomed dark-field STEM micrographs of single heavy atoms on an
amorphous carbon support, reprinted from Crewe et al. [4]. Each bright spot is
one atom. The contrast is Z-contrast: both elements scatter far more strongly
than the carbon background, making individual atoms visible as discrete spots.
The images were obtained without aberration correction, showing that Z-contrast
STEM achieved single-atom sensitivity three decades before practical aberration
correctors became available.

a focused electron probe across the specimen and collects scattered electrons at
each position. This enables Z-contrast imaging, where the image intensity scales
with atomic number, and it allows electron energy loss spectroscopy (EELS, where
energy lost by inelastic scattering reveals the elemental composition and bonding
of the specimen) to be recorded at every probe position. A second and arguably
more important turning point came in 1998, when Haider, Rose, and Urban
demonstrated the first practical aberration corrector for TEM [5]. By adding
multipole lenses, which are not rotationally symmetric and therefore not subject
to Scherzer’s theorem, the corrector can produce aberrations that cancel those of
the objective lens, which substantially improved the point resolution of the TEM.
Correctors of a different multipole design were developed for STEM in parallel [6],
where they made sub-ångström probes possible [7, 8].

More recently, the 2017 Nobel Prize in Chemistry was awarded to Dubochet,
Frank, and Henderson for cryo-electron microscopy (cryo-EM) [9–11], a TEM-
based technique in which specimens are preserved by rapid freezing. Imaging
at cryogenic temperatures slows radiation damage, enabling the determination
of three-dimensional structures of biological molecules at near-atomic resolution.
Cryo-EM has since become a standard tool in structural biology and drug discovery.
In 2020, it was used to determine the structure of the SARS-CoV-2 spike protein



4 Chapter 1. Introduction

1

Figure 1.4. Cryo-EM density map of the SARS-CoV-2 spike protein at 3.5 Å
resolution, reprinted from Wrapp et al. [12]. The prefusion trimer is shown as a gray
surface fitted with an atomic model, in two views (90◦ apart). The receptor-binding
domain (RBD) is visible in both the “up” and “down” conformations.

within weeks of the pandemic’s onset, directly contributing to the rapid development
of mRNA vaccines [12] (Figure 1.4).

The impact of electron microscopy extends well beyond the instrument itself.
Throughout its history, advances in EM hardware have directly enabled scientific
results that would otherwise have been out of reach. The introduction of direct
electron detectors in the early 2010s triggered what is now called the “resolution
revolution” in cryo-EM [13], producing an explosion of protein structure deter-
minations. Similar patterns can be seen in materials science and semiconductor
manufacturing, where each new generation of microscopes opens up previously in-
accessible research. Today, electron microscopes are indispensable across materials
science, semiconductor manufacturing, structural biology, catalysis, and battery
research.

As electron microscopes have become more powerful, they have also become more
complex. A modern aberration-corrected microscope has dozens of electromagnetic
elements that must be tuned simultaneously. The number of parameters, the
precision required, and the interactions between components have grown to the
point where operating these instruments at their full potential is a significant
challenge in itself, which we discuss in more detail in the next section.
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1.2 Challenges in Modern Electron Microscopy

The capabilities of EM described above come with open problems that are far from
solved. Some are rooted in physics, others in engineering, and many have persisted
for decades despite sustained effort. This section surveys the main challenges faced
by the field today, focusing on high-resolution TEM and STEM, where atomic-
scale information is the goal1. Two related areas fall outside the scope of this
thesis. The first is scanning electron microscopy (SEM), in which a focused electron
beam is scanned across the surface of a specimen and the resulting secondary
or backscattered electrons form an image of that surface. SEM has a different
challenge profile dominated by surface charging on poorly conducting samples, and
the methods in this thesis do not transfer to it directly. The second is specimen
preparation, often the rate-limiting step in TEM workflows, which is a separate
problem from instrument operation and is likewise not addressed here.

C1: Calibration and Alignment of the Optical Column

The optical column of an electron microscope contains many types of imperfections
such as aberrations and distortions that degrade image quality. Fortunately, these
imperfections can often be corrected by adjusting the electromagnetic field in
precise ways. Aberration correctors have enabled these adjustments and are one of
the most transformative hardware advances in the history of electron microscopy,
but they come at a cost: complexity. A modern corrector contains dozens of
multipole elements that must be tuned to cancel the aberrations of the objective
lens. The tuning is not a one-time procedure. Aberrations drift due to thermal
effects, specimen charging, and mechanical instabilities, and the corrector must be
recalibrated periodically during operation [14].

Calibration is currently often performed or monitored by expert operators who
interpret diagnostic diffraction patterns and adjust corrector settings iteratively.
In STEM, the most common diagnostic is the Ronchigram. As the converging
electron probe passes through the specimen, it forms a diffraction pattern whose
spatial structure encodes the current aberration state. The shape and orientation
of the diffraction pattern indicate which aberrations are present. On an amorphous
specimen, these features are directly readable by an experienced operator. On
a crystalline specimen, the same geometry instead produces a convergent-beam
electron diffraction (CBED) pattern, in which the standard operator-based analysis
breaks down.

In TEM, the standard procedure is the Zemlin tableau [15]. A series of images

1On many modern platforms, TEM and STEM are operational modes of a single instrument
rather than separate machines. Throughout this thesis, the distinction refers to the imaging mode
rather than the hardware platform.
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is acquired at different beam tilt angles, and the power spectrum of each, called a
diffractogram, shows Thon rings whose radii and orientations encode the aberration
coefficients. Fitting the ring structure across all tilt angles yields the full set
of estimates. Thon rings are visible only when the specimen scatters electrons
uniformly across spatial frequencies [16, 17], as only amorphous materials do.

Both procedures therefore require an amorphous region. This is a persistent
operational inconvenience in workflows where the specimen of interest is itself
crystalline, such as polycrystalline supports near cryo-EM specimens or battery
electrode interphases [16]. Both procedures also require significant expertise and
are time-consuming, and as correctors are extended to higher-order terms [18], the
number of parameters that must be estimated grows, making manual calibration
and monitoring increasingly difficult.

C2: Radiation Damage and Dose Efficiency

Every electron that passes through the specimen deposits energy. In biological and
organic materials, this energy breaks chemical bonds through a process known as
radiolysis [19]. In crystalline specimens, electrons can displace atoms from their
lattice sites. In both cases, the specimen is destroyed by the measurement process
itself. This creates a fundamental trade-off: higher electron dose improves signal
quality but damages the sample.

Cryo-electron microscopy addresses this by vitrifying specimens and imaging
them at cryogenic temperatures, which slows radiation damage enough to allow high-
resolution structure determination of biological molecules [20]. In single-particle
analysis, many images of the same molecule in different orientations are aligned and
averaged, making such structure determination possible even at the low doses that
cryogenic imaging requires [10]. The dose limit nevertheless remains one of the most
fundamental constraints in electron microscopy, and it is becoming more binding
as the field moves toward imaging increasingly beam-sensitive materials. Halide
perovskites used in next-generation solar cells, for instance, can suffer measurable
structural damage within doses on the order of 100 e/Å2 [21], well below the dose
required for conventional high-resolution imaging.

C3: Specimen Positioning and Three-Dimensional Imaging

Accurate specimen positioning is required across many (S)TEM workflows: electron
tomography, serial imaging, large-area montaging (tiling many adjacent image fields
into a composite), and in situ experiments (where the specimen is modified during
acquisition, for example by heating or electrical loading). Electron tomography
makes the importance of positioning especially clear. A single electron microscope
image is a two-dimensional projection of the specimen, in which all structure along
the beam direction is collapsed onto one plane. Tilting the specimen, recording
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a projection at each angle, and combining the projections recovers the full three-
dimensional structure [22]. This is the same principle as a medical CT scan, in
which depth information absent from any single projection is reconstructed from
many viewing directions. Electron tomography is constrained from two sides.
Geometrically, the maximum tilt angle is limited by the specimen holder, the
pole-piece gap, and the specimen geometry itself. The unobserved angles form a
missing wedge that degrades resolution along the beam direction and introduces
reconstruction artifacts [23]. Mechanically, the projections must all be aligned to a
common point of interest, which places severe demands on specimen positioning.

During a tilt series, the specimen stage rotates through a range of angles, yet the
point of interest rarely lies exactly on the tilt axis. The three translational actuators
that perform fine specimen movement must therefore create a virtual rotation
point at the imaging location. These actuators are typically piezoelectric: ceramic
elements that expand or contract in response to an applied voltage, with sub-
nanometer resolution and no lubricated bearings or gears that would contaminate
the ultra-high vacuum [24]. The trade-off is that piezoelectric actuators have well-
documented nonlinear pathologies, including hysteresis (displacement depends on
the voltage history, so the same voltage can produce different positions) and creep
(slow drift after a voltage change) [24]. The encoders that measure displacement
are not collocated with the specimen. They sit at the actuator, and the encoder
reading deviates from the true point-of-interest position whenever the mechanical
linkage bends or drifts. Any positioning error accumulates across the tilt series and
degrades the three-dimensional reconstruction [25]. Addressing these sources of
error yields improvements across all the workflows mentioned above.

C4: Throughput, Automation, and the Data Challenge

The challenges described above compound in production environments and large-
scale research pipelines, where high throughput is a hard requirement. Semicon-
ductor manufacturers inspect wafers at high speed, screening for defects across
millions of features. Cryo-EM pipelines process thousands of specimens per year.
The data-processing side of these pipelines is now highly automated: tilt-series
acquisition is handled by SerialEM [25], and single-particle structure determination
by RELION [26] or cryoSPARC [27], with minimal human intervention. The
hardware side has not kept pace. The microscope itself must still be calibrated
and aligned by human operators before any of this software can run. Manual
calibration, alignment, and quality assessment account for a significant fraction of
total experiment time. The field is therefore moving toward autonomous opera-
tion, where microscopes can calibrate themselves, acquire data, and flag anomalies
without constant operator supervision [28, 29].

At the same time, modern detectors are generating data at unprecedented
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rates. Direct electron detectors and four-dimensional STEM (4D-STEM) setups
can produce gigabytes per second, and the total data volume of a single experiment
can reach terabytes. Processing and interpreting data at this scale manually is
unfeasible, which has driven the adoption of machine learning for tasks such as
denoising, particle picking, and defect detection [30]. Closed-loop operation that
spans both the data side and the hardware side of the microscope remains an active
challenge.

The challenges described above differ in their physical origins but share two
properties that shape what any solution can do. First, every measurement carries
a cost: dose limits acquisition in beam-sensitive specimens (C2), tilt acquisitions
consume dose and time (C3), and calibration requires trained operators (C1, C4).
The volume of real data obtainable in any experiment is therefore hard-bounded.
Second, physics-based simulators can generate synthetic observations at low cost,
but their output distributions differ from those of real instruments. Hence, two
key properties are present across the four challenges:

P1: Limited real data.

P2: Simulation-to-reality gap.

The chapters of this thesis address problems that exhibit P1, P2, or both: real
data is physically limited, the available simulator is approximate, or both conditions
hold simultaneously. The next section develops the statistical framework common
to all of them.

1.3 Learning from Limited and Indirect Measure-

ments

Real-world scientific applications often exhibit the following setting. An observation
y carries information about a quantity of interest θ through a forward model
y = f(θ) + ε, where f encodes the physics of the measurement or process and
ε is noise. When θ cannot be observed directly but must be inferred from y

by inverting this relationship, this constitutes a so-called inverse problem [31].
Bayesian inference is the natural framework for such problems. When treating θ as
a random variable, Bayes’ rule [32] prescribes how prior knowledge and the data
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combine into a posterior distribution:

p(θ | y) ∝ p(y | θ) p(θ). (1.1)

The likelihood p(y | θ) captures how the observations depend on θ through the
forward model. The prior p(θ) encodes what is known about θ before any data
is collected. The posterior p(θ | y) is the updated distribution after the data has
been taken into account. Both are modeling choices, and these choices determine
what can be learned from the data.

Two classical results make the role of these modeling choices more clear. First,
for the posterior to concentrate on the true parameter as data accumulates, the
mapping θ 7→ p(· | θ) must be injective: distinct parameters θ1 ≠ θ2 must induce
distinct distributions over y. This is the concept of identifiability, and without it,
no amount of data can resolve which θ generated the observations, regardless of how
well-designed the experiments are [33]. Second, even when the model is identifiable,
the minimum variance achievable by any unbiased estimator is bounded below by
the inverse of the Fisher information [34]: I(θ) = E[∇θ log p(y | θ)∇θ log p(y | θ)⊤].
This quantity measures how sensitively the observations discriminate between
nearby values of θ.

Together, these results clarify the role of what we will call structure: any prior
knowledge that constrains the forms the prior and likelihood can take, whether a
physical law, a symmetry, a bound on the parameter space, or a dynamical model.
Structure determines identifiability, and it determines the Fisher information per
observation. In this way, structure controls both whether θ can be learned and how

much data is needed to learn it.
To aid in learning, a simulator can be used to generate synthetic data. Given

any θ, the simulator produces synthetic observations at low cost, making it possible
to survey the likelihood across the parameter space without collecting real data.
The complication is that every simulator is an approximation of reality. When the
distribution of simulated observations differs from that of real measurements, the
likelihood is misspecified and any resulting posterior is biased. This bias does not
vanish with more simulated data, as it reflects a model error, not a statistical one.
We call this the simulation-to-reality gap. Figure 1.5 shows how structure, real
measurements, and simulated data together shape the posterior.

Recent discourse in machine learning has questioned whether structural as-
sumptions retain value as compute and data scale. Sutton’s “Bitter Lesson” [35]
argues that across the history of AI, general methods that scale with computa-
tion have consistently outperformed methods built on human-engineered domain
knowledge. The argument is supported by empirical observations across machine
learning: in language modeling, loss scales as a power law in model size, data,
and compute [36, 37], and in reinforcement learning, AlphaZero outperformed all
knowledge-based game programs at chess, shogi, and Go through self-play alone [38].
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Figure 1.5. Learning from limited and indirect measurements. Structure con-
strains the forms that the prior and the likelihood can take. Real measurements
and simulated data provide evidence through the likelihood; simulated data can
also inform the prior. The dashed arrows cross the simulation-to-reality gap: the
mismatch between simulated and real data. The posterior combines the prior and
the likelihood via Bayes’ rule.

If anything required for a problem can be learned from enough data and compute,
then structural assumptions are at best a temporary shortcut.

Two recent developments complicate this picture. First, the power-law exponents
are small, which means the training scale must be increased significantly to achieve
meaningful reductions in loss [36]. Empirical work in vision-language models has
confirmed this at the level of individual concepts: zero-shot accuracy on a concept
grows log-linearly with that concept’s frequency in the pretraining data, so a fixed
gain in performance on rare concepts requires exponentially more data [39]. Second,
Sutton himself has updated the picture. In a recent essay, he and Silver argue that
the human-data era is reaching its limits and that the next phase of AI will rely on
agents learning from continuous interaction with the world [40]. Figure 1.6 shows
these scaling trends alongside two results from this thesis.

For the problems in this thesis, the Bitter Lesson runs into hard physical limits.
The measurement budget is bounded by P1, so the data volumes that scaling
requires are simply unavailable. The scaling successes that Sutton cites also share
a feature absent here: training and deployment occur in the same environment. In
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Figure 1.6. Power-law scaling of loss with training scale, shown on log–log axes
for published language and vision results together with two data points from this
thesis. Each curve keeps its own native metric. The horizontal axis is training
scale, given in tokens or images for the data-scaling curves and in GFLOPs for the
compute-scaling curves, with compute related to data through C ≈ 6ND [36]. The
vertical axis is the loss or error reported for each curve. For language modeling, the
loss follows a power law both in dataset size ( [36]) and in compute ( [36]),
and a compute-optimal fit gives the same trend ( [37]). The same power-law
behavior appears in vision, for ImageNet classification ( [41]) and for JFT
segmentation ( [42]). The exponents are small, ranging from α ≈ 0.3 for image
classification down to α ≈ 0.1 for language modeling, so halving the loss takes
roughly 21/α times more data, from about ten to about a thousand times, and
each further halving demands the same multiplicative increase. Structure in the
training data can beat this scaling. Pruning redundant examples turns the power
law into a faster decay ( [43]), so a well-chosen subset reaches an error that
brute-force scaling reaches only with far more data. The two thesis points follow the
same principle at a fixed training-set size of over 200 000 simulated Ronchigrams.
Replacing the scalar Bayesian-optimization approach (Chapter 2, ) with the more
structured VAE-EM methodology (Chapter 3, ) lowers the median aberration
estimation error by 2.6× without any additional training data.

electron microscopy the training environment is a simulator and the deployment
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environment is a real instrument.2 P2 means that scaling the simulated dataset
cannot eliminate the distributional mismatch. On top of this, many of the problems
considered in this thesis are inverse problems, and so identifiability depends on
the structural assumptions one is willing to make. For some, no amount of data
resolves θ unless a prior constrains the hypothesis space.

For this reason, the central question of this thesis is: how can structural

knowledge enable learning from limited and indirect measurements? The next
section describes the contributions and the organization of the thesis.

1.4 Thesis Outline

The eight content chapters of this thesis are organized into three parts, progressing
from application-specific methods for electron microscopy to general methodology
for data-efficient machine learning. Figure 1.7 at the end of this section provides a
graphical overview.

Part I: Machine Learning for STEM Calibration

Hardware aberration correctors, introduced in the late 1990s, made sub-ångström
STEM imaging possible [7, 8]. However, the correctors also lead to a tremendous
growth of the number of calibration parameters, and recalibrating them still requires
expert interpretation of Ronchigrams. Two paths have emerged for automating this.
The first is physics-based, with feature-engineered methods that exploit the optical
model directly [44–46], used today in commercial tools such as CEOS [47]. These
methods are interpretable but limited by the accuracy of the underlying model and
the difficulty of capturing day-to-day variation in real microscopes. The second
is data-driven, applying deep learning or Bayesian optimization to features of the
Ronchigram [48–52]. Reviews of deep learning in electron microscopy identify this
direction as the natural complement to the automated software pipelines discussed
in C4 [29, 30, 53]. Both chapters in Part I contribute to the data-driven path
and address the aberration estimation aspect of C1, reducing reliance on expert
operators (C4).

Chapter 2 establishes the data-driven baseline for STEM calibration. Aberration
states drift frequently, and recalibration by hand requires expert interpretation of
Ronchigrams. The pipeline separates calibration into two steps. First, a ResNet18
convolutional neural network trained on a large dataset of simulated Ronchigrams
assigns a scalar quality metric to each image, reflecting how far the instrument is
from its calibrated state. Second, a Bayesian optimization loop uses a Gaussian

2Real EM data is used in each chapter, but only in limited amounts and only to fit the
parameters of highly constrained models or to validate performance, not to train general methods
from scratch.
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process model of this quality surface and a problem-specific acquisition function to
select corrector adjustments iteratively; the acquisition function is designed around
the geometry of the calibration problem and outperforms standard alternatives.
Experiments on a real STEM show that the method consistently calibrates defocus
and two-fold astigmatism to within 15nm and 20nm, respectively, using roughly
twenty Ronchigrams acquired in under fifteen seconds. A scalar quality metric,
however, compresses the Ronchigram into a single number. As the number of
aberration types grows, this compression loses resolution.

Chapter 3 addresses the two main limitations of the previous chapter: the scalar
representation and the simulation-to-reality gap. A variational autoencoder (VAE),
trained on simulated Ronchigrams, learns a multi-dimensional latent representation
that retains more information about the aberration state. The key challenge is
that the VAE is trained in simulation, so its latent mapping is biased relative
to real instruments. An expectation-maximization algorithm addresses this by
jointly estimating both the aberration state and a Gaussian process model of the
remaining mismatch between the simulated and real domains — that is, it learns the
simulation-to-reality gap directly from a small number of real measurements. The
joint estimation is otherwise ill-posed, but the even-symmetry of the Ronchigram
power spectrum (a consequence of Fourier optics) constrains the GP kernel and
restores a unique solution. On a real STEM, the method more than halves the
aberration estimation error compared to the previous approach and converges
within tens of seconds.

Part II: Image-Based Calibration and Control of TEM

Both chapters in Part II address front-end TEM tasks where automation has
lagged behind the data-side software pipelines introduced in Section 1.2. Chapter 4
addresses aberration calibration in TEM (C1), and Chapter 5 addresses specimen
positioning during a tilt series (C3). They share a common methodological idea: the
microscope’s detector, normally used only to record the final image, is repurposed
as a measurement sensor for the front-end task. Together the two chapters target
the throughput bottleneck (C4) that is sharpest in electron tomography, where fast
aberration calibration and precision specimen positioning are jointly required for a
usable tilt series. The methods themselves are not specific to tomography.

Chapter 4 introduces a TEM aberration estimation method based on beam
tilts. Tilting the electron beam in the presence of aberrations causes a lateral shift
in the image whose direction and magnitude encode the current aberration state.
The tilt-shift principle has been used for aberration estimation before [54, 55],
but acquisition and processing times prevented earlier methods from matching
the Zemlin tableau in practice and from tracking aberration drift in real time.
This chapter combines fast GPU-based image-shift extraction [56] with a sensor-
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scheduling formulation. A Kalman filter estimates the aberration coefficients
and their drift jointly, and the question becomes which sequence of beam tilts
extracts the most information given the measurement budget. The tilt schedule is
optimized offline by minimizing the trace of the predicted estimation covariance (A-
optimality), using a receding-horizon gradient method with multiple initializations.
A supplementary expectation-maximization step estimates specimen-dependent
noise parameters, adapting the schedule to the specific specimen being imaged.
The model predicts that optimized schedules reach the estimation accuracy of
uninformed patterns in roughly 42% fewer tilts, and experiments on a real TEM
reproduce the predicted estimation covariances. The method also generalizes to
polycrystalline specimens, where the Zemlin tableau cannot be applied (Section 1.2).

Chapter 5 addresses precision specimen positioning in electron tomography,
where the specimen must remain at the same point of interest throughout a full
tilt series (C3). The four-degree-of-freedom motion stage used for positioning
suffers from several sources of error: hysteresis in the piezo stepper actuators,
repeatable stepping errors from mechanical misalignments, and a non-collocated
sensing arrangement where encoders sit at the actuators rather than at the specimen.
No dedicated sensor observes the actual specimen position. The baseline approach
used in this chapter follows van Meer et al. [57], which developed data-driven
hysteresis compensation and commutation-angle-domain iterative learning control
for piezo-stepper actuators on a laboratory setup. This chapter extends that work
to an operational TEM and provides the missing specimen-position sensor by using
the microscope images. The proposed framework addresses the error sources jointly.
The system is first linearized by inverting the identified parametric hysteresis
model. Repeatable stepping errors are canceled by iterative learning control in the
commutation-angle domain, extended from one to three translational actuators.
The missing point-of-interest measurement comes from the microscope images
themselves. Cross-correlation-based tracking of consecutive images provides an
in-plane position estimate. This estimate can then be used to provide a learned
sensor deviation that corrects encoder estimates for quasi-static bending at the
contact points, which allows the ILC framework to be applied directly to a POI
position estimate rather than to the encoder readings. The complete framework
is validated on a four-degree-of-freedom lab setup and on an operational electron
microscope and achieves nanometer-level positioning accuracy, reducing the point-
of-interest tracking error by roughly an order of magnitude relative to the baseline
on both platforms.

Part III: Data-Efficient Machine Learning

Section 1.3 argued that in problems where data is bounded, structural assumptions
are how a method stays useful. The four chapters in Part III put this argument
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into practice with general methods that are independent of the electron microscopy
application. They sit in three research areas where structural assumptions have a
long history of making inference tractable. Representation learning has long sought
structural priors that match the geometry of the data, beyond what a Gaussian
prior can express [58]. Spatiotemporal estimation has historically combined kernel
methods with dynamical models to reduce continuous-domain estimation problems
to tractable finite-dimensional ones [59]. Reinforcement learning faces an explicit
sample-complexity problem, and surveys on Bayesian and model-based RL [60, 61]
catalog a wide range of structural assumptions that extract usable policies from a
small number of interactions. Part III contributes one chapter to representation
learning, one to spatiotemporal estimation, and two to reinforcement learning.

Chapter 6 addresses a structural limitation of the VAE in Chapter 3: the
standard Gaussian prior imposes a Euclidean topology on the latent space, which
is a mismatch when the data lies on a manifold with different structure. For
Ronchigrams, the optical symmetry already exploited in Chapter 3 suggests a
non-Euclidean latent topology, and many other datasets in engineering and science
lie on tori, cylinders, or similar manifolds. The chapter introduces a constructive
procedure for any manifold that can be expressed as a product of elementary factors
(circles, intervals, and lines) or as a quotient of such a product by a finite group.
Factorized distributions over these factors yield product topologies with closed-
form, decoupled KL divergences. For quotient manifolds, a group-invariant feature
map serves as the decoder input, ensuring that identified points produce identical
outputs. Anchor constraints fix the coordinate orientation or create topological
holes. On three synthetic datasets and two modified MNIST datasets, geodesic
stress relative to a Gaussian VAE baseline decreases by 77% for a cylindrical latent
space, by 41% for a toroidal one, and by 74% for a Möbius strip.

Chapter 7 provides a unified estimation framework for functions that both
vary over a continuous spatial domain and evolve over time. Standard Kalman
filtering handles finite-dimensional dynamics but not spatial fields; Gaussian process
regression handles spatial fields but not temporal evolution. The Dynamic Gaussian
Process (DGP) addresses both by modeling the function as a Gaussian process
whose state evolves through an integro-difference equation. The posterior remains
a Gaussian process with closed-form mean and covariance updates after each
evolution step and each set of observations. When the spatial and temporal
kernels are separable, the infinite-dimensional problem reduces exactly to a finite-
dimensional Kalman filter on basis function coefficients. This reduction unifies
both frameworks under a single formulation. A stability and approximation error
analysis decomposes the functional estimation error into three contributions: a
noise-limited term, a basis-leakage term, and an out-of-subspace residual. The latter
two vanish as the number of basis functions grows, while the noise-limited term
converges to the posterior uncertainty of the exact infinite-dimensional estimator.
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The framework is extended to vector-valued states, enabling the treatment of higher-
order partial differential equations via state augmentation, and demonstrated on
the heat equation and on the wave equation.

Chapter 8 addresses sample efficiency in reinforcement learning through struc-
tural assumptions on the Q-function. Standard Q-learning requires visiting each
state-action pair many times before reliable value estimates emerge, because no
structure is imposed on the value function. The approach here restricts the Q-
function to a quadratic form in selected state and control basis functions, which is
appropriate for problems near a known base policy. The learning objective is to find
the quadratic parameters that minimize the ℓ1-norm of the Bellman residuals over a
collected dataset. This problem is not convex, but two tractable convex approaches
are derived. LMI-QL applies a semidefinite programming relaxation involving linear
matrix inequalities. LMI-QLi instead fixes a subset of the parameters at each step
and solves a semidefinite program for the rest, iterating until convergence. Both
are off-policy methods, so the data can be collected in any way. On a nonlinear
pendulum benchmark, both methods learn an accurate value function from fewer
interactions than the least-squares policy iteration baseline.

Chapter 9 addresses slow learning from uninformed exploration in reinforcement
learning. When an agent has no model of the environment, it must explore
randomly, visiting many state-action pairs that are provably suboptimal. The
key observation is that in many problems a model set can be specified from prior
knowledge: a set of transition models that contains the true dynamics. Optimizing
over this model set yields upper and lower bounds on the Q-function. Any action
whose upper bound falls below the lower bound of the best currently known
action is provably suboptimal and can be pruned, directing exploration toward the
remaining candidates. A data-regularized version of the model set optimization
incorporates observed transitions, which allow us to close the gap between the
model and the true system as the data accumulates. The regularization also ensures
convergence of the exploring policy to the optimal one. For the bounded-parameter
MDP (BMDP) framework, the model set optimization is convex, yielding the
BUMEX algorithm (Bounded Uncertainty Model-based Exploration) with finite-
time convergence guarantees under mild assumptions. On standard benchmark
environments including Frozen Lake, Cartpole, and Taxi, BUMEX converges to a
good policy using substantially fewer interactions than ϵ-greedy and UCB-based
baselines.

Chapter 10 concludes the thesis with a summary of the main findings and
directions for future research.
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Figure 1.7. Graphical overview of the thesis. Solid arrows indicate direct method-
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Abstract - Electron microscopes can create images at atomic resolution, enabling
key developments across many scientific fields. To obtain high-resolution images, the
inherent imperfections in the electromagnetic lenses have to be overcome by frequent and
extensive calibration. Currently, this calibration is typically performed or monitored by
experts, making it expensive and time-consuming. To resolve this, this chapter proposes
a data-driven solution for automated, image-based calibration of a Scanning Transmission
Electron Microscope (STEM). The method uses deep learning to interpret the high-
dimensional image, also called the Ronchigram, produced by the STEM, providing a
quality index that quantifies the distance of the current image from its calibrated state.
Specifically, we perform transfer learning on an adapted ResNet18 architecture using a
large dataset of simulated Ronchigrams. Afterward, Gaussian process regression models
how calibration settings affect this quality index from limited samples. Subsequently,
candidate calibration settings are selected online using Bayesian optimization with a
tailored acquisition function that, like entropy search, selects settings to reduce the

This chapter is based on van Hulst et al. [62].
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uncertainty about the calibrated state. When applied to the STEM, the proposed method
consistently calibrates defocus and two-fold astigmatism in just a few steps. Compared to
existing automated calibration methods, the proposed method can consistently achieve
similar performance in less time. For this reason, our approach potentially reduces expert
involvement and improves the overall throughput of the STEM. Moreover, the data-driven
nature of the proposed method suggests it could be adapted to calibrate additional types of
imperfections, positioning it as a flexible tool for enhancing STEM performance, provided
that representative data can be generated from the simulator.
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2.1 Introduction

Electron microscopes (EMs) are able to create images at atomic resolution. Such
images are used in, for instance, state-of-the-art materials science, life science, and
the semiconductor industry. The high magnification is enabled by firing a focused
beam of electrons onto a specimen and measuring the electrons after they have
interacted with the specimen. The quality of the EM image is directly related to
the quality of the electron beam focus, which is achieved by electromagnetic lenses
that inherently suffer from optical aberrations.

Aberrations are imperfections in the focus of the lenses that cause the resulting
image to be blurred. One type of aberration is called astigmatism, in which the focus
point of the electron beam is dependent on the angular coordinate of the beam’s
entry point on the lens. The unaligned focus points result in poor image quality [63].
For this reason, stigmators were introduced in EM, a hardware component that can
actively compensate astigmatism by manipulating the magnetic field [64, Chapter
4]. Another type of aberration is called spherical aberration, where the refraction
of the electron beam is more or less severe at the center of the lens compared to
the edges. Spherical aberration can also be compensated by the introduction of
additional hardware for the EM [6].

The introduction of these hardware components has dramatically increased the
attainable resolution in EMs [65]. However, these components have also increased
the number of settings that need to be calibrated in order to get high-quality
images. The performance of the EM in terms of image quality is extremely sensitive
to these calibration settings. Additionally, the optimal settings are dependent
on many factors, such as the magnetic composition of the specimen and the EM
surroundings [66, 67]. The problem is exacerbated by the fact that aberrations
typically drift from day to day, with some beginning to drift within minutes, and
that typical specimens can only take a limited number of electrons before significant
damage occurs.

Currently, the calibration of the STEM is performed by an expert microscope
operator. Although there are multiple methods for calibrating STEM that aim at
automatic calibration, most still require expert intervention. One of the calibration
modes used in STEM involves Ronchigram images. A Ronchigram is an electron
diffraction pattern from a convergent beam diffracted by a sample, typically
amorphous materials. This pattern encodes information from the incoming electron
beam and its aberrations [68]. The image is formed on a pixelated camera at the
end of the TEM column. Note that this image is an extremely high-dimensional
signal, as the number of pixels in a single Ronchigram is well over 10 000. On
top of that, different aberrations can result in Ronchigrams that cannot be told
apart, such as in the case of underfocus and overfocus, which both appear as a
zoomed-out image.



24
Chapter 2. Calibration of Electron Microscopes Through Deep Learning and

Bayesian Optimization

2

The frequency and duration of recalibration severely limit the number of high-
quality images that can be produced within a given time frame [69]. Moreover,
image quality often suffers due to suboptimal settings [70]. High throughput and
image quality are critical in industrial settings, as they directly impact the efficiency
and scope of materials science, life science, and semiconductor research. For this
reason, an automated calibration method for electron microscopes holds significant
value.

We propose to tackle the calibration problem using a two-step approach:

1) Interpreting the Ronchigrams: This step leverages deep learning trained
on a large dataset of simulated Ronchigrams. A scalar quality value is
assigned to each Ronchigram that represents the distance from calibration.
The neural network architecture is based on ResNet18 [71], modified with a
fully connected layer to produce scalar outputs.

2) Decision-making based on the interpretations: The outputs from step
1) are used in a Bayesian optimization framework [72], which employs a
Gaussian process model and a problem-specific acquisition function that
explicitly minimizes the expected calibration error.

This fully data-driven approach enables rapid and consistent tuning of lower-
order aberrations, such as defocus and two-fold astigmatism. Due to its data-
driven foundation, the methodology is likely to be generalizable to other types of
aberrations, a prospect further explored in Section 2.6.

This is not the first work to attempt automatic aberration correction in EM,
and significant progress has been made in this field in recent years. Traditional EM
calibration methods usually rely on hand-crafted features obtained from (a sequence
of) Ronchigrams, which are then used to estimate the aberrations. In Vulović
et al. [44], a direct aberration estimation method is proposed that uses the power
spectral density of the Ronchigram. In Rudnaya [45, Chapter 4], the Fourier
transform is applied to the Ronchigram to estimate the aberrations, followed by a
derivative-based calibration of the EM. In Rudnaya et al. [73], a fully automated
gradient-based calibration method is proposed for astigmatism and defocus based
on image variance. These methods presented the early beginnings of automated
STEM calibration, but have since been surpassed in terms of speed and accuracy.
The most widely used method for STEM calibration in industry nowadays is by
the company CEOS, which can typically calibrate lower-order aberrations up to
10 nm each [47]. The STEM manufacturer Thermo Fisher Scientific supplies their
microscopes with OptiSTEM(+), which can achieve similar performance [46]. Both
of these methods rely on physics-based insights from the full STEM images, which
take longer to acquire than Ronchigrams. The physics-based nature suggests that
these methods are prone to undermodeling, which is evident in practice since expert
preparation or intervention is often necessary.
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More recent works have investigated the use of machine learning to automate
the calibration process. For instance, Bertoni et al. [48] proposes the use of artifi-
cial neural networks to estimate aberrations based on Ronchigrams. In Schubert
et al. [49], the DeepFocus method is proposed, which uses deep learning to esti-
mate aberrations in the scanning electron microscope. Recent results have even
shown that deep learning can interpret certain aspects of the Ronchigram with
greater accuracy than experienced microscopists [52]. Another key technology that
has been introduced in EM calibration is Bayesian optimization. Our previous
work introduces Bayesian optimization based on hand-crafted (Fourier) features
of Ronchigrams [74]. In Ma et al. [50], an alignment method for STEM and
ptychography is proposed using Bayesian optimization of the beam emittance, a
physical property of the Ronchigram. The work Pattison et al. [51] also implements
a version of Bayesian optimization for the calibration of the STEM, but specializes
to low-valued aberrations.

Although other works have addressed the automatic calibration of electron
microscopes, this is the first to adopt a fully data-driven approach with state-of-the-
art calibration speed and accuracy. To achieve this, we propose a model-free adapted
image-recognition neural network (ResNet) to learn the map from Ronchigrams
to distance to a calibrated state in a supervised manner. Moreover, we propose a
tailored acquisition function for Bayesian optimization that treats calibration as a
pure-exploration problem. In the spirit of entropy search, it selects settings that
reduce the uncertainty about the calibrated state rather than greedily minimizing
the estimated aberration norm. It thereby speeds up calibration compared to
standard acquisition functions and provides a natural stopping criterion. These
features ensure consistently high calibration performance and a strong potential for
generalization to various types of aberrations, including higher-order aberrations.

2.2 Background and Problem Formulation

In this section, we formulate the problem addressed in this chapter. First, back-
ground on electron microscopy and the calibration process is provided. Afterward,
the problem is explicitly stated.

2.2.1 Scanning Transmission Electron Microscopy

The scale at which traditional light microscopes can image is fundamentally limited
by the wavelength of visible light. By using electrons instead of photons, which
have a wavelength about 100 000 times as small, electron microscopes are able to
achieve superior magnification.

There are different types of EM, each with its own specific advantages and
disadvantages. Transmission Electron Microscopes (TEM) operate similarly to
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Figure 2.1. Schematic representation of STEM. An electron gun fires a beam
of electrons into a stack of lenses and apertures. Between the lenses, there are
stigmators and deflection coils which allow for active compensation of the lens
aberrations. The transmitted electrons are collected after interaction with the
specimen in a detection system.

light microscopes in the sense that the image is produced by detecting the electrons
that have been transmitted through a specimen. Scanning Electron Microscopes
(SEM) instead image by focusing the electron beam on the surface of the specimen
and detecting the secondary and backscattered electrons. This technique allows
for scanning along the surface of the specimen, but it has a lower resolution when
compared to TEM. The Scanning Transmission Electron Microscope (STEM)
combines both of these techniques. It creates an observation from transmitted
electrons at high resolution, but with the possibility of scanning along the specimen’s
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(a) Calibrated (b) Underfocus (c) Overfocus (d) Astigmatism

Figure 2.2. Defocus and two-fold astigmatism aberrations visualized along with
the resulting Ronchigrams, inspired by [75]. Each panel shows the ray diagram
above and the corresponding Ronchigram below. Panel (d) combines two-fold
astigmatism with overfocus.

surface. This enables analysis of larger parts of the specimen. A diagram of a
typical STEM is shown in Figure 2.1.

2.2.2 Problem Formulation

Due to the inherent limitations of electromagnetic lenses, the focus of the electron
beam is prone to imperfections [3]. Figure 2.2 illustrates how these imperfections
can result in failure to focus onto a single point, resulting in poor images. The
figure illustrates both defocus (C1) and two-fold astigmatism (A1), which are
referred to as low-order aberrations and are the most rapidly changing aberrations,
thus requiring the most frequent recalibration. These parameters are therefore
the calibration variables considered in this chapter. Defocus occurs when the lens
bends the electrons either too much or too little, resulting in the beam converging
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before or after the desired position, respectively. The figure also illustrates two-fold
astigmatism, in which electrons that travel in perpendicular planes have different
focus points. In combination with defocus, the electron beam is stretched, which
results in an elliptical projection instead of a circular one. Note that even with
perfect focus, the electron beam cannot converge onto a single point in the presence
of astigmatism.

By providing the lenses and stigmators with the correct voltages, it is possible
to compensate defocus and astigmatism, resulting in sharp images even with
imperfect lenses. The way these voltages are tuned and selected is by interpreting
the Ronchigram [68]. This Ronchigram is an interference pattern created by the
transmitted electron wavefronts by capturing the transmitted electrons in a STEM
for a known amorphous material. Under no aberrations, these transmitted electrons
generally exhibit no structure or patterns. Conversely, any structure or patterns
in the Ronchigram can be related to the aberrations. For instance, underfocus
and overfocus result in a zoomed-out Ronchigram, see Figure 2.2. Interestingly,
there are more cases where different aberrations result in Ronchigrams that cannot
be told apart. Two-fold astigmatism shows up in the Ronchigram as a stretched
structureless pattern in one direction, as shown in Figure 2.2.

The calibration problem tackled in this chapter can be summarized as containing
the following features:

• The calibration of the STEM requires bringing the aberrations to zero by
choosing the appropriate tuning knob values.

• The calibration is performed based on the high-dimensional Ronchigram im-
age, even though the aberrations are of much lower dimensions, and therefore
the differences between Ronchigrams have a low-dimensional structure.

• Aberrations can often not be uniquely inferred from a single Ronchigram.

In the next section, we formalize the calibration problem and objective using the
definitions and equations that follow.

2.2.3 Mathematical Problem Setup

Let the microscope state x(t) ∈ R
n represent the current aberration levels at the

discrete time index t ∈ N, with x(t) = 0 corresponding to a fully calibrated state.
In this sense, the distance from the origin can be viewed as the quality of the
microscope calibration. The state x(t) cannot be measured directly, complicating
the calibration process. Instead, we observe the system output, the Ronchigram,
as y(t) ∈ R

p. User-controlled inputs are denoted u(t) ∈ U ⊂ R
m. These inputs are

translated into currents for the electromagnetic lenses and stigmators in the EM,
changing the alignment of the electron beam, resulting in a change in the current
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aberration level. Note that for each element of the state vector, there is exactly one
corresponding element of the input vector dedicated to its calibration, hence n = m.
The calibration objective is to bring x(t) to the origin by finding a sequence of
inputs based on the observed outputs. It is assumed that the aberrations remain the
same in the absence of changes in the inputs. We can capture these dependencies
in the following equations:

x(t) = ξ + u(t),

y(t) = g(x(t)) + η(t),
(2.1)

where ξ ∈ Ξ ⊂ R
n represents the aberration level in the absence of compensating

inputs, which is unknown and typically different every time the calibration problem
is performed; η(t) ∈ R

p is a random variable with zero mean and an unknown
distribution, which represents the measurement noise at time t ∈ N, and g : Rn →
R
p describes the generation of every pixel in the Ronchigram based on the current

aberrations.
In general, the function g is unknown and extremely complex. Note that the

number of pixels is much larger than the number of aberration types to be corrected,
i.e., p≫ n. Additionally, the map g cannot be inverted in practice, since distinct
states x ̸= x′ can produce Ronchigrams that cannot be told apart. Consider,
for example, overfocus and underfocus, where the two middle Ronchigrams in
Figure 2.2 look alike, even though the states (under versus overfocus) are completely
different and require different inputs to achieve optimal calibration. This makes
it impossible to find the correct inputs using a single observation with certainty.
In fact, a sequence of multiple input-output pairs is needed to find the input u(t)
that brings x(t) to the origin. Additionally, the presence of measurement noise
on the outputs also implies that a history of outputs y(t) is required in order to
successfully calibrate with high certainty, akin to a Bayes filter [76].

The calibration procedure is considered successful when we are sufficiently
confident that we have reached the calibrated state x(t + 1) = 0 within some
tolerance τ ∈ R≥0, i.e.,

Prob [∥ξ + u(t+ 1)∥2 ≤ τ | D(t)] ≥ ϵ, (2.2)

where ϵ ∈ (0, 1) represents the required confidence. The setD(t) := {(y(i), u(i))}ti=0 ∈
(Rp × U)t+1 denotes the data gathered from previous attempts, which can be used
to select the input u(t+ 1).

2.3 Methods

This section details the approach proposed in this chapter to tackle the STEM
calibration problem. Conceptually, the proposed method is divided into two steps:
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1. The interpretation of the Ronchigrams, which is performed through the use
of deep learning based on a large dataset of simulated Ronchigrams in this
research;

2. The decision-making based on the interpretations obtained in 1), which is
performed through Bayesian optimization in this research.

This research utilizes both a high-fidelity STEM simulator and an experimental
STEM setup. The simulator is based on first-principles wave optics, specifically
modeling the specimen-electron interaction with the multi-slice method. Due to
the nature of simulations, we have access to exact aberration values for simulated
Ronchigrams and can generate large datasets quickly. In contrast, acquiring Ronchi-
grams in the experimental setup is more time- and resource-intensive, resulting in
limited datasets unsuited for training data-driven models. However, experimental
datasets are valuable for validating our methods, as the simulator is prone to un-
dermodeling, and the experimental STEM setup is subject to machine-to-machine
and day-to-day variations not captured by the simulation. Due to the proprietary
nature of the simulator, further details cannot be disclosed. For the rest of this
chapter, we will denote the set of simulated Ronchigrams by DS , while three
experimental datasets gathered from an actual STEM setup on different days will
be denoted by D1, D2, and D3.

Figure 2.3 shows the complete pipeline of the proposed method. The interpreta-
tion is performed in blocks (b) and (d) and is presented in detail in Section 2.3.1.
The decision-making is performed in (e) and is detailed in Sections 2.3.2 and 2.3.3.

2.3.1 Deep Learning

The primary objective of employing deep learning is to reduce the dimensionality
of high-dimensional Ronchigram images while preserving the critical information
needed for decision-making. We use a supervised learning approach to predict the
2-norm of the aberration vector, which is discussed later in this section. To achieve
this, we adapt the ResNet18 architecture, a well-known image classification net-
work [71], to produce a scalar output. Leveraging its pre-trained image recognition
capabilities, we modify the network by adding a fully connected layer at the end
that generates the scalar prediction. Similar ideas are discussed in the survey on
transfer learning for medical image analysis performed in [77].

To enhance the performance of supervised learning, we apply several prepro-
cessing steps. First, we apply a Hanning window to reduce spectral leakage. This
operation is followed by a 2D Fourier transform to convert the Ronchigrams into
the frequency domain, where differences in stretching and magnification are more
pronounced; see Figures 2.4 and 2.5. Next, we compute the squared magnitudes of
the Fourier-transformed images, which represent the power distribution. Lastly,
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Figure 2.4. Ronchigram images produced by a high-fidelity simulation of the
STEM for different defocus (C1) and two-fold astigmatism (A1x) values.

we take the logarithm of these values to highlight the edges of the Fourier shapes.
This process yields

Y (t) := r(y(t)), (2.3)

with Y (t) ∈ R
p representing the log power spectrum of the Ronchigrams and

r : Rp → R
p representing the full preprocessing procedure. See Figures 2.4 and 2.5

for a comparison between y(t) and Y (t) of selected images. We use Y (t) as the
input for the neural network.

Even though the true aberration values are known for Ronchigrams generated
by a simulator, it is impossible to infer the aberration values directly from the
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Figure 2.5. Preprocessed Ronchigram images corresponding to Figure 2.4, used
to train the Ronchigram interpretation neural network.

Ronchigrams, since g in (2.1) cannot be inverted. However, it is possible to create
a mapping from the preprocessed image to a (weighted) 2-norm of the aberrations.
The reason is that the preprocessing makes the observation even in the aberrations:
opposite aberration states x and −x produce the same power spectrum Y (t). Since
∥x∥2 = ∥−x∥2, this sign flip leaves the aberration norm unchanged, which makes
the norm a consistent regression target. Examples of such power spectra can be
seen in Figure 2.5. For this reason, we can train a neural network to identify
aberration norms based on the large simulated dataset of pre-processed images
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with known aberration values using the MSE loss function

L(θ) =
1

NS

NS∑

i=1

(∥xi∥2 − h(Yi, θ))2 , (2.4)

where θ represents the parameters of the neural network, NS := |DS | is the number
of simulated Ronchigrams, and xi and Yi are the aberration state and preprocessed
image of the i-th Ronchigram. The norms are normalized to approximately [0, 1]

across the dataset. After training on the simulated dataset, we obtain the optimized
parameter vector θ∗. As mentioned before, we parametrize h based on the ResNet18
architecture, with a final layer added at the end to construct a scalar output, so
h : Rp → R. By substituting (2.1) into the learned neural network h, we can
express the aberration 2-norm predictions as a function of the tuning knob settings
through

z(t) = h(Y (t), θ∗),

= h(r(y(t)), θ∗),

= h(r(g(ξ + u(t)) + η(t)), θ∗),

= f(u(t)) + ν(t),

(2.5)

with ν ∈ R assumed i.i.d. Gaussian noise with variance σ2
ν . Note that the constants

ξ and θ∗ are omitted in the final expression. We perform transfer learning on the
ResNet18 architecture, which is commonly done in image classification to leverage
the network’s pre-trained knowledge [77]. Figure 2.6 shows the norm predictions for
different datasets using the trained network. The interpretation of the Ronchigrams
yields a scalar value z that is close to zero when the EM is close to calibration,
representing a much simpler relationship than the function g.

In the next section, we detail how to estimate the function f based on a limited
number of Ronchigram observations using Gaussian process regression. Good
estimates of f allow us to select the calibrating input more quickly.

2.3.2 Gaussian Processes

Gaussian processes (GPs) are a useful and versatile tool to estimate functions by
incorporating prior beliefs and observed data [78]. The GP is characterized as
a distribution of functions. Before considering any data, the prior distribution
is completely characterized by a user-designed mean and covariance function. A
key component of the GP design is this prior covariance function or kernel, which
defines how function outputs correlate depending on the inputs:

k(u, u′) = cov(f(u), f(u′)), (2.6)
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Figure 2.6. Normalized 2-norm predictions created by the trained neural network
for a dataset of simulated Ronchigrams DS , and three datasets of experimental
Ronchigrams labeled D1, D2, and D3. In every panel, the horizontal direction
represents the defocus (C1) value, while the vertical direction represents the two-
fold astigmatism (A1x) value.

where k : U × U → R, and in which u, u′ ∈ U are the EM inputs. Note that the
time index t is often omitted in this section to alleviate the notation. In addition
to the kernel, the GP prior is characterized by a prior mean function µ̄ : U → R.
Given a set of inputs U ∈ UN and a set of corresponding cost values FU ∈ R

N , we
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obtain the joint distribution
[
FU
f(u)

]
∼ N

([
µ̄U
µ̄(u)

]
,

[
α KUu

KuU k(u, u)

])
, (2.7)

where α := KUU + σ2
νIN , with σ2

ν the variance of the observation noise ν. The no-
tation FX ∈ R

N collects the noisy observations of the function at each element in the
vector of inputsX ∈ UN , such that FX := [f(X1) + ν1, f(X2) + ν2, . . . , f(XN ) + νN ]

⊤,
and µ̄X ∈ R

N collects the prior mean at those inputs, µ̄X := [µ̄(X1), µ̄(X2), . . . , µ̄(XN )]
⊤.

The notation KXY ∈ R
N×M denotes the kernel matrix, where the element of

the matrix in the i-th row and j-th column is calculated by k(Xi, Yj), i ∈
{1, 2, . . . , N}, j ∈ {1, 2, . . . ,M}, with X ∈ UN , Y ∈ UM . The joint distribution
in (2.7) is conditioned on the dataset D(t) using Bayes’ rule. The resulting posterior
distribution is Gaussian and can be expressed in terms of a mean and variance for
any input u ∈ U through

µ (u | D(t)) : = E [f(u) | D(t)]
= µ̄(u) +KuUα

−1(FU − µ̄U ),
c (u, u′ | D(t)) : = cov (f(u), f(u′) | D(t))

= k(u, u′)−KuUα
−1KUu′ ,

(2.8)

where µ : U → R and c : U × U → R are the mean and covariance estimates of the
GP, respectively, and E[.] denotes the expected value. Here, we have an expression
for the expected aberration 2-norm of any candidate input as well as a measure
of the uncertainty. With an appropriate choice of prior covariance function, these
estimates give a good indication of the calibration of the EM in just a few samples.
Importantly, the calculation of the posterior distribution relies on the inversion of
α, which is an N by N matrix. For this reason, the GP estimation scales poorly
with large datasets (O(N3)).

A crucial aspect of using Gaussian processes for regression is the design of the
prior covariance function k. In this research, we opt for the widely used and simple
squared exponential kernel, described by

k(u, u′) = σ2exp
(
− (u− u′)⊤Λ−1(u− u′)

2

)
, (2.9)

where Λ ∈ R
m×m and σ ∈ R≥0 are hyperparameters that represent the positive

definite symmetric length scales and the signal standard deviation of the functions in
the distribution. We use marginal likelihood hyperparameter optimization to tune
these values based on the large simulated dataset of Ronchigrams, which is common
practice in GPs [78, Chapter 5]. Afterward, the optimized hyperparameters are
fixed during the online estimation of the experimental datasets. Here, we use the
idea that the degree of smoothness is consistent between simulation and practice,
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as well as between different days on the EM since we are always estimating the
aberration 2-norm. Given a model that relates inputs u to predicted aberration
2-norms, we can move to the decision-making based on the model.

2.3.3 Bayesian Optimization

Bayesian optimization (BO) is an optimization method that can efficiently optimize
black-box functions [72]. It makes use of two components. The first is the model,
which usually comes in the form of a Gaussian process, as is the case in this research.
The second component of BO is the acquisition function, which dictates how to
select the next input based on the model. An example of an acquisition function is
the probability of improvement (PI) [79], which can be evaluated for any candidate
input u ∈ U through

PI(u | D(t)) : = Prob [f(u) < z∗]

= Φ

(
z∗ − µ(u | D(t))√
c(u, u | D(t))

)
,

(2.10)

where z∗ := minu∈U µ(u | D(t)) represents the current estimate of the lowest mean
cost, and Φ : R → R is the cumulative density function of a Gaussian variable.
Standard acquisition functions in BO, such as PI, expected improvement (EI), and
upper confidence bound (UCB) [80] typically aim to acquire low costs throughout
the optimization process by balancing the exploration of uncertain regions of the
model and the exploitation of low-cost regions of the model [72].

However, in this application only the calibration error of the finally recommended
setting matters. The cost of the settings visited during the search is irrelevant, so
this is a pure-exploration problem [81]. Acquisition functions that select queries to
reduce the uncertainty about the optimum are designed for this regime. Entropy
search reduces the uncertainty about the location of the optimum [82], max-value
entropy search (MES) targets the optimal value [83], and the knowledge gradient
(KG) selects the query that most improves the final recommendation [84], following
the stepwise uncertainty reduction principle [85]. We follow the same principle, but
measure the uncertainty about the calibrated state by the expected calibration error,
expressed in the units of the calibration task. This quantity drives the exploration
and, as detailed below, also supplies the stopping criterion. We estimate it by
averaging, over a discrete set of candidate settings Ud ∈ US , the probability that
each setting improves on the current best, weighted by its distance to the current
best,

e(D(t)) := 1

|Ud|
∑

u∈Ud

PI(u | D(t)) ∥u− u∗∥2, (2.11)
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Figure 2.7. Gaussian process model in (a) ( ) based on observations ( ) with
95% confidence interval and true function ( ). The acquisition functions in (b)

are based on that GP model, for the proposed method ( ), EI ( ), PI ( ),
MES ( ), and KG ( ). Each curve’s maximizer is marked: the proposed
method ( ), EI ( ), PI ( ), MES ( ), and KG ( ).

where u∗ := argminu∈U µ(u | D(t)) is the current best setting. Each candidate
contributes its distance to u∗, weighted by the probability that it improves on u∗.
The quantity e(D(t)) therefore measures how far the recommended setting may
still be from the true calibrating setting −ξ, given the data.

We select the next setting by its predicted influence on this quantity. Adding a
candidate ũ ∈ U to the dataset changes the posterior covariance, and hence the PI
of every point in Ud, without requiring the corresponding observation, see (2.8).
Writing PI(u | D(t), ũ) for the probability of improvement evaluated with this
predicted covariance, the proposed acquisition function is

a(ũ) := − 1

|Ud|
∑

u∈Ud

PI(u | D(t), ũ) ∥u− u∗∥2. (2.12)

The next setting is the candidate ũ ∈ Ud that maximizes a, equivalently the one
whose observation is predicted to most reduce the expected calibration error.

The reason this acquisition function is particularly suitable for the problem
setting is that it aims to disprove hypotheses that would have the worst impact
on the calibration performance if they were correct. Here, we rely on the norm
estimator typically producing approximately convex cost mappings f . Figure 2.7
illustrates the resulting behavior on an example GP model. The four existing
acquisition functions, EI, PI, MES, and KG, all place their maximizer close to
the current minimizer of the GP model to obtain low outputs; MES selects the
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furthest of the four, but remains grouped with the others. The proposed acquisition
function instead selects a setting far from the current minimizer, where a low
observation would most change the recommended calibration. It thereby prioritizes
the exploration of the hypotheses that would have the worst consequences.

The next section details a computationally efficient implementation of the
covariance prediction.

Fast Computation of Predicted Variances

A prediction of the posterior covariance function for every candidate sampling point
is required for the evaluation of the acquisition function described in the previous
section. A naive implementation would add the current candidate point to the
dataset of inputs, then evaluate c in (2.8). However, this would require an inversion
of an (N + 1)× (N + 1) matrix for every candidate point. The computational cost
of this implementation is O(S(N + 1)3), with S = |Ud| the number of candidate
points considered. Instead, we can use the following calculation for the change in
the covariance depending on the next input setting ũ ∈ U

∆(u, u′) : = c(u, u′ | D(t))− c(u, u′ | D(t), ũ)

=

[
KUu

Kũu

]⊤ [KKũUα
−1 −K

−K⊤ κ−1

] [
KUu′

Kũu′

] (2.13)

with K := α−1KUũκ
−1 ∈ R

N×1, and κ := k(ũ, ũ) + σ2
ν −KũUα

−1KUũ ∈ R. We
obtain this expression by substituting the solutions for the covariances and applying
the block matrix inversion formula.

The main computational efficiency gain comes from the fact that the expression
above requires only a single matrix inversion (of the matrix α) for all candidate
points, since α does not depend on the choice of the candidate point. Given α−1, we
only need to compute kernel slices and the inverse of the scalar κ to evaluate (2.13).
For this reason, many different candidate points can be evaluated quickly once α−1

has been calculated. The computational cost of this implementation is O(N3 +

S(N + 1)2), as we have to compute the N ×N inverse and then S repetitions of
(N+1) matrix-vector products. The computational gain compared to O(S(N+1)3)

is evident.
In the next section, we detail how the chosen acquisition function directly

informs a stopping condition for the optimization algorithm.

Stopping Condition

The quantity (2.11) presents a problem-relevant value, which can be used to inform
the BO algorithm when to stop optimizing. The quantity presents the expected
value of the calibration error, which directly ties back to the problem formulated
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in Section 2.2. For this reason, we can choose to stop the optimization once the
expected calibration error is sufficiently low.

In the next section, we show the merit of the proposed method, which consists
of the deep learning norm estimator, the Gaussian process, Bayesian optimization
with a custom acquisition function, and the problem-specific stopping condition by
applying it to experimental datasets gathered from an actual STEM. We compare
it against four baseline acquisition functions, being the exploitation-driven EI
and PI and the exploration-oriented MES and KG, whose definitions are given in
Appendix 2.7.

2.4 Results

We attempt to calibrate the aberrations of defocus and two-fold astigmatism in two
directions using the proposed method, hence n = 3. The prior mean function is
taken constant, µ̄(u) = 0.5, since the interpreted cost is normalized to approximately
[0, 1] and no more specific prior information is available. To replicate an online
implementation on the actual STEM machine, we use the following experimental
setup. We start at an arbitrary initial Ronchigram image, which is taken randomly
from one of the experimental datasets. We assume that the calibrated state is
within a pre-specified distance for all aberrations. This determines the set U . Next,
we interpret the current Ronchigram image using pre-processing and deep learning.
We then estimate the aberration norms for all points in U that have a corresponding
image in the experimental dataset. We then evaluate the acquisition function (2.12)
for these points and select the candidate that maximizes it, equivalently the one
that minimizes the predicted expected calibration error, as our input. We then
obtain a new Ronchigram from the experimental dataset and repeat. Since we
have access to estimates of the aberrations for the experimental datasets, we can
validate the calibration performance of our method on the experimental datasets.

We perform 500 Monte Carlo runs of the proposed method and of the four
baseline acquisition functions, being EI, PI, MES, and KG, to show the merits
of the problem-specific acquisition function. All methods share the same norm
estimator and Gaussian process model, so the comparison isolates the effect of the
acquisition function. To introduce randomness in each particular run, we consider
a subset of the experimental datasets for each experiment. Specifically, we limit U
while always ensuring that the calibrating input is within the input range. The
randomization ensures that the calibrating input is not always in the exact center
of the dataset, creating varied curves that are more representative of the online
implementation.

The results are shown in Figures 2.8 and 2.9. The main benefit of the proposed
method is early convergence. It reaches a median true norm below 100 nm by the
third observation, where the baselines need five to eleven, and the norm it attains
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Figure 2.8. True aberration norm of the GP-minimizing input at each iteration
for the proposed method ( ), EI ( ), PI ( ), MES ( ), and KG ( ).
Plotted are the medians of 500 Monte Carlo runs, together with the 90th percentile
band of the proposed method. The proposed method and KG reach the lowest
norms, and the proposed method does so in the fewest observations.

at observation 10 takes EI and PI another 12 to 26 observations to match. By
observation 30 the methods largely converge, with the proposed method and KG
reaching the lowest norms. KG performs well for the same reason as the proposed
method: both select settings that improve the recommended optimum rather than
settings with low predicted cost, which is what the calibration objective rewards.
None of the methods reach zero, because the norm estimator was trained on a
simulator that does not perfectly match the experimental data. This mismatch also
makes the stopping quantity optimistic: the expected calibration error falls below
1 nm within about eleven observations, whereas the true median norm is then still
around 30 nm. The quantity e measures the uncertainty of the Gaussian process,
so it cannot detect a bias shared by all of its predictions. It therefore signals when
further observations stop helping, rather than certifying a specific accuracy.
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Figure 2.9. Box plot of the aberration norm for the proposed method ( ), EI
( ), PI ( ), MES ( ), and KG ( ) for 500 Monte Carlo runs. Within each method,
the three boxes are D1, D2, and D3. The median aberration norm for each set
of experiments is marked with a horizontal line. The 50th and 90th percentiles
are represented by the solid bar and dotted lines, respectively. At observation 10
the proposed method already reaches the lowest norms, and by observation 30 the
proposed method and KG have the lowest medians while MES has the highest.

Table 2.1 shows a performance comparison to existing methods found in the
literature. Specifically, we consider DCOR by CEOS [47] and OptiSTEM(+)
by Thermo Fisher Scientific [46], which are the most widely used automated
calibration methods. Both rely on full STEM images, rather than Ronchigrams,
increasing the time needed for calibration. Second, we consider BEACON [51],
which uses BO of the normalized image variance, a value which correlates with



44
Chapter 2. Calibration of Electron Microscopes Through Deep Learning and

Bayesian Optimization

2

the presence of aberrations. Third, we consider the method by Ma et al. [50],
which uses BO of the beam emittance to improve all aberrations simultaneously.
While the existing methods can all calibrate higher-order aberrations as well,
we consider the mode in which they calibrate only lower-order aberrations in the
comparison. We reiterate that the lower-order aberrations require the most frequent
recalibration, which is why they are the focus of this chapter. Note that some
of the performance metrics are omitted or estimated from the cited literature,
since precise data on these statistics is unavailable. From the table, it is apparent
that the proposed method is among the fastest to calibrate the STEM. The main
reason for the increase in speed is the shift from using full STEM images to using
Ronchigrams. Furthermore, our method has been validated on real data by using
OptiSTEM(+) to determine the real aberration values and by comparing against
DCOR’s corrections. In this setting, we achieve similar calibration performance
to these industry standards. Additionally, since our method is purely data-driven,
the performance can be enhanced in a straightforward manner by improving the
simulator or by expanding the simulated dataset DS , unlike the physics-based
methods DCOR and OptiSTEM(+).

2.5 Conclusion

In this chapter, we proposed a fully data-driven method to calibrate aberrations
in the STEM. The proposed method separates the calibration process into two
steps, being the interpretation and decision-making steps. The interpretation is
performed through an adapted ResNet18 deep learning architecture, which assigns
a scalar performance value to the current microscope image or Ronchigram. The
neural net is trained on a large database of simulated Ronchigrams, due to the
limited availability of experimental images. The decision-making utilizes a Gaussian
process model of the mapping from calibration settings to the scalar performance
value, which drives online Bayesian optimization with a tailored acquisition function.
In the spirit of entropy search, this acquisition function explores to reduce the
uncertainty about the calibrated state, and it supplies a stopping criterion tied to
the expected calibration error. We showed the merits of the proposed pipeline and
acquisition function on real STEM data. High calibration accuracy and consistency
are obtained, more quickly than existing methods due to the fact that Ronchigrams
can be obtained much faster than full STEM images. The present research shows
the potential of machine learning in STEM calibration in order to alleviate reliance
on experts for STEM aberration correction.
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2.6 Discussion

The main limitation of the current method is the reliance on simulated data for
two reasons. Firstly, the simulator inherently has some model mismatch with
the real EM setup, resulting in a neural network and consequently in a Gaussian
process model which are not entirely accurate. Second, the trained neural network
is not capable of extrapolating to data it has not seen before, such as other
materials or other aberration types. Both of these shortcomings can be reduced by
extending the simulator. Note that the simulators are developed to approximate the
Ronchigrams obtained from the EM as well as possible. They are validated using
real STEM Ronchigrams before being considered suitable to capture the STEM
image generation. Therefore, the accuracy of current simulators in the context of
STEM can often be assumed, and with it the applicability of the methods proposed
here. The future development of more and more accurate simulators can further
mitigate this gap between simulations and actual STEMs.

Future work includes extending the number of aberration types to be compen-
sated. The proposed method can potentially generalize to more aberration types,
as long as the simulator can produce representative Ronchigrams. Typically in
these settings, the images are preprocessed using so-called patching before taking
the Fourier transform to retain local frequency information [86, Chapter 3]. We
hypothesize that the increase in dimensionality coincides with a decrease in cali-
bration accuracy or speed. The main hurdle in this aspect is the model mismatch
between the simulator and the real STEM, which causes the norm estimates to be
somewhat less informative.

The two main limitations identified above, the scalar representation and the
simulator-to-reality model mismatch, are addressed directly in the next chapter.
Chapter 3 replaces the scalar norm estimate with a multi-dimensional representation
of the Ronchigram learned by a variational autoencoder, so that less information is
discarded as the number of aberrations grows. It also estimates the model mismatch
from a small amount of real data rather than ignoring it.

2.7 Appendix: Baseline Acquisition Functions

Section 2.4 compares the proposed acquisition function against four baselines. All of
them use the same Gaussian process posterior (2.8), hyperparameters, and discrete
input set Ud as the proposed method, so the comparison isolates the effect of the
acquisition function. Let s(u) :=

√
c(u, u | D(t)) denote the posterior standard

deviation and f∗ := minu∈U f(u) the unknown optimal cost.
Expected improvement and probability of improvement are the exploitation-

driven baselines. Both are evaluated with an exploration margin δ = 0.5 that lowers
the incumbent to z∗− δ and thereby requires a minimum improvement. Probability
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of improvement is defined in (2.10) [79]. Expected improvement additionally
weights the improvement by its magnitude [87],

EI(u) = s(u) (β(u) Φ(β(u)) + ϕ(β(u))) , (2.14)

with β(u) := (z∗− δ−µ(u | D(t)))/s(u), and ϕ and Φ the standard normal density
and distribution functions. The setting that maximizes EI is selected.

Max-value entropy search selects the setting whose observation is most infor-
mative about f∗ [83]. Adapted to the minimization considered here, its acquisition
function is

MES(u) =
1

K

K∑

k=1

[
γk(u)ϕ(γk(u))

2Φ(γk(u))
− log Φ(γk(u))

]
, (2.15)

with γk(u) := (µ(u | D(t))− f∗k )/s(u), in which {f∗k}Kk=1 are samples of the optimal
cost drawn from the posterior over minu∈Ud

f(u). The setting that maximizes
MES(u) is selected.

The knowledge gradient selects the setting whose observation is expected to
most reduce the best posterior mean [84],

KG(u) = min
u′∈Ud

µ(u′ | D(t))−E

[
min
u′∈Ud

µ(u′ | D(t) ∪ {(u, z)})
∣∣∣∣D(t)

]
, (2.16)

where z is the predicted observation at u and the expectation is taken over its
Gaussian posterior. The posterior mean after this hypothetical observation is
affine in z, so the expectation admits a closed-form evaluation [84]. The posterior
covariance required for the update is obtained from the same prediction (2.13) used
by the proposed method.
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Abstract - Electron microscopy has enabled many scientific breakthroughs across
multiple fields. A key challenge is the tuning of microscope parameters based on images
to overcome optical aberrations that deteriorate image quality. This calibration problem
is challenging due to the high-dimensional and noisy nature of the diagnostic images, and
the fact that optimal parameters cannot be identified from a single image. We tackle
the calibration problem for Scanning Transmission Electron Microscopes (STEM) by
employing variational autoencoders (VAEs), trained on simulated data, to learn low-
dimensional representations of images, whereas most existing methods extract only scalar
values. We then simultaneously estimate the model that maps calibration parameters
to encoded representations and the optimal calibration parameters using an expectation
maximization (EM) approach. This joint estimation explicitly addresses the simulation-
to-reality gap inherent in data-driven methods that train on simulated data from a digital

This chapter is based on van Hulst et al. [88].
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twin. We leverage the known symmetry property of the optical system to establish
global identifiability of the joint estimation problem, ensuring that only one combination
of state and model explains the observations. We demonstrate that our approach is
substantially faster and more consistent than existing methods on a real STEM, achieving
a 2× reduction in estimation error while requiring fewer observations. This represents a
notable advance in automated STEM calibration and demonstrates the potential of VAEs
for information compression in images. Beyond microscopy, the VAE-EM framework
applies to inverse problems where simulated training data introduces a reality gap and
where non-injective mappings would otherwise prevent unique solutions.
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3.1 Introduction

Electron microscopy enables atomic-resolution imaging with applications across
materials science, life sciences, and the semiconductor industry. Calibrating these
microscopes requires frequent adjustments to compensate for optical aberrations
that deteriorate image quality. Calibration is performed by analyzing special
diagnostic images called Ronchigrams, which are diffraction patterns whose features
reveal information about the microscope’s current aberration state [68]. Currently,
the calibration is typically performed or monitored by experts who interpret these
patterns and determine appropriate corrections, making calibration expensive and
time-consuming. For this reason, automating the calibration process is highly
desirable.

The challenge in automating the calibration process comes from the complex,
non-injective relationship between aberration parameters and the Ronchigram [62].
Different aberration states can produce indistinguishable diffraction patterns. This
ambiguity, combined with the high dimensionality of Ronchigram images (typically
around 105 pixels) and the high sensitivity of the microscope to environmental
factors, makes it difficult to determine the optimal calibration parameters.

While significant progress has been achieved over the past decade in the automa-
tion of STEM calibration, it is still an area of active research. Existing approaches
broadly fall into two categories: physics-based and data-driven methods. Physics-
based approaches were developed first, employing physical optics models to relate
Ronchigram features to aberration parameters [44–47, 70]. These methods are
generally robust to different operating conditions, but are fundamentally limited
by the accuracy of the underlying physical models and by the inability to adapt to
day-to-day variations in real electron microscopes.

In contrast, data-driven calibration methods remove the reliance on detailed
physics models (see [62] for a comprehensive review). These methods typically
employ deep learning to produce a scalar quality metric for each image that can
be optimized [48–51]. Optimizing such a scalar value is straightforward, but has
its limitations. The scalar goal rapidly loses information content as the number of
calibration parameters increases. Additionally, the referenced data-driven methods
are trained on simulated data (due to limited experimental data availability),
creating a simulation-to-reality gap when deployed on real microscopes. Despite
these limitations, data-driven methods remain more promising for achieving robust
calibration across different microscopes and operating conditions, as they can adapt
to day-to-day variations without requiring accurate physical models.

Although the data-driven calibration methods developed thus far have shown
promising results, the reliance on scalar representations and simulation data funda-
mentally limits their performance and applicability. This chapter aims to address
these two limitations directly. First, we introduce multi-dimensional representations
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through variational autoencoders (VAEs) [89]. Second, we adopt a simultaneous
state and model estimation approach based on expectation maximization (EM) [90]
to explicitly account for the simulation-to-reality gap. This combination of VAE-
based dimensionality reduction with EM-based joint estimation is, to our knowledge,
novel in the context of inverse problems. Additionally, we introduce the use of
symmetry-constrained kernels to establish global identifiability, which presents a
theoretical contribution that addresses a fundamental limitation of standard EM
approaches for inverse problems. We model the map from calibration parameters
to VAE latent representations using Gaussian processes (GPs) [78]. GPs provide a
flexible, non-parametric framework that can embed prior knowledge of the problem
structure. The key insight that enables the joint state and model estimation
approach is that the aberrations exhibit a known symmetrical structure [3]. By
enforcing these symmetries in the GP model, we obtain global identifiability of
the joint estimation problem, a property that is typically absent in standard EM
approaches for inverse problems [31, 91]. Additionally, we employ an adaptive
refinement strategy for the discrete set of aberration states considered in the EM
algorithm that improves estimation accuracy even when considering a small number
of aberration state candidates. This refinement strategy takes inspiration from
particle filtering methods [92]. Finally, we develop an input selection strategy that
chooses calibration inputs to maximize information gain to accelerate convergence.

Our contributions can be summarized as follows:

1. We introduce variational autoencoders in electron microscopy to learn multi-
dimensional latent representations of Ronchigram images. These represen-
tations capture more information than scalar quality metrics used in prior
work.

2. We develop a novel VAE-EM framework for joint state and model estimation
that addresses the simulation-to-reality gap inherent in training on simulated
data. We establish global identifiability of this joint estimation problem by
exploiting symmetry constraints from Fourier optics.

3. We validate on real STEM data, showing that the proposed method more
than halves the estimation error of existing automated calibration methods
and converges to accurate estimates within tens of seconds.

While developed for STEM calibration, the methodological contributions are
of general interest and extend beyond this application domain. The VAE-EM
framework and identifiability analysis apply to inverse problems where known
structural constraints (such as evenness) can be exploited to restore unique solutions
in joint state-model estimation. We discuss the conditions for general applicability
in Section 3.6.
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The remainder of this chapter is organized as follows. Section 3.2 provides
the problem formulation, including the STEM imaging model and preprocessing
steps. Section 3.3 details the proposed VAE architecture and training procedure.
Section 3.4 presents the EM algorithm for joint state and model estimation, along
with identifiability analysis. Section 3.5 showcases experimental results on real
STEM data, and Section 3.6 discusses the implications of our findings.

3.2 Problem Formulation

The electron microscope calibration problem and experimental setup are presented
in detail in our previous work [62]. In short, the problem involves overcoming
optical aberrations in scanning transmission electron microscopy (STEM), as
these aberrations deteriorate image quality. This is achieved by interpreting high-
dimensional Ronchigram images to determine the calibration parameters that
result in the best image quality. In this section, we summarize the key aspects and
structure of the calibration problem including the aberration model, Ronchigram
observations and preprocessing steps.

3.2.1 Aberration Optics and Ronchigrams

Let the microscope aberration state x(t) ∈ R
n represent the aberration levels

at discrete time t ∈ N, where x(t) = 0 corresponds to perfect calibration. The
aberrations evolve according to:

x(t+ 1) = x(t) + u(t), (3.1)

where u(t) ∈ R
n represents the user-selected calibration inputs applied to compen-

sate aberrations. Over typical calibration timescales, aberrations remain constant
unless nonzero inputs are applied. This implies that the evolution of the aberrations
is deterministic for our purposes. Additionally, if the aberration state becomes
known, we can immediately achieve optimal calibration by applying the input
u(t) = −x(t). To alleviate notation, we denote the cumulative input up to time t
as s(t) =

∑t−1
τ=0 u(τ), so that x(t) = x0 + s(t).

The STEM produces high-dimensional Ronchigram observations y(t) ∈ N
p
0

(where N0 = {0, 1, 2, . . .}) representing electron counts at p pixels (with p typically
in the order of tens of thousands). For a fixed sampling location and beam intensity,
the observations follow a Poisson distribution. The rate of this distribution is then
determined by the aberration state x(t) through an unknown image formation
function g : Rn → R

p
+ (where R+ = (0,∞)). We model

y(t) ∼ Poisson (g(x(t))) , (3.2)
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where the Poisson distribution applies element-wise to each pixel independently.
We employ two datasets of Ronchigram images in this work. The first is a large

simulated dataset generated using a high-fidelity wave optics simulator based on
the multi-slice method [93] that contains many different aberration values. This
dataset is used for VAE training, which requires substantial data volumes. While
the simulator is relatively accurate, it inherently suffers from undermodeling and
does not capture day-to-day variations present in the experimental microscope.
The second dataset consists of experimental Ronchigrams collected from a real
STEM system on separate operating days. In both datasets, the aberration states
are known since they are set by the user. These states can be used to validate our
calibration procedure by comparing estimated aberrations to ground truth values.
Importantly, the known aberration values in the simulated dataset also enable us
to optimize hyperparameters such as the prior mean and covariance functions that
will be used for Gaussian process regression in Section 3.4.

3.2.2 Preprocessing and Symmetry of the Ronchigrams

To extract useful information from the raw Ronchigram images y(t), we perform
several preprocessing steps. These preprocessing steps follow standard practices in
automated STEM calibration and are laid out in detail in our previous work [62].
To summarize, the workflow consists of three operations applied to each image
vector y(t):

1. Apply a Hann window element-wise to reduce spectral leakage.

2. Transform to the 2D Fourier domain by treating the p-dimensional vector as
an image with spatial pixel coordinates.

3. Compute the power spectrum by taking the element-wise squared modulus.

We denote the composite preprocessing operator by P, so that the preprocessed
observations are

ỹ(t) = P{y(t)}, (3.3)

where P : Np0 → R
p
+ includes windowing, the 2D discrete Fourier transform, and the

squared modulus operation. The technical definition of the 2D Fourier transform
in terms of spatial coordinates and frequency indices is provided in Appendix 3.7.
After preprocessing, the observations ỹ can be modeled as a noisy function of the
aberrations

ỹ(t) = h(x(t)) + η(t), (3.4)

where h(x) := E[P{y} | x] denotes the expected power spectrum as a function of
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(a) Ronchigram images (b) Fourier power spectra

Figure 3.1. Grid of Ronchigram images and their Fourier power spectra for
different aberration values. In both panels, the horizontal axis varies defocus (C1)
from −200 to +200 nm, while the vertical axis varies two-fold astigmatism (A1x)
over the same range. The center images correspond to well-tuned aberrations
(C1 = 0, A1x = 0). Colored rectangles group images in specific aberration regions.
Note that the Fourier power spectra in (b) exhibit symmetry about the origin,
with images at (x1, x2) and (−x1,−x2) appearing similar (e.g., purple and orange
regions look similar, cyan and red regions look similar).

the aberration state and η(t) := ỹ(t)−h(x(t)) captures the measurement noise. The
distribution of η is typically non-trivial due to the nonlinear preprocessing steps
and the Poisson noise, but we do not require specific distributional assumptions
for η at this point. Figure 3.1 shows example Ronchigram images and their
preprocessed Fourier power spectra for different aberration values. A key result of
the preprocessing is that h is even with respect to the aberrations:

h(−x) = h(x) ∀x ∈ R
n. (3.5)

This symmetry arises from the physics of electron optics and appears only in the
Fourier power spectrum, not in the spatial domain (thus, in general, g(−x) ̸= g(x)).
The full derivation of this property from first principles is provided in Appendix 3.7.
This derivation uses continuous Fourier analysis in the spatial frequency domain
to establish the symmetry for the continuous intensity function, then shows that
the discrete 2D Fourier transform preserves this symmetry after sampling onto a
pixel grid. The symmetry property is central to our approach, as it enables unique
identifiability in the joint estimation problem developed in Section 3.4.
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State Estimation (E-step)

Variational Autoencoder

Model Estimation (M-step)

PreprocessingImage Acquisition

Figure 3.2. Calibration pipeline overview. High-dimensional Ronchigram images
are preprocessed and then encoded to a low-dimensional latent space using a
VAE. The EM algorithm then iteratively refines both the aberration state estimate
and the mapping from aberrations to latent representations. In the E-step, the
distribution over aberration states is estimated by evaluating the likelihood of
observed latent space values for different candidate states. These candidates ( )
are highlighted in the aberration space, where the color indicates their estimated
likelihood (low to high ). The indicates the ground truth aberration state.
Note that this state and its symmetrical neighbor have an increased density of
candidates due to the adaptive candidate refinement strategy. The most likely
candidates are also clustered around the ground truth state. The M-step then
updates the Gaussian process model of the aberration to latent space mapping.
The current model belief based on 5 data points ( ) is illustrated as a function of
the aberrations. Note that this model belief is symmetric due to the symmetry
constraint in the model structure. The symmetry point is not necessarily at the
origin (in the true aberration coordinates) due to the fact that the state estimate
is not yet perfect. The M- and E-steps are iterated until convergence.

3.2.3 Approach

Our goal is to calibrate the STEM by making the aberration state x zero. This
goal can be equivalently characterized as the estimation of the aberration state
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x(t) from the observations {y(t)}Tt=0 for corresponding chosen inputs {u(t)}T−1
t=0 ,

since we have full knowledge of the dynamics and control inputs. Additionally,
estimating the full trajectory {x(t)}Tt=0 is equivalent to estimating the initial state
x0 = x(0) that then determines all future states via the deterministic dynamics
x(t) = x0 + s(t).

The estimation problem is challenging for two fundamental reasons. First,
the Ronchigram observations y(t) ∈ R

p
+ are extremely high-dimensional (typically

p ≈ 105 pixels), making direct estimation computationally intractable and sta-
tistically inefficient. Second, the image formation function g : Rn → R

p
+ (and

similarly h : Rn → R
p
+) is unknown and varies day-to-day due to unmodeled effects,

environmental conditions, and instrument drift. While physics-based models exist,
they are insufficiently accurate for precise and adaptive calibration. Additionally,
the choice of inputs {u(t)}T−1

t=0 can significantly affect the estimation convergence
rate, so input selection is an important consideration that we address.

To address these challenges, we propose a two-stage approach:

1. Dimensionality reduction (Section 3.3): Use a variational autoencoder
(VAE) to learn a low-dimensional latent representation z(t) ∈ R

ℓ (where ℓ≪
p) of the preprocessed observations ỹ(t) that preserves as much information
about x(t) as possible. As will be shown in the next section, this results in
a simplified observation model z(t) = f(x(t)) + ν(t) where f : Rn → R

ℓ is
the effective latent mapping, and ν(t) is the noise whose characteristics are
discussed in Section 3.3.

2. Joint state and model estimation (Section 3.4): Given the latent
observations and chosen inputs {z(t)}Tt=0, {u(t)}T−1

t=0 , simultaneously estimate
both the initial state x0 and the latent mapping f using an Expectation-
Maximization (EM) algorithm with provable identifiability guarantees.

The full calibration pipeline proposed in this chapter is illustrated in Figure 3.2. In
our previous work, we also proposed a two-stage approach consisting of Ronchigram
interpretation and decision-making based on the interpretations [62]. However,
this approach relied on scalar image representations and had no explicit model
estimation step.

3.3 Learning Compact Image Representations with

VAEs

We employ a variational autoencoder (VAE) to learn a low-dimensional latent
representation z ∈ R

ℓ (where ℓ≪ p) of the preprocessed Ronchigram power spectra
ỹ.
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Figure 3.3. Variational Autoencoder architecture. The encoder maps preprocessed
Ronchigram power spectra to a low-dimensional latent distribution, from which
samples are decoded to reconstruct the input. The weights and biases of the
encoder and decoder networks are optimized to maximize the ELBO objective
in (3.7), which balances reconstruction accuracy and latent space regularization.
The example reconstruction to the right of the decoder resembles the input and
shows the denoising effect of the VAE.

3.3.1 VAE Architecture

The VAE consists of an encoder network qα(z|ỹ) and decoder network pβ(ỹ|z)

qα(z|ỹ) = N (z;µα(ỹ), σ
2
α(ỹ)Iℓ),

pβ(ỹ|z) = N (ỹ;µβ(z), σ
2
βIp),

(3.6)

where α and β are the encoder and decoder parameters, respectively. The encoder
maps the input ỹ to a Gaussian distribution in the latent space with mean µα(ỹ)
and diagonal covariance σ2

α(ỹ)Iℓ. The decoder reconstructs the input from latent
samples z using a Gaussian likelihood with mean µβ(z) and fixed variance σ2

βIp.
See Figure 3.3 for a visualization of the VAE architecture.

We implement both encoder and decoder using convolutional neural net-
works (CNNs) to process the Ronchigram images efficiently. The encoder con-
sists of five convolutional layers with progressively increasing channel dimensions
[16, 32, 64, 128, 256], each followed by batch normalization and LeakyReLU activa-
tion (negative slope 0.01). Strided convolutions (stride 2) perform downsampling.
The final convolutional output is flattened and passed through fully connected
layers to produce the latent mean µα(ỹ) and log-variance log σ2

α(ỹ). The decoder
mirrors this architecture with transposed convolutions for upsampling. We set
the latent dimension ℓ = n to match the number of aberration parameters. The
symmetry constraint h(−x) = h(x) means the encoder must map both x and −x to
the same latent representation, but this identification of antipodal points does not
reduce the intrinsic dimensionality of the parameter space. Formally, the quotient
space R

n/ ∼ (where x ∼ −x) remains n-dimensional, so ℓ = n suffices to represent
all distinguishable aberration states. In practice, one might choose ℓ > n to allow
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the capturing of additional variations in the data, but in our setting we were able
to mitigate such variations through careful data generation and preprocessing.

The parameters of the VAE α and β are optimized to maximize the evidence
lower bound (ELBO)

L = Eqα(z|ỹ)[log pβ(ỹ|z)]−KL(qα(z|ỹ)∥p(z)), (3.7)

where p(z) = N (0, Iℓ) is the prior distribution and KL denotes Kullback-Leibler
divergence. The first term encourages accurate reconstruction of the input despite
the low-dimensional latent space, while the second term regularizes the latent
distribution to be close to the prior, which is typically chosen as a standard normal
distribution. This regularization encourages smoothness and structure in the latent
space and typically improves generalization [89].

3.3.2 Latent-Space Observation Model

The result of VAE training can be seen in Figure 3.4, which shows a latent space
learned from simulated Ronchigrams with two varying aberration parameters.
We limit the number of varying aberrations and latent space dimensions to two
for visualization purposes. By color-coding the latent representations according
to aberration values, we observe that the VAE groups similar aberration values
together in the latent space. Additionally, distinct aberration values that produce
visually similar Ronchigrams are also mapped to similar latent representations,
reinforcing the non-injectivity of the observation model. Finally, we can observe
the evenness property in the latent space: points with opposite aberration values
(x and −x) are mapped to the same latent representation.

After training, the encoder mean µα(ỹ) provides the latent representation. This
establishes the latent-space observation model that will be used for state estimation:

x(t+ 1) = x(t) + u(t)

z(t) = f(x(t)) + ν(t)
(3.8)

where f : Rn → R
ℓ is the composition of the encoder mean µα and h from (3.3),

and ν(t) denotes the stochastic variation in the latent space induced by the Poisson
noise in (3.2). The latent observations z(t) ∈ R

ℓ have much lower dimension than
the original Ronchigrams (ℓ≪ p).

Crucially, because the VAE is trained on data satisfying h(−x) = h(x) (es-
tablished in Section 3.2.2), the learned latent mapping f = µα ◦ h inherits this
symmetry by composition: f(−x) = µα(h(−x)) = µα(h(x)) = f(x) for all x ∈ R

n.
We assume ν(t) ∼ N (0,Σν), with Σν ≻ 0 diagonal, is i.i.d. Gaussian noise

independent of x(t). This is justified in our setting by the delta-method and
central limit theorem heuristics: under mild smoothness of µα and when each latent
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Figure 3.4. Learned VAE latent space for simulated data that contains two varying
aberration parameters: defocus (C1), and two-fold astigmatism in the x-direction
(A1x). The color of the data points is determined by the aberration region, with the
assignment shown in the top right of the figure and in Figure 3.1. We can observe
that similar aberrations are grouped together. Additionally, different aberration
values that produce similar Ronchigrams are still mapped to the same latent space
values (example: purple and orange), demonstrating the non-injectivity of the
observation model.

coordinate aggregates many independent pixel contributions, different Poisson
realizations of y(t) induce approximately Gaussian fluctuations in µα(P{y(t)}) [94–
96].

With the low-dimensional latent representations z(t) in place, estimating x0
from {z(t)}Tt=0, {u(t)}T−1

t=0 becomes more tractable. If the VAE is trained on
representative real data, the latent mapping f can be estimated directly from
training data and standard state estimation methods (such as maximum likelihood
or Bayesian filtering) can be applied to estimate x0. This constitutes a VAE-based
state estimation approach that is of independent interest. However, when the VAE
is trained on simulated data, the simulation-to-reality gap means that f cannot
be assumed known; it must also be estimated to account for undermodeling and
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day-to-day differences in the STEM. The next section develops a joint estimation
framework to simultaneously estimate both x0 and f while exploiting the symmetry
properties established in Section 3.2.2. Prior knowledge about f from the simulated
dataset is leveraged through Bayesian priors to accelerate convergence, but the
framework does not rely on it being exact. As a special case, this framework recovers
the VAE-based state estimation approach when f is known from training data.
The framework also enables adaptive input selection to accelerate convergence.

3.4 Joint State and Model Estimation Using Ex-

pectation Maximization

This section establishes that the joint estimation of x0 and f is globally identifiable
for symmetrical observation models. We then detail an Expectation-Maximization
(EM) algorithm to solve the joint estimation problem.

3.4.1 Identifiability of the Joint Estimation Problem

The joint estimation of both the initial state x0 and the latent mapping f from
{z(t)}Tt=0, {u(t)}T−1

t=0 is fundamentally ambiguous due to translation symmetry
and bilinear coupling. This section establishes conditions under which global
identifiability is guaranteed. Throughout this section, we assume a linear basis
function representation f(x) = Φ(x)⊤θ where Φ(x) = [ϕ1(x), . . . , ϕm(x)]

⊤ is a
vector of basis functions and θ ∈ R

m are parameters. These results cover the
Gaussian process model used in Section 3.4, whose posterior mean for any finite
dataset is the prior mean plus a linear model of exactly this form, as detailed after
Theorem 3.2.

In this setting, the joint least squares problem

(x∗0, θ
∗) = argmin

x0,θ

T−1∑

t=0

∥z(t)− Φ(x0 + s(t))⊤θ∥2 (3.9)

is fundamentally ambiguous due to the coupling between x0 and θ. The following
lemma formalizes this ambiguity.

Lemma 3.1. Let Φ : Rn → R
m be a vector of basis functions, and (x∗0, θ

∗) be a

solution to (3.9). If

Φ(x)⊤θ∗ = Φ(x+ δ)⊤θ̄ ∀x ∈ R
n (3.10)

holds for some nonzero shift δ ∈ R
n, δ ≠ 0, and vector θ̄ ∈ R

m, then the pair

(x∗0 + δ, θ̄) is also a solution, making the optimization problem (3.9) ill-posed.
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The proof follows from direct substitution (see Appendix 3.8). The ambiguity is a
translation, where a shift in the state estimate is absorbed into a reparametrization
of f while the observations stay the same. No amount of data removes such
an ambiguity, so identifiability must come from structural assumptions on the
basis [97, 98]. The choice of the resolving structure is in general not unique. In
our setting the physics supplies one: the evenness of the latent mapping in (3.5).
Together with two regularity assumptions on the basis, evenness is sufficient for
identifiability. We assume throughout that the applied inputs are rich enough that
two mappings agreeing on the observed states agree on all of Rn, which is the role
of the input selection in Section 3.4.3.

Theorem 3.2 (Global identifiability of (x0, θ)). Let the basis functions {ϕi}mi=1

satisfy

(C1) each ϕi is even, ϕi(−x) = ϕi(x) for all x ∈ R
n;

(C2) no nonzero function in span{ϕi} admits a nonzero period vector;

(C3) the ϕi are linearly independent.

If two parametrizations with θ ̸= 0 produce identical measurement functions,

Φ(x+ ξ)⊤θ = Φ(x+ ξ′)⊤θ′ ∀x ∈ R
n, (3.11)

then ξ = ξ′ and θ = θ′. The pair (x0, f) is then globally identifiable.

The proof is provided in Appendix 3.8. The mechanism behind the result is
a reflection argument. Suppose two even mappings f and f̄ in the model class
satisfy f(x) = f̄(x+ δ) for all x. Evenness of f gives f̄(x+ δ) = f̄(−x+ δ), so f̄
is symmetric about δ as well as about the origin. A function with two centers of
symmetry is periodic with period 2δ, which (C2) excludes for nonzero δ. This is
the key step, since evenness on its own leaves the shift free and only aperiodicity
removes it. With δ fixed to zero, the linear independence in (C3) recovers θ. The
condition θ ≠ 0 is what keeps the state observable, as a zero mapping carries
no information about x0. Lemma 3.1 permits a shifted solution for every shift
satisfying (3.10), in general a continuum, and the theorem excludes them all.

Remark 3.3. The assumption that f lies exactly in the span of Φ can be relaxed.

If f is well-approximated by its projection onto the basis, i.e., ∥f(x)−Φ(x)⊤θ∗∥ ≤ ϵ
uniformly for some ϵ > 0, then conditions (C1)–(C3) applied to the projection still

identify x0 and θ. The translation ambiguity of Lemma 3.1 is present whether or

not f lies exactly in the span, so the same structural conditions are what resolve it.

The state estimate then degrades gracefully with ϵ, though the size of the error also

depends on how sensitively the observations vary with x0 near the true state.
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Theorem 3.2 concerns a fixed, finite basis, while the next section models f with a
Gaussian process. The form of the GP estimate reconciles the two settings. For any
finite dataset, the GP posterior mean is the prior mean plus a linear combination
of kernel functions centered at the observed states, and this posterior mean is the
estimate of f that the EM algorithm fits for each candidate state. Conditions
(C1)–(C3) therefore need to hold for these estimates, and Appendix 3.8 verifies
them for the symmetrized kernel introduced there. The evenness and aperiodicity
built into that kernel are what separate the true state from its shifted alternatives.

3.4.2 EM Algorithm for Joint State and Model Estimation

Under conditions (C1)–(C3) established in Theorem 3.2, we can jointly estimate the
initial aberration state x0 and the latent mapping f . We do so using an Expectation-
Maximization (EM) approach. We model f using a Gaussian process (GP) to
generate flexible, non-parametric representations that also provide uncertainty
quantification. We discretize the initial state space into a finite set of candidate
states to enable tractable computation of the E-step. Details on the selection and
refinement of these candidate states are provided in Section 3.4.3.

Unlike standard EM applications where the M-step (model parameter estima-
tion) is the primary goal, our setting emphasizes the E-step, as it directly yields the
aberration state estimate x0. This focus on state estimation is motivated by the
calibration objective and enabled by the identifiability results from Section 3.4.1.

Gaussian Process Representation

We model the latent mapping f using a Gaussian process (GP) prior. This modeling
choice provides flexibility and computational tractability. The GP framework can
approximate a broad class of functions arbitrarily well with appropriate kernel
selection [78] and allows us to quantify uncertainty in the learned mapping. While
our choice of the squared exponential kernel (detailed below) imposes smoothness
assumptions on f , this is physically motivated: we expect the aberration-to-latent
mapping to vary continuously with aberration parameters. The framework readily
accommodates alternative kernels (e.g., Matérn, rational quadratic) if different
smoothness or regularity properties are desired.

We assume a Gaussian process prior on f :

f ∼ GP(µf , k(·, ·)), (3.12)

with mean function µf : Rn → R and covariance (kernel) function k : Rn×R
n → R.

For notational simplicity, we consider the scalar case (ℓ = 1) in the equations
presented in this section. The extension to multi-dimensional latent spaces (ℓ > 1)
is straightforward. Each output dimension can be modeled independently using a
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separate GP with the same kernel structure. That is, f(x) = [f1(x), . . . , fℓ(x)]
⊤

where each fj ∼ GP(µf,j , k(·, ·)). For a given dataset, this GP regression is regu-
larized least squares with the kernel generating the basis, so the parametric model
of Section 3.4.1 and the GP model are two descriptions of the same estimator [99,
Section 3].

To enforce the symmetry condition (C1), we symmetrize a base kernel k0 over
the reflection group {I,−I} acting on both arguments [100],

k(x, x′) =
1

4
(k0(x, x

′) + k0(−x, x′) + k0(x,−x′) + k0(−x,−x′)) . (3.13)

This average is a valid covariance function for any base kernel k0, and each of its
sections k(·, x′) is even, so every posterior mean and every sample path of GP(µf , k)
is even whenever µf is even. For a stationary and reflection-symmetric base kernel,
such as the multivariate squared exponential

k0(x, x
′) = σ2

f exp

(
−1

2
(x− x′)⊤L−1(x− x′)

)
, (3.14)

with signal variance σ2
f > 0 and lengthscale matrix L ≻ 0, the four terms collapse

pairwise and (3.13) reduces to a two-term form k(x, x′) = 1
2 (k0(x, x

′) + k0(x,−x′)).
The satisfaction of conditions (C1)–(C3) for the resulting model is verified in
Appendix 3.8.

In practice, the prior mean µf and kernel hyperparameters (such as Σν , σ2
f and

L) can be estimated from the large simulated dataset using standard maximum
likelihood or cross-validation methods [78]. This allows us to incorporate prior
knowledge from physics-based simulations while retaining the flexibility to adapt
to day-to-day variations by fitting the GP posterior to the current observations.

Candidate Initial States and Likelihood

To estimate x0 using the EM algorithm, we discretize the initial state space into a
finite set of candidate states. This discretization enables tractable computation
of the E-step by evaluating the likelihood of each candidate under the GP model.
Consider a discrete set of candidate initial states {x(i)0 }Ni=1. The selection of the
candidate set is discussed in Section 3.4.3. We place a uniform prior p(x(i)0 ) = 1/N

on the candidates. Given candidate x(i)0 and the deterministic dynamics (3.1), the
aberration trajectory is x(t) = x

(i)
0 + s(t) for t = 0, 1, . . . , T .

Under the GP prior (3.12) and the observation model (3.8) conditioned on
candidate x(i)0 , the latent observations have marginal distribution (for the scalar
case ℓ = 1):

p(Z|x(i)0 ) = N (Z;µ
(i)
Z ,K(i) +ΣνIT+1), (3.15)
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where

Z =
[
z(0), z(1), . . . , z(T )

]⊤ ∈ R
T+1 (3.16)

is the stacked latent observation vector over the time horizon. The stacked prior
mean vector µ(i)

Z ∈ R
T+1 evaluates the prior mean function µf at the aberration

trajectory implied by candidate i:

µ
(i)
Z =




µf (x
(i)
0 + s(0))

µf (x
(i)
0 + s(1))

...
µf (x

(i)
0 + s(T ))



. (3.17)

The prior covariance matrix K(i) ∈ R
(T+1)×(T+1) has elements

K
(i)
tr = k(x

(i)
0 + s(t), x

(i)
0 + s(r)), t, r = 0, 1, . . . , T. (3.18)

Finally, Σν > 0 is a scalar (in the ℓ = 1 case) representing the variance of the
latent observation noise ν(t) from (3.8). The total covariance in (3.15) combines
the GP prior covariance K(i) with the observation noise ΣνIT+1. For ℓ > 1, we
stack all latent dimensions and extend the covariance structure using Kronecker
products. All subsequent expressions extend naturally with this block structure.
With these definitions, we can evaluate the GP marginal likelihood p(Z|x(i)0 ) for
each candidate, which forms the basis for the EM algorithm detailed next.

Evidence Lower Bound and EM Iterations

The EM algorithm finds f and x0 by maximizing the Evidence Lower Bound (ELBO)
and alternating between estimating the posterior distribution over x0 (E-step) and
updating the (GP) representation of f (M-step) [90]. Let π : {x(1)0 , . . . , x

(N)
0 } →

[0, 1] be a probability distribution over the candidate set, where π(x(i)0 ) denotes the
probability assigned to candidate i and

∑N
i=1 π(x

(i)
0 ) = 1. The ELBO as a function

of f and π is given by

ELBO(π, f) =

N∑

i=1

π(x
(i)
0 ) log p(Z|x(i)0 , f)−KL(π(x0)∥p(x0)), (3.19)

where KL(π∥p) =∑N
i=1 π(x

(i)
0 ) log

π(x
(i)
0 )

p(x
(i)
0 )

is the standard discrete KL divergence.

The two steps of the EM algorithm are detailed next.
M-step: Update the GP representation of f given the observations Z and

the current distribution π over candidates. Since the ELBO’s dependence on f



64
Chapter 3. Bridging the Simulation-to-Reality Gap in Electron Microscope

Calibration via VAE-EM Estimation

3

enters through the likelihoods log p(Z|x(i)0 , f), and these are maximized by the GP
posterior conditioned on each candidate, we compute the GP posterior for each
candidate i. For each candidate x(i)0 , the GP posterior mean conditioned on that
candidate and on the observations Z is given by

µ
(i)
f |Z(x) = µf (x) + k(i)x (K(i) +ΣνIT+1)

−1(Z − µ(i)
Z ), (3.20)

where k(i)x = [k(x, x
(i)
0 + s(0)), . . . , k(x, x

(i)
0 + s(T ))] is the kernel slice evaluated at

the query point x and the trajectory points for candidate i. We can then form the
overall posterior of f as a mixture of these individual posteriors weighted by the
distribution π over candidates. We obtain

µf |Z(x) =
N∑

i=1

π(x
(i)
0 )µ

(i)
f |Z(x), (3.21)

assuming ℓ = 1. For ℓ > 1, the expressions extend in a straightforward manner
with the block structure.

E-step: Update the distribution π over candidates. Maximizing the ELBO
over π subject to

∑N
i=1 π(x

(i)
0 ) = 1 yields π(x(i)0 ) ∝ p(x(i)0 )p(Z|x(i)0 ). Rather than

conditioning on the current f , we evaluate the marginal likelihood (3.15), in which
f is integrated out under its GP prior. This accounts for the remaining model
uncertainty and makes the weights independent of the M-step, as discussed below.
Assuming a uniform prior over candidates p(x(i)0 ) = 1/N , we obtain the posterior
π by evaluating the likelihoods p(Z|x(i)0 ) for each candidate and normalizing. The
log-likelihood of observing Z given candidate i is

log p(Z|x(i)0 ) = −1

2
(Z − µ(i)

Z )⊤(K(i) +ΣνIT+1)
−1(Z − µ(i)

Z )

− 1

2
log |K(i) +ΣνIT+1| −

T + 1

2
log(2π).

(3.22)

We then compute the posterior weights as wi ∝ p(Z|x(i)0 ) and normalize such that∑N
i=1 wi = 1 to obtain the discrete distribution π(x

(i)
0 ) = wi. For ℓ > 1, the

expressions extend with the block structure detailed earlier.
With f integrated out, the E-step maximizes the evidence lower bound on

log p(Z) exactly: the resulting weights are the posterior p(x(i)0 | Z), at which the
bound is tight [90, 101]. Theorem 3.2 establishes that under conditions (C1)–(C3),
the pair (x0, f) is globally identifiable, meaning there exists a unique solution to
the joint estimation problem. However, the identifiability result does not guarantee
that the EM algorithm will converge to the global optimum. Establishing global
convergence remains an open theoretical question, though empirically the algorithm
converges reliably to accurate estimates in our experiments.
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An important observation about our particular setting is that the E-step does
not depend on the full GP mixture posterior from the M-step, but only on the
individual candidate likelihoods computed from the individual GP posteriors. With
a uniform prior, the E-step weights remain constant across EM iterations for a
fixed dataset. This means we can compute the E-step once per dataset, after which
a single M-step produces the final estimates. In practice, we often run only a single
EM iteration per dataset, significantly reducing computational cost.

An alternative to the EM approach presented above is hard EM that replaces the
full posterior distribution π(x0) with a point estimate at each iteration. Specifically,
in the hard E-step, instead of computing the full distribution over candidates, we
select x̂(i

∗)
0 where i∗ = argmaxi w̄i, effectively setting π(x(i

∗)
0 ) = 1 and π(x(j)0 ) = 0

for j ≠ i∗. This simplifies the M-step: the mixture of GP posteriors (3.21) reduces
to a single GP posterior conditioned on the most likely candidate, and eliminates
the need to track and update weights for all candidates. As a consequence, the
computational complexity of the model estimation step is reduced from O(N ·T 3) to
O(T 3) per iteration. While hard EM is computationally more efficient and requires
less memory (no mixture representation), it is more prone to getting stuck in local
optima. This typically happens because it commits to a single candidate at each
iteration rather than maintaining uncertainty over multiple plausible candidates.
The full EM approach is generally preferred when computational resources permit,
as it better explores the posterior landscape. In our experiments, we employ the full
EM algorithm as the computational cost remains manageable due to the moderate
number of candidates used.

3.4.3 Implementation Details

The EM algorithm detailed above can be integrated into an online calibration
procedure. At each time step T , we apply a known input u(T − 1) and acquire
a new Ronchigram observation y(T ). We preprocess the observation to obtain
the latent representation z(T ) = µα(P{y(T )}). We then augment the dataset
with the new latent space observation and input, updating the cumulative input
s(T ) =

∑T−1
t=0 u(t). With the updated dataset {z(t), s(t)}Tt=0, we run the EM

iterations to refine the estimates of x0 and f .

There are several reasons to acquire observations one at a time and to re-run
EM with every new observation. First, it allows us to adaptively select the input
u(T ) based on current estimates, improving convergence speed. Second, it allows
us to select new candidate initial states based on the current posterior, reducing
the total number of candidates while maintaining accuracy. Finally, it allows us to
monitor convergence and stop the calibration process once satisfactory estimates
are obtained, reducing unnecessary data collection.
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Input Selection Strategy

The input selection strategy can significantly impact convergence speed and calibra-
tion accuracy. While random inputs can provide sufficient excitation for estimation,
more sophisticated strategies can select inputs that maximize information gain
about the unknown parameters. A simple acquisition heuristic is to select inputs
that yield measurements at aberration locations where the GP posterior variance is
highest, thereby reducing uncertainty in the latent mapping f . For computational
efficiency, we employ a hard EM -inspired approximation: rather than computing
the full mixture posterior variance, we evaluate the variance using only the most
likely candidate i∗ = argmaxi wi. The posterior variance for this candidate is

Var(i
∗)

f |Z (x) = k(x, x)− k(i∗)⊤x (K(i∗) +ΣνIT+1)
−1k(i

∗)
x , (3.23)

where k(i
∗)

x is the cross-covariance vector from (3.20). This approximation reduces
the computational cost from O(N · T 3) to O(T 3) per variance query, making
variance-based input selection practical. The approximation is justified when one
candidate dominates the posterior (large maxi wi), as typically occurs after a few
EM iterations. Inputs are then selected through

u(T ) = argmax
u∈U

Var(i
∗)

f |Z (x
(i∗)
0 + s(T ) + u), (3.24)

where U is the set of allowable inputs (e.g., bounded defocus and astigmatism
values). In practice, we optimize (3.24) using grid search over a randomly sampled
set of candidate inputs from U .

Candidate Refinement

In between acquiring new observations, we can refine the candidate set {x(i)0 }Ni=1

based on previous EM estimates to focus computational resources on high-
probability regions while maintaining exploration. This refinement strategy
is conceptually similar to resampling in particle filtering [92], where particles
are redistributed based on their importance weights to concentrate samples in
high-probability regions while avoiding sample degeneracy.

Our refinement strategy balances three objectives: exploiting the current pos-
terior by retaining high-weight candidates, refining the search locally around
promising regions, and maintaining global exploration to avoid premature con-
vergence. Let wi denote the posterior weights from the most recent E-step. We
construct the new candidate set by combining three components. First, we keep
a fraction of the top-weighted candidates to preserve the current best estimates.
Second, we generate new candidates by perturbing high-weight candidates with
Gaussian noise, sampling parent candidates proportionally to their weights:

xnew
0 = xparent

0 +N (0, σ2In), (3.25)
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Algorithm 1 Iterative VAE-EM Calibration Algorithm

1: Input: Trained VAE encoder µα, candidate set {x(i)0 }Ni=1, GP prior mean µf
and kernel k(·, ·)

2: Output: Estimated initial state x̂0, latent mapping f̂
3:

4: Initialize T = 0, s(0) = 0

5: Acquire initial observation y(0), compute ỹ(0) = P{y(0)}, encode z(0) =

µα(ỹ(0))

6: repeat

7: // EM iterations on dataset {z(t), s(t)}Tt=0

8: repeat

9: E-step: Compute weights wi via (3.22) with Z = [z(0), . . . , z(T )]⊤

10: M-step: Update µf |Z(x) through (3.21)
11: until EM convergence
12: update candidate set {x(i)0 }Ni=1 using (3.25)
13: Select next input u(T ) using (3.24)
14: s(T + 1)← s(T ) + u(T ), T ← T + 1

15: Acquire y(T ), compute ỹ(T ) = P{y(T )}, encode z(T ) = µα(ỹ(T ))

16: until convergence criterion met

where the parent is drawn with probability proportional to wi and σ > 0 controls the
exploration-exploitation tradeoff. Finally, we sample a small fraction of candidates
uniformly over the aberration space to maintain coverage and prevent convergence
to local optima. After refinement, the candidate weights are reset uniformly and
the GP posteriors are recomputed in the next M-step.

3.4.4 Algorithm Summary

The complete calibration procedure is summarized in Algorithm 1. The VAE
is trained offline on a dataset of simulated Ronchigram images. During online
STEM calibration, the algorithm iteratively collects new Ronchigram observations,
encodes them, and refines both the aberration estimate x0 and the latent mapping
f using EM iterations.

3.5 Results

We validate the proposed VAE-EM calibration method by applying it to real STEM
data acquired on different days to capture day-to-day variations in system behavior.
We compare the proposed method with existing automated calibration approaches
in terms of calibration accuracy and convergence speed. In our previous work, we
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presented a detailed comparison of different Ronchigram-based calibration methods
from the literature in terms of accuracy and speed. We refer the reader to that work
for a comprehensive overview of existing approaches. Here, we focus on comparing
our proposed VAE-EM method against the strongest baselines identified previously.

Our experiments consider three aberration parameters (n = 3): defocus (C1)
and two-fold astigmatism in both x- and y-directions (A1x, A1y). We use latent
dimension ℓ = n = 3 for the EM estimation experiments. For visualizations of
latent spaces, we show results with ℓ = n = 2 (defocus and x-astigmatism only).

3.5.1 VAE Captures Aberration Structure in Latent Space

Figure 3.5 shows the latent space distribution of the real STEM Ronchigram
datasets using a 2D latent space for visualization.

We see consistency across the different datasets, as well as with respect to
the simulated data from Figure 3.4. Observe that the experimental results are
somewhat noisier and occupy a smaller region of the latent space compared to the
simulated data. This is likely due to measurement noise and day-to-day variations
in the microscope that are not captured by the simulator. Nevertheless, the overall
structure is preserved: aberration states x and −x continue to map to similar
latent locations (as seen by the color coding), while separation between different
aberration quadrants is maintained. This indicates that the VAE has learned a
meaningful representation that reflects the underlying physics.

From the latent space representation, we can fit the GP prior mean function
µf (x) that maps aberration states to latent space dimensions. We use a grid of
symmetrical piecewise linear bases, though other basis functions (e.g., radial basis
functions, polynomials) could also be used. Figure 3.6 shows the fitted prior mean
for the 2D latent space case. We see smooth mappings that capture the nonlinear
relationship between aberration states and latent dimensions. These fitted prior
means typically improve estimation accuracy for low numbers of observations,
though we see limited improvements once enough data has been acquired.

3.5.2 Superior Calibration Performance on Real STEM Data

Figure 3.7 and Figure 3.8 show the aberration estimation error 2-norm as a function
of the number of Ronchigram observations used for calibration, averaged over 100
Monte Carlo runs with different random initializations. After approximately 10
observations, the proposed VAE-EM method achieves the accuracy requirements
for high-quality imaging (defocus and astigmatism below 10 nm each) on over
50% of runs. On all datasets, the proposed method converges after around 20
observations to very accurate estimates with high consistency across random
initializations. The resulting calibration error 2-norms are reduced by over a factor
of 2 compared to our previous Bayesian optimization approach [62] on the same
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(c) Dataset 3

Figure 3.5. Latent space distribution for Ronchigram datasets gathered on real
STEM on different days. The latent space data points are colored according to
their aberration values, with the color-coding scheme taken from Figure 3.1. We
can observe consistency across datasets, as well as with respect to the simulated
data from Figure 3.4, indicating that the VAE has learned a meaningful latent
representation that reflects the underlying aberration states.

datasets. Our previous work established that this Bayesian optimization approach
already matched the performance of existing automated methods on real STEM
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Figure 3.6. Fitted prior mean function µf (x) mapping aberration parameters to
VAE latent space, shown as a function of defocus (C1) and two-fold astigmatism
(A1x). The prior mean is generated by fitting piecewise linear bases to a large set
of simulated Ronchigrams. Note the symmetry with respect to the origin, reflecting
the physical property f(−x) = f(x).

data. Current commercial solutions such as CEOS and OptiSTEM(+) typically
require approximately one minute to reach acceptable calibration specifications. In
contrast, our VAE-EM method requires only around 20 Ronchigrams, corresponding
to roughly 15 seconds of acquisition time, while achieving substantially higher
accuracy.

3.6 Discussion

We have presented a VAE-EM approach for automated STEM calibration that ad-
dresses two fundamental limitations of existing data-driven methods: the reliance on
scalar image representations and the simulation-to-reality gap. Multi-dimensional
VAE representations preserve richer information about the aberration state than
scalar quality metrics, which rapidly lose information content as the number of
calibration parameters increases. By jointly estimating both the calibration state
and the latent mapping using EM, we achieve over 2× more accurate calibration
compared to state-of-the-art methods while requiring fewer observations.
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Figure 3.7. Estimation performance on real STEM data over 100 Monte Carlo runs
with different random initializations with 3 aberration parameters (C1, A1x,A1y).
We view the aberration estimation error 2-norm as a function of the number
of Ronchigram observations used for calibration for Dataset 1 ( ), Dataset 2
( ), and Dataset 3 ( ). Plotted are the medians over the 100 runs, with the
shaded bands spanning the 5th to 95th percentile. The proposed VAE-EM method
consistently outperforms existing automated calibration approaches in terms of
speed and accuracy.

The global identifiability result (Theorem 3.2) provides theoretical grounding for
our approach by ensuring that the joint estimation problem has a unique solution
under mild conditions on the basis functions. This is notable because standard EM
approaches for inverse problems often lack such guarantees [31, 91]. Our approach
provides an elegant way of selecting these basis functions: they are generated
by a symmetrized kernel, which in the limit can approximate any even function
arbitrarily well. Prior knowledge can be embedded through the choice of base
kernel, prior mean, and hyperparameters.

3.6.1 Limitations and Future Work

A limitation of our approach is the need for substantial training data to train the
VAE. We resolve this by using a digital twin (simulator) and explicitly learning the
resulting model mismatch through the GP posterior. However, the simulated dataset
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Figure 3.8. Estimation error performance on real STEM data after 10 and 30
Ronchigram observations. The violin plots summarize the distribution of estimation
error 2-norms with 3 aberration parameters (C1, A1x,A1y) across 100 Monte Carlo
runs with different random initializations, for dataset 1 ( ), dataset 2 ( ), and
dataset 3 ( ). Within each violin, the horizontal dash marks the median and the
thick bar the interquartile range. The dotted line spans the 5th to 95th percentile,
bounded by the triangles.
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must cover essentially all aberration combinations that we aim to estimate in order
to train a sufficiently expressive VAE. For practical deployment, we recommend
using iterative candidate refinement and variance-based input selection. These
strategies significantly reduce computational cost while maintaining calibration
accuracy. If further reduction is needed, hard EM can be employed at the cost of
some estimation accuracy.

Generalization to higher-order aberrations is conceptually straightforward since
the evenness constraint still holds, though practical challenges arise from GP
computation scaling and the curse of dimensionality. A hierarchical approach
that first calibrates lower-order aberrations before refining higher-order terms
may address these challenges. Additionally, higher-order aberrations tend to have
localized effects on Ronchigrams, which may require patching the Ronchigrams
and applying Fourier transforms locally to extract relevant latent features.

3.6.2 Applicability Beyond STEM

While developed for STEM calibration, the methods presented here may extend to
other inverse problems. We now outline when the framework applies.

The starting point is an inverse problem where high-dimensional observations
arise from low-dimensional parameters. In our case, Ronchigrams contain approxi-
mately 105 pixels yet are determined by a few aberration parameters. This gap
enables a VAE to learn a compressed representation without losing estimation-
relevant information. When training data comes from a simulator rather than
the real system, the learned latent mapping will not perfectly match reality. This
simulation-to-reality gap means the VAE representations are biased. Joint estima-
tion of both the state and the residual model mismatch using EM can correct this
bias, but such joint estimation is generally ill-posed: many combinations of state
and model parameters may explain the observations equally well.

Structural constraints can restore identifiability. In our case, the evenness
constraint from Fourier optics allows us to construct a symmetry-constrained GP
kernel, which establishes global identifiability (Theorem 3.2). Non-injectivity of the
observation mapping is not itself a requirement. Rather, the particular structure
of our non-injectivity enables us to recover identifiability. An injective observation
mapping would trivially ensure identifiability and also fit within this framework.
The framework also requires that the state dynamics equations are known and
invertible. Our state-space model has trivial dynamics where the next state equals
the current state plus a known input, allowing all observations to be related back
to a common initial state for joint estimation.

When the VAE is trained on representative real data, the simulation-to-reality
gap becomes negligible. The proposed framework then reduces to pure state
estimation in the learned latent space, with the latent mapping f estimated
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directly from training data rather than learned online. In essence, our framework
encompasses both joint state-model estimation and pure VAE-based state estimation
as a special case.

Several application domains may fit the VAE-EM framework. Optical systems
with known symmetries, such as adaptive optics for telescopes or microscopy,
share the evenness structure that enables our identifiability result. Phase retrieval
problems exhibit similar non-injectivity due to the loss of phase information.
Medical imaging modalities where simulators exist but patient-specific variations
cause model mismatch, such as MRI or CT reconstruction, may also benefit from
joint state-model estimation. For applications where representative real data is
available, such as industrial quality control with abundant labeled samples, the
simpler VAE-based state estimation applies directly without requiring the EM
iterations for model learning.

3.6.3 Conclusion

This work introduced a VAE-EM framework that surpasses state-of-the-art STEM
calibration performance by combining multi-dimensional image representations
with joint state-model estimation. The key theoretical insight is that structural
constraints, such as the evenness property from Fourier optics, can restore global
identifiability in joint estimation problems that are otherwise ill-posed. This
provides a principled approach to bridging simulation-to-reality gaps in data-driven
inverse problems.

3.7 Appendix: Optics Derivation and Symmetry of

Ronchigrams

This appendix derives the symmetry property h(−x) = h(x) stated in Section 3.2.2
from first principles of electron optics, largely following Kirkland [93].

3.7.1 Image Formation Model

In scanning transmission electron microscopy, aberrations modify the phase of the
electron wave. In STEM mode they can be applied at the focal plane (pupil plane)
of the probe forming system. Let x ∈ R

n denote the aberration state (a vector
of real coefficients for defocus, astigmatism, coma, etc.). The wave aberration
function is parametrized as

χ(k;x) =

n∑

j=1

xjϕj(k), (3.26)
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where k = (kx, ky) ∈ R
2 are spatial frequencies in the pupil plane and {ϕj(k)}nj=1

are real-valued pupil basis functions (e.g., Zernike or Seidel polynomials). Combined
with a real, symmetric aperture function P (k), the wave at pupil plane is

Ax(k) = P (k)eiχ(k;x). (3.27)

The incident probe wavefunction in real space is obtained via inverse Fourier
transform

ψx(r) = (FT 2D)−1{Ax}(r) :=
∫

R2

Ax(k)e
2πik·rdk, (3.28)

where r = (rx, ry) ∈ R
2 are real-space coordinates and (FT 2D)−1 denotes the

inverse continuous 2D Fourier transform.
For a thin specimen, we employ the phase object approximation. The specimen

transmission function is

T (r) = eiσV (r), (3.29)

where V (r) is the projected electrostatic potential and σ is the electron interaction
constant (which depends on the accelerating voltage). The exit wavefunction
ψE(r;x) immediately after the specimen is then given by the multiplicative ap-
proximation:

ψE(r;x) = ψx(r)T (r). (3.30)

The Ronchigram intensity Ix(k) is the squared modulus of the Fourier transform
of the exit wave (by Fraunhofer diffraction):

Ix(k) =
∣∣FT 2D{ψE}(k)

∣∣2 , (3.31)

where FT 2D{ψE}(k) :=
∫
R2 ψE(r)e

−2πik·rdr denotes the continuous 2D Fourier
transform of ψE . This intensity distribution corresponds to the continuous Ronchi-
gram. Sampling it on a discrete pixel grid yields the observation y(t) in the main
text. The preprocessing described in Section 3.2.2 then computes the 2D Fourier
transform of the Ronchigram, then takes the squared modulus. By the autocorrela-
tion theorem [102], the Fourier transform of Ix(k) equals the autocorrelation of
the exit wave. We obtain

Hx(ω) := FT 2D{Ix}(ω) =
∫

R2

ψE(r+ ω;x)ψ
∗
E(r;x) dr, (3.32)

with ω = (ωx, ωy) ∈ R
2 the spatial shift coordinates (the Fourier conjugate variable

to k). Substituting the exit wave definition (3.30), we obtain

Hx(ω) =

∫

R2

[ψx(r+ ω)ψ
∗
x(r)] · [T (r+ ω)T ∗(r)] dr. (3.33)

The continuous power spectrum of the Ronchigram is then

PSx(ω) = |Hx(ω)|2 =
∣∣FT 2D{Ix}(ω)

∣∣2 . (3.34)
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3.7.2 Symmetry Under Sign Inversion of Aberrations

Consider inverting all aberration coefficients: x 7→ −x. This yields χ(k;−x) =
−χ(k;x), so A−x(k) = [Ax(k)]

∗. Consequently, the probe wavefunction transforms
as:

ψ−x(r) = (FT 2D)−1{A∗
x}(r) = ψ∗

x(−r). (3.35)

Substituting into the autocorrelation integral (3.32):

H−x(ω) =

∫

R2

ψ∗
x(−r− ω)ψx(−r)T (r+ ω)T ∗(r) dr. (3.36)

Changing variables r′ = −r− ω, we have dr = dr′, and obtain

H−x(ω) =

∫

R2

[ψ∗
x(r

′)ψx(r
′ + ω)] [T (−r′)T ∗(−r′ − ω)] dr′. (3.37)

The probe term in the first bracket is identical to that in Hx(ω). The symme-
try of the final result therefore depends on the autocorrelation of the specimen
transmission function in the second bracket.

Comparing the second bracket with its counterpart in Hx(ω) shows that it
is the same specimen autocorrelation, evaluated at spatially inverted positions.
Inverting the aberrations therefore reflects the specimen autocorrelation relative to
the probe autocorrelation, so the symmetry of the power spectrum is governed by
the specimen structure. In the absence of a specimen (i.e., T (r) = 1), the second
bracket is constant and we obtain H−x(ω) = Hx(ω) exactly. This is consistent with
the fact that in the absence of a specimen, the Ronchigram is simply the squared
modulus of the probe wavefunction, which is invariant under spatial inversion. For
statistically isotropic specimens (amorphous materials), the projected potential
V (r) is a random field with statistics invariant under spatial inversion, implying
that T (r) = eiσV (r) has the same statistical properties as T (−r) = eiσV (−r). The
reflected autocorrelation then has the same distribution as the original one, and
the power spectrum is invariant under aberration sign inversion in expectation over
the specimen, E

[
|H−x(ω)|2

]
= E

[
|Hx(ω)|2

]
. When using Ronchigram images for

aberration correction, typically amorphous regions of the sample are used, as the
goal is to observe the effects of aberrations rather than the sample itself. As such,
in practice, our method is not limited by the assumptions mentioned above.

3.7.3 Practical Considerations

Even for a single specimen realization, which need not be perfectly isotropic, the
symmetry is typically observed in practice for two reasons. First, the thin specimens
used here are close to weak phase objects, for which T (r) is close to unity and



3.8. Appendix: Global Identifiability Proofs

3

77

the residual asymmetry vanishes with the interaction constant σ. Second, real
specimens almost always have some amorphous contamination (e.g., carbon or
oxide layers), which adds an inversion-invariant component to the Ronchigram
texture.

In practice, the Ronchigram is sampled on an nh × nw pixel grid, and the pre-
processing operator P (defined in Section 3.2.2) applies windowing, the 2D discrete
Fourier transform F2D, and computes the power spectrum. Under sufficiently
fine sampling, the discrete Fourier transform approximates the continuous Fourier
transform at discrete frequencies. Since the continuous power spectrum satisfies
PS−x(ω) = PSx(ω), and the windowing operation is symmetric and independent
of x, the discrete power spectrum inherits this symmetry:

h(−x) = h(x) ∀x ∈ R
n. (3.38)

This property holds in expectation even with Poisson noise, as the expected value
of the discrete Fourier transform power spectrum differs from the deterministic
case only by an additive constant (the total electron count) that is symmetric in
x [68].

3.8 Appendix: Global Identifiability Proofs

This appendix provides the proofs of Lemma 3.1 and Theorem 3.2, and verifies
that the Gaussian process model with the symmetrized kernel satisfies conditions
(C1)–(C3).

3.8.1 Proof of Lemma 3.1

Let x(t) = x∗0 + s(t) denote the aberration trajectory. Direct substitution using
the translation invariance property (3.10) with x = x∗0 + s(t) gives

T−1∑

t=0

∥z(t)− Φ(x∗0 + δ + s(t))⊤θ̄∥2 =

T−1∑

t=0

∥z(t)− Φ(x∗0 + s(t))⊤θ∗∥2,

so both pairs achieve the same objective value.

3.8.2 Proof of Theorem 3.2

Suppose two parametrizations with θ ≠ 0 produce identical measurement functions,

Φ(x+ ξ)⊤θ = Φ(x+ ξ′)⊤θ′ ∀x ∈ R
n. (3.39)
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Write g(x) := Φ(x)⊤θ and ḡ(x) := Φ(x)⊤θ′ for the two mappings, and let δ := ξ′−ξ.
Then (3.39) reads g(x) = ḡ(x+ δ) for all x. By condition (C1) both g and ḡ are
even. The linear independence in condition (C3) and θ ≠ 0 give g ≠ 0, and since
g(x) = ḡ(x+ δ) this also gives ḡ ̸= 0.

We first show δ = 0. Evenness of g gives g(x) = g(−x) = ḡ(−x+ δ), while the
equivalence gives g(x) = ḡ(x+ δ). Hence

ḡ(x+ δ) = ḡ(−x+ δ) ∀x ∈ R
n.

Substituting u = x+ δ yields ḡ(u) = ḡ(2δ−u), so ḡ is symmetric about the point δ.
Combined with its evenness about the origin, ḡ is invariant under the composition
of the two point reflections, which is the translation u 7→ u+ 2δ:

ḡ(u) = ḡ(u+ 2δ) ∀u ∈ R
n.

If δ ̸= 0, then ḡ is a nonzero periodic function, which contradicts the aperiodicity
in condition (C2). Therefore δ = 0, i.e., ξ = ξ′.

With ξ = ξ′, equation (3.39) reduces to Φ(x)⊤θ = Φ(x)⊤θ′ for all x, so
Φ(x)⊤(θ − θ′) = 0 for all x. By the linear independence of the basis functions in
condition (C3), this implies θ = θ′.

3.8.3 Verification for the Symmetrized Kernel Model

We verify conditions (C1)–(C3) for the model as deployed. The Gaussian process
specifies a distribution over functions, but the EM algorithm fits and compares
specific functions: the per-candidate posterior means (3.20), each the prior mean µf
plus a linear combination of the kernel functions k(·, vj) centered at the trajectory
points vj = x

(i)
0 + s(t). Draws from the GP prior never enter the algorithm, and

they are rougher objects that fall outside the reproducing kernel Hilbert space of
k almost surely [99, Section 4]. The conditions therefore concern the posterior
means, and Theorem 3.2 applies once every estimate is even (C1), no nonzero
estimate is periodic (C2), and the coefficients of an estimate are unique (C3). We
check these properties in turn, with k the symmetrized kernel (3.13) built from the
squared exponential k0 and with centers v1, . . . , vr collected over the candidates
under comparison and distinct up to reflection.

(C1) Replacing x by −x permutes the four terms of (3.13), so k(−x, v) = k(x, v)

and every kernel function is even. The prior mean is even by the symmetric
fit, so every estimate is even.

(C2) Every estimate vanishes at infinity, since the kernel functions are finite sums
of squared exponential functions and the fitted prior mean is zero outside the
bounded grid of its piecewise linear bases. Any prior mean that vanishes at
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infinity suffices here, so the piecewise linear choice is not essential. A periodic
estimate g, with g(x) = g(x+ 2τδ) for some δ ≠ 0, all x ∈ R

n, and all τ ∈ N,
must then be zero: the argument x+2τδ leaves every bounded set as τ →∞,
so g(x) = limτ→∞ g(x+ 2τδ) = 0 for every x.

(C3) Two estimates that coincide as functions have the same prior mean term, so
their combinations of kernel functions also coincide, and uniqueness of the co-
efficients reduces to linear independence of the kernel functions. Squared expo-
nential functions with distinct centers are linearly independent, since multiply-
ing a linear combination that is identically zero by exp( 12x

⊤L−1x) reduces the
claim to the linear independence of the exponentials x 7→ exp(x⊤L−1v) with
distinct v. Reflected centers give the same kernel function, k(·,−v) = k(·, v),
which is why the centers are taken distinct up to reflection: one of any
reflected pair can be dropped without changing the estimate.

These three properties are exactly what the proof of Theorem 3.2 uses, so the joint
estimation problem underlying the EM algorithm is globally identifiable.
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Tilt-Based Aberration

Estimation in Transmission

Electron Microscopy

Abstract - Transmission electron microscopes (TEMs) enable atomic-scale imaging
but suffer from aberrations caused by lens imperfections and environmental conditions,
reducing image quality. These aberrations can be compensated by adjusting electromag-
netic lenses, but this requires accurate estimates of the aberration coefficients, which
can drift over time. This chapter introduces a method for the estimation of aberrations
in TEM by leveraging the relationship between an induced tilt of the electron beam
and the resulting image shift. The method uses a Kalman filter (KF) to estimate the
aberration coefficients from a sequence of image shifts, while accounting for the drift
of the aberrations over time. The applied tilt sequence is optimized by minimizing the
trace of the predicted error covariance in the KF, which corresponds to the A-optimality
criterion in experimental design. We show that this optimization can be performed offline,
as the cost criterion is independent of the actual measurements. The resulting non-convex
optimization problem is solved using a gradient-based, receding-horizon approach with
multi-starts. Additionally, we develop an approach to estimate specimen-dependent noise
properties using expectation maximization (EM), which are then used to tailor the tilt
pattern optimization to the specific specimen being imaged. The proposed method is
validated on a real TEM setup with several optimized tilt patterns. The results show that

This chapter is based on van Hulst et al. [103].
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optimized patterns significantly outperform naive approaches and that the aberration and
drift model accurately captures the underlying physical phenomena. A direct comparison
with the widely used Zemlin tableau shows that the proposed method achieves compa-
rable or higher image quality on amorphous specimens, while additionally extending to
non-amorphous specimens where the Zemlin tableau cannot operate.
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4.1 Introduction

Transmission electron microscopy (TEM) has enabled and continues to enable sci-
entific progress across numerous fields, including materials science, semiconductors,
and life sciences. A notable example of its impact is in the development of the
COVID-19 vaccine, where TEM played a critical role by enabling the visualization
of the viral spike protein [104]. What makes the TEM so powerful is its ability to
produce images at the atomic scale. This capability stems from the use of electrons,
which have significantly shorter wavelengths than visible light. Since resolution is
inversely proportional to wavelength, the shorter the wavelength, the higher the
attainable resolution.

TEM images are created by directing a beam of electrons onto a specimen and
recording the electrons after they have interacted with it. However, accurately
guiding the electrons is a non-trivial task. The electron beam is shaped and focused
by electromagnetic lenses, which inherently suffer from high sensitivity to environ-
mental conditions and manufacturing inconsistencies. The resulting imperfections
in the electron beam are known as aberrations, see Figure 4.1 for a schematic
representation of several aberration types. Under the presence of aberrations, the
resulting TEM images suffer from reduced contrast, loss of resolution, and blurring.

Fortunately, the aberrations can be compensated by adjusting the electron
optical components such as electromagnetic lenses, deflectors, and stigmators.
However, this compensation is not straightforward, as the aberrations cannot be
measured directly. Additionally, the aberrations drift over time due to thermal
effects, mechanical vibrations, and electromagnetic field fluctuations. This limits
both image quality and TEM throughput. As a result, fast and accurate estimates
of the aberration values are highly desirable.

A well-known principle from optics is that tilting the electron beam in the
presence of aberrations causes an apparent image shift in the x, y-plane [105],
revealing information about the underlying aberration coefficients, see Figure 4.1
for an illustration of the aberrations and the tilt-shift interaction. This principle has
been employed in several aberration estimation approaches. Classical methods such
as the Zemlin tableau analyze diffractograms acquired at different beam tilts [15],
while more direct approaches estimate aberrations from the tilt-induced image
shifts themselves [54, 55]. However, these methods face significant limitations:
diffractogram-based approaches are restricted to specimens that produce suitable
diffractograms (typically requiring amorphous regions), limiting their applicability
to only a subset of specimen types. Additionally, they are time-consuming. Existing
image-shift methods are limited by lengthy image acquisition and processing times
that restrict the number of tilts that can be applied. Crucially, none of these
approaches model specimen drift explicitly [106], making it difficult to separate
drift effects from aberration changes.
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Figure 4.1. Schematic illustration of beam tilt and aberrations in TEM. In each
panel, an electron beam ( ) hits the specimen ( ) at a point on the optical
axis ( ). The scattered electrons are represented by seven rays. These rays
propagate through an electromagnetic lens ( ) and arrive at the camera ( ). In the
aberration-free case (a), all rays converge to a single point. Under defocus (b),
the rays converge before the camera plane, and combining that defocus with beam
tilt (c) produces an image shift Re[c′11]. Spherical aberration (d) over-deflects
the outer rays, while coma (e) deflects rays asymmetrically. Combining spherical
aberration with beam tilt (f) produces a coma-like pattern. In (c) and (f), the
arc above the specimen indicates the beam tilt angle Re[t] (formally defined in
Section 4.2). Note that beam tilt, image shift, and coma each have an additional
component in the orthogonal direction, not shown here. The ray trajectories follow
from a thin-lens model; component distances are simplified for clarity.
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This chapter introduces a method for tilt-based aberration estimation that
addresses these limitations. Fast GPU-based image shift tracking [56] enables
rapid acquisition of many tilt-induced shifts, which are processed in a Kalman
filtering (KF) framework that naturally fits the physical model and accounts for
aberration drifting. Importantly, the speed and accuracy of the resulting estimates
depend on the choice of beam tilt sequence, which motivates the core question
addressed in this research: what sequence of tilts results in the fastest and most

accurate aberration estimates? The problem of designing measurement sequences to
optimize estimation performance has been studied extensively in sensor scheduling
and experiment design [107, 108], including adaptations to Kalman filtering for
linear discrete-time systems [109], continuous scheduling parameters [110, 111],
and receding-horizon approaches [112]. However, these works are not tailored to
TEM aberration estimation, which involves the freedom to select a continuous,
two-dimensional scheduling parameter at every time step and a non-convex but
differentiable measurement model.

We address these challenges by formulating the tilt sequence selection as a sensor
scheduling problem and proposing a tailor-made solution. Aberrations are estimated
using standard Kalman filtering, and the tilt sequence is optimized by minimizing
the trace of the predicted covariance. The optimization uses gradients from multiple
starting points with receding-horizon optimization. The main contributions are:

• A formulation of the tilt-based aberration estimation problem as a sensor
scheduling problem, extended to include specimen drift.

• Efficient, receding-horizon gradient-based sensor scheduling optimization
based on the trace of the predicted covariance matrix in the Kalman filter.

• Estimation of specimen-dependent properties using expectation maximization
(EM) to tailor the optimization and estimation.

• Experimental validation of optimized patterns on a real TEM setup, including
a quantitative comparison with state-of-the-art Zemlin tableau methods using
standard image quality metrics.

The rest of this chapter is organized as follows. Section 4.2 formulates the
aberration estimation problem. Section 4.3 details the methods including the
tilt-induced aberration model and tilt pattern optimization. Section 4.4 presents
results on a real TEM setup. Section 4.5 concludes the chapter.

4.2 Problem Formulation

TEM forms high-resolution images by transmitting electrons (accelerated to 100-300
keV) through a specimen, see Figure 4.2. The transmission imprints information
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Figure 4.2. Schematic representation of TEM. An electron gun fires a beam
of electrons into a stack of lenses and apertures. Between the lenses, there are
stigmators and deflection coils which allow for active compensation of the lens
aberrations. The transmitted electrons are collected after interaction with the
specimen in a detection system. In contrast to STEM (Chapters 2 and 3), where
the beam is focused to a probe and scanned across the specimen, the TEM beam
is wide and illuminates the entire specimen simultaneously. The lenses here form a
magnified image rather than a focused probe, and aberrations affect the phase of
the electron wavefront and therefore image contrast and resolution. Note that the
beam width is not drawn to scale; in reality it is on the order of a few Ångströms,
while the distances between lenses and specimen are on the order of millimeters.

onto the electron wave by altering its phase. This imprint is enlarged by electro-
magnetic lenses, which project the electron wave onto a detector. The lenses are
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inherently prone to imperfect focusing due to geometric and electromagnetic field
characteristics and finite manufacturing precision. Additionally, environmental
conditions such as temperature fluctuations and mechanical vibrations affect lens
performance. These imperfections manifest as aberrations, altering the electron
wavefront and reducing image resolution. Aberrations are characterized by the
contrast transfer function (CTF), which describes how the electron wavefront
evolves through the microscope [93, 113]. The CTF is defined as

CTF(g) = E(g) exp [−iχ(g)] , (4.1)

where g ∈ C is the spatial frequency, E(g) is the envelope function, and χ(g)

is the wave aberration function. The variables are typically defined as complex
numbers to represent 2D spatial coordinates. The envelope function E(g) models
coherence effects causing damping across frequencies and is assumed constant. For
optimal contrast, exp [−iχ(g)] ≈ 1 over a broad range of frequencies g. The wave
aberration function χ(g) describes the phase shift of the electron wavefront and
can be represented as

χ(g) =
∑

m,n, m−n=2p

χmn(g), (4.2)

where m > 0 and p, n ≥ 0 are integers such that m − n = 2p. Each term χmn
is a degree-m homogeneous polynomial in Re[g] and Im[g], and is linear in the
aberration coefficient cmn ∈ C:

χmn(g) =
2π

λ

λm

m
Re
[
cmn · (g∗)(m+n)/2 · g(m−n)/2

]
, (4.3)

where λ is the electron beam wavelength, g∗ denotes the complex conjugate of g,
and cmn denotes the aberration coefficient with order m and foldness n (also called
multiplicity). The influence of each term can be visualized using phase plates,
see Figure 4.3. For a comprehensive overview of aberration types and naming
conventions across different notations, we refer to Barthel [113, Chapter 2.2].

By adjusting the aberration coefficients cmn appropriately, we can control the
phase shift and thus the CTF. The coefficients can be adjusted by changing the
settings of electron optical components including electromagnetic lenses. However,
the coefficients are not directly measurable and must be estimated, which motivates
the need for quick and accurate estimation methods.

4.2.1 Tilt-Induced Aberration Model

A key physical insight that can be used to estimate the aberrations is that deliber-
ately tilting the electron beam interacts with the aberrations of the microscope.
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Figure 4.3. Phase plates of the single wave aberrations in TEM. The columns
and rows correspond to the foldness and order of the aberration, respectively. Each
phase plate displays the phase shift of the wavefront as a function of the spatial
frequency g ∈ C in gray scale. Contour lines are plotted in white for positive
phase shifts and in black for negative phase shifts. This figure has been adapted
from Barthel [113, Chapter 2].

This interaction modifies the effective aberrations, which in turn leads to measur-
able changes in the image, such as an apparent shifting of the image [105]. We can
express the effective aberrations as a function of the baseline aberrations and the
beam tilt through

c′(α+γ)(α−γ) = ρ (α, γ)× (α+ γ)
M∑

β=α

ζ(M,β)∑

δ=γ

[(
β

α

)(
δ

γ

)
(t∗)

β−α
tδ−γ

× c(β+δ)(β−δ)

β + δ
+

(
β

γ

)(
δ

α

)
(t∗)

δ−α
tβ−γ

c∗(β+δ)(β−δ)

β + δ

]
,

(4.4)
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where cmn ∈ C denotes the baseline aberration with order m and foldness n,
c′mn ∈ C denotes the effective aberration (following the tilt), and t ∈ C denotes
the beam tilt, where t∗ denotes the complex conjugate of t. M is the maximum
order of baseline aberrations in the model. The indices α, β, γ, δ are summation
indices and the function ζ(M,β) = min(β,M − β) limits the maximum foldness.
The scaling factor ρ(α, γ) equals 1

2 if α = γ and 1 otherwise. Note that the effective
aberrations are linear in the baseline aberrations but generally nonlinear in the
tilts. A concrete example for M = 2 is given in (4.6).

Among the effective aberrations in (4.4), the image shift c′11 is of particular
interest because it can be directly estimated from TEM images. In practice, this
effective shift c′11 is measured using a tracking algorithm based on cross-correlations
between pairs of images, see e.g. van Horssen et al. [56], Bolme et al. [114]. Tracking
works by constructing a so-called template image from one or more of the earlier
acquired images. These approaches typically need a number of near-identical images
to ensure the template is initialized correctly. In our use case this can be achieved
in practice by starting with relatively small initial beam tilts, which ensures small
image changes.

The tilt-induced image shift c′11 can be linearly related to the baseline aberration
coefficients. To see this, we set (α + γ, α − γ) = (1, 1) in (4.4) and evaluate the
right-hand side for some maximum order M of baseline aberrations. We then
collect the baseline aberration coefficients into a real vector c ∈ R

nc (where nc is
the number of real-valued aberration coefficients considered). Afterward, we can
express the real and imaginary parts of c′11 as a linear function of c:

c′ = Ψ(t)c (4.5)

with c′ =
(
Re [c′11] , Im [c′11]

)⊤ ∈ R
2, Ψ(t) ∈ R

2×nc , and t :=
(
Re [t] , Im [t]

)⊤ ∈ R
2

the real-valued representation of the beam tilt t. For M = 2, we have nc = 5 and
obtain

(
Re [c′11]
Im [c′11]

)

︸ ︷︷ ︸
c′

=

(
1 0 Re [t] Re [t] Im [t]

0 1 Im [t] −Im [t] Re [t]

)

︸ ︷︷ ︸
Ψ(t)




Re [c11]
Im [c11]

c20
Re [c22]
Im [c22]




︸ ︷︷ ︸
c

. (4.6)

From the equation, it is clear how beam tilts t reveal the underlying aberration
coefficients c through measurable shifts c′. Note that the estimation problem
is complicated by the fact that the aberrations drift over time due to changing
environmental conditions. Additionally, the particular tilt sequence has a significant
impact on estimation speed and accuracy, motivating the search for optimal tilt
sequences.
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4.3 Methods

This section presents the methodology for aberration estimation and tilt sequence
optimization in TEM. The tilt-induced shift equations with an aberration drifting
model admit a linear Kalman filter (KF) formulation, which allows us to estimate
the aberrations in a principled way. We then detail the tilt sequence optimization
method, which is the main contribution, and develop an approach to estimate
specimen-dependent measurement noise covariance using expectation maximization.

4.3.1 Dynamic Tilt-Aberration Model

The tilt-induced shift equations (4.6) can be used to predict the image shift in the
presence of tilts and aberrations. However, the aberrations drift due to changing
environmental conditions. For this reason, we introduce a dynamic model to
improve estimation accuracy by relating aberrations to a sequence of measurements.
This model includes two key physical effects.

First, the specimen may move with respect to the electron beam, a phenomenon
known as specimen drift. This specimen drift is indistinguishable from changes in
the image displacement aberration c11. We model the drift by treating c11 as a
time-varying state using a polynomial in time of order b ∈ N. Since c11 ∈ C is a
complex number representing drift in two dimensions, the polynomial requires b
complex states (or equivalently 2b real states). Throughout the rest of this chapter,
we use subscript k ∈ N to denote the discrete time index.

Second, the camera axis can in some cases be misaligned with respect to the
tilt axis, resulting in relative rotation of tilt and shift coordinates. This is modeled
by a state ϕ ∈ R representing the rotational misalignment. We obtain a linear
state-space form

xk+1 = Axk + ξk (4.7)

yk = C(tk)xk + εk (4.8)

with xk ∈ R
d the state and yk = c′k ∈ R

2 the measurements, where d = nc +1+ 2b

and nc is the number of aberrations considered. The states are normalized to
typical values, as aberrations and drift terms differ in magnitude by several orders.
This normalization ensures that the filter remains numerically well-conditioned
and that the optimization criteria (used in Section 4.3.3) are not dominated by
large-magnitude states. The process noise is ξk ∼ N (0,Σξ) and the measurement
noise is εk ∼ N (0,Σε). For b = 2, which results in a second-order polynomial
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model for specimen drift, we obtain

xk =




ck
ϕk

Re [vk]
Re [ak]
Im [vk]

Im [ak]



, A =




Inc+1

τ 1
2τ

2 0 0

0 0 τ 1
2τ

2

0 0 0 0
...

0 0 0 0

0

1 τ 0 0

0 1 0 0

0 0 1 τ

0 0 0 1




, (4.9)

and

C(tk) =

(
Ψ(tk)

−Im [tk] 0 0 0 0

Re [tk] 0 0 0 0

)
, (4.10)

where vk ∈ C and ak ∈ C are the drift velocity and acceleration at time index
k, with Re [vk] and Im [vk] representing the velocity components in the x and
y directions, respectively, and similarly for Re [ak] and Im [ak]. τ denotes the
sampling time. Here, ck is the time-varying counterpart of the aberration vector c

introduced in (4.6), where the subscript k reflects that aberrations are now treated
as a dynamic state. Essentially, the aberrations ck (elements of xk) remain constant
(in the absence of process noise ξk), except for the shift aberrations Re [c11] and
Im [c11], which are modeled as second-order polynomials in time. Note that the
model can be easily extended to include polynomial drifting up to arbitrary orders
of other aberrations, which would come at the cost of a more complex estimation
problem. We assume the normalized initial state x0 ∼ N (0, Id).

4.3.2 Kalman Filtering for Tilt-Based Aberration Estimation

To estimate the state xk using the model (4.7), (4.8) based on a sequence of
measurements y0, . . . , yk, we employ the Kalman filter. The variable x̃k|l denotes
the estimate of state xk given measurements up to time l, i.e., x̃k|l := E[xk |
y0, t0 . . . , yl, tl]. Similarly, Pk|l is the estimation error covariance, E[(xk−x̃k|l)(xk−
x̃k|l)

T | y0, t0 . . . , yl, tl]. The filter is initialized with x̃0|−1 = 0 and P0|−1 = Id.
The standard KF recursively computes estimates through update and prediction
steps (see Kalman [115] for details).

The estimation could alternatively be approached using batch Linear Least
Squares (LLS). For linear Gaussian systems, the KF and LLS yield equivalent
estimates when the same prior knowledge is incorporated (i.e., in LLS through
regularization and weighting). However, we opt for the KF framework because it
naturally models aberration drift through state derivatives and process noise ξk,
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and intuitively incorporates prior beliefs via x̃0|−1, P0|−1, Σε, and Σξ. While these
aspects can also be addressed in LLS, the Bayesian recursive nature of the KF
handles them more naturally.

A key result is that the estimation error covariance P evolves independently of
actual measurements [108, 115], enabling offline optimization. We can therefore
batch all measurements and express the N -step covariances in closed form:

PN−1|−1 = A(N−1)P0|−1(A
⊤)(N−1) +

N−2∑

i=0

AiΣξ(A
⊤)i, (4.11)

PN−1|N−1 = PN−1|−1 − P̄⊤
⋆ C̄

⊤(TN )S−1(TN )C̄(TN )P̄⋆, (4.12)

with the lifted observation matrix

C̄(TN ) =




C(t0)

C(t1)
. . .

C(tN−1)


 , (4.13)

the prior covariance P̄ ∈ R
Nd×Nd of the state trajectory

[
x⊤0 · · · x⊤N−1

]⊤
, which

has blocks

P̄ij =

{
Ai−jPj|−1, i ≥ j,
Pi|−1(A

⊤)j−i, i < j,
(4.14)

its last block column P̄⋆ := P̄E with E :=
[
0 · · · 0 Id

]⊤
, and

S(TN ) = C̄(TN )P̄ C̄⊤(TN ) + IN ⊗ Σε, (4.15)

where ⊗ denotes the Kronecker product, and TN := {ti}N−1
i=0 is the full tilt sequence.

We note that the batched form (4.12) is a standard equivalent reformulation of
the recursive Kalman filter [116], expressing the N -step posterior covariance directly
in terms of the prior P0|−1 and the full tilt sequence TN . This batched KF formula-
tion shares structural similarities with moving-horizon estimation (MHE) [117] and
receding-horizon FIR filtering [118], which also process a batch of measurements.
In our setting, however, we process the full measurement history from the start,
whereas MHE and FIR typically use a sliding window of recent measurements.
Additionally, in this work we use the batch form primarily for offline covariance
prediction rather than real-time state estimation.

Given (4.11)–(4.15), we can compare tilt sequences in terms of their impact on
estimation error covariance, which is a measure of uncertainty on the aberration
values. The ability to predict the estimation error covariance enables the design of
sequences that minimize this uncertainty.
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4.3.3 Optimization of Tilt Sequences

Sensor scheduling involves actively deciding sensor configurations over time to
optimize an objective, typically related to estimation performance. By choosing
the beam tilt tk, we change the matrix C(tk) in (4.8). The goal is to determine the
N -step tilt sequence TN that minimizes aberration estimation uncertainty using
the predicted posterior covariance. We assess tilt pattern performance by taking a
weighted trace of the predicted error covariance:

min
TN

tr
(
WPN−1|N−1

)
,

s.t. (4.11), (4.12), (4.13), (4.14), (4.15),

∥tk∥2 ≤ tmax
k , k ∈ {0, 1, . . . , N − 1},

(4.16)

where the tilt magnitude constraint will be discussed later. By taking the covariance
trace as the cost, we essentially minimize the sum of variances of each of the
aberration estimates (for W = Id), known as A-optimality [108]. Other common
optimality criteria in experiment design include D-optimality (minimizing the
determinant) and E-optimality (minimizing the largest eigenvalue), which can be
interpreted as minimizing the volume of the uncertainty ellipsoid and minimizing
the worst-case variance, respectively. We choose A-optimality as it provides an
appropriate overall uncertainty measure and is computationally convenient, though
the results extend to other criteria. In batch experiment design using LLS, criteria
are frequently derived from the Fisher Information Matrix (FIM), which is the
inverse of the covariance matrix. In the KF framework, working directly with the
posterior covariance is a natural approach.

The matrix W ∈ R
d×d is a positive semi-definite weighting matrix (W ⪰ 0)

that can be used to prioritize estimation accuracy of certain aberrations over
others. This weighting is applied after state normalization, ensuring users express
preferences among comparable state values.

We constrain the tilt magnitude to be less than a user-defined scalar bound
tmax
k ∈ R>0, which varies with time index k. This allows us to address image

tracker template initialization by limiting tilts at the beginning and increasing
them as tracker accuracy improves. Additionally, the tilt magnitude must be
upper-bounded since (4.4) is only valid for small tilts. Figure 4.4 shows an example
of the tilt magnitude constraint as a function of time.

Several aspects make this sensor scheduling problem distinct from standard
sensor scheduling problems:

1. The sensor scheduling parameter is a continuous, two-dimensional vector that
can be selected at every timestep;

2. The cost function tr(WPN−1|N−1) is differentiable with respect to TN , en-
abling efficient gradient-based optimization;
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Figure 4.4. Example of a user-defined tilt constraint tmax
k as a function of time k.

The red lines indicate the boundaries of the feasible set. Note that the tilt values
are normalized.

3. Despite differentiability, the cost function is non-convex in the design variables,
implying multiple local minima may exist;

4. The feasible set is convex and can be represented as a simple box constraint
in polar coordinates.

We now detail how to solve the optimization problem (4.16) using these properties.
The first key insight is that we can take an analytical gradient with respect

to the design variables, enabling efficient gradient-based algorithms. Using the
identities

∂(tr (X(y)))

∂y
= tr

(
∂X(y)

∂y

)
, (4.17)

and

∂(X−1(y))

∂y
= −X−1(y)

∂X(y)

∂y
X−1(y), (4.18)

which hold for any vector y and invertible matrix-valued function X(y), we obtain

∂PN−1|N−1

∂TN
= −∂G

⊤(TN )

∂TN
S−1(TN )G(TN )−G⊤(TN )S−1(TN )

∂G(TN )

∂TN
+G⊤(TN )S−1(TN )

∂S(TN )

∂TN
S−1(TN )G(TN ),
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(4.19)

in which G(TN ) := C̄(TN )P̄⋆ is the covariance between the measurements and
xN−1, with ∂G(TN )

∂TN
= ∂C̄(TN )

∂TN
P̄⋆, and

∂S(TN )

∂TN
=
∂C̄(TN )

∂TN
P̄ C̄⊤(TN ) + C̄(TN )P̄

∂C̄⊤(TN )

∂TN
, (4.20)

and

∂C̄(TN )

∂TN
=




∂C(t0)
∂TN

∂C(t1)
∂TN

. . .
∂C(tN−1)
∂TN



. (4.21)

The availability of an analytical gradient is preferred over numerical approximations
for efficiency and accuracy. This analytical gradient can be used within a standard
constrained optimization algorithm (e.g., a projected gradient method or an interior-
point method) that explicitly handles the constraints. To do so, we transform each
tilt tk into polar coordinates (rk, ψk), where rk is the magnitude and ψk is the
angle. The magnitude constraints ∥tk∥2 ≤ tmax

k then become simple box constraints
0 ≤ rk ≤ tmax

k , 0 ≤ ψk < 2π, which are readily incorporated into gradient-based
solvers.

Next, since the number of design variables scales with the tilt pattern length
(i.e., 2N scalar variables), we use receding-horizon optimization (RHO) with a
horizon H < N to solve a sequence of reduced-size problems. At each current time
k, we solve:

min
{t(i)}k+H−1

i=k

tr
(
WPk+H−1|k+H−1

)
,

s.t. ∥t(i)∥2 ≤ tmax
i , i ∈ {k, k + 1, . . . , k +H − 1},

Pk|k−1 given,

(4.22)

here, {t(i)}k+H−1
i=k denotes the design variables in the reduced-horizon tilt sequence.

After solving and obtaining the optimized solution {t⋆(i)}k+H−1
i=k , we store the first

element tk = t⋆(k), calculate Pk+1|k, and repeat with k ← k + 1 until k = N (set
H = min(H,N − k)). This is illustrated in Figure 4.5. RHO, even with H = 1,
can provide near-optimal performance [119] while reducing design variables from
2N to 2H.

Since the cost function is non-convex, we employ a multi-start strategy, solving
the RHO problem from many randomized initial feasible sequences and selecting
the best solution. Starting from k = 1, we introduce warm starts by using the
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Figure 4.5. Schematic representation of receding-horizon optimization. Starting
at time k, we solve an optimization problem with a reduced horizon H to find the
optimal tilts {t⋆(i)}k+H−1

i=k . We then store the first tilt tk = t⋆(k), move up one
time step in the planning domain and solve the k + 1-th optimization problem
with the updated predicted covariance Pk+1|k. We can use the previous solution
{t⋆(i)}k+H−1

i=k as a warm start for the next optimization problem. This process is
repeated until we reach the end of the tilt sequence.

best previous RHO solutions as a subset of initial sequences. We use 1000 starting
points total for all optimizations, with 100 warm starts when k ≥ 1.

Note that the solution is sensitive to system parameters P0|−1, Σξ, and Σε.
While the first two can be chosen based on expert knowledge and historical data,
the measurement noise covariance Σε can vary significantly across specimens and
imaging conditions. For this reason, we propose a method to estimate it which is
detailed in the next section.

4.3.4 Estimating specimen-dependent measurement noise
covariance

Different specimen types and imaging conditions such as field of view and defocus
affect the amount of contrast and distinguishable features within the image. Since
image tracker accuracy depends on these visual characteristics, different specimens
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and conditions typically result in different measurement noise covariances Σε.
To estimate the specimen-dependent Σε, we employ expectation maximization,

alternating between Kalman smoothing (E-step) and updating the noise covariance
estimate (M-step). In the M-step, we update parameters by maximizing the
expected complete-data log-likelihood [120]. For the measurement noise covariance
Σε, the update is given by

Σε =
1

N

N−1∑

k=0

(
yk − C(tk)x̃k|N−1

) (
yk − C(tk)x̃k|N−1

)⊤

+ C(tk)Pk|N−1C(tk)
⊤,

(4.23)

where x̃k|N−1 and Pk|N−1 are the smoothed state estimate and covariance, respec-
tively, obtained from the Kalman smoother [120]. The EM algorithm is guaranteed
to converge to a local maximum of the likelihood. It is advisable to run it multiple
times with different initializations based on expert knowledge or rough estimates,
and select the solution with the highest likelihood. This leads to the following
adaptive filtering procedure.

Procedure 1. Tilt-based aberration estimation and correction with specimen-

dependent tilt pattern optimization

1. Perform several tilt experiments with a general tilt pattern on the TEM and
collect shift estimates.

2. Run the EM algorithm, alternating E-step and M-step (4.23), until conver-
gence to estimate Σε.

3. Determine weighting matrix W , tilt pattern length N , and horizon length H,
then generate an optimized tilt pattern using the method in Section 4.3.3.

4. Apply the optimized tilt pattern to the TEM and gather shift measurements.

5. Use the Kalman filter to estimate the aberrations.

6. Compensate the aberrations by adjusting the electromagnetic fields.

7. Repeat Steps 4-6 as necessary.

4.4 Results

We present tilt pattern optimization results and experimental validation on a
Thermo Fisher Scientific Krios TEM in Eindhoven, the Netherlands, following
Procedure 1. A polycrystalline gold foil specimen is used for optimization and
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validation, as it can handle high electron doses, allowing repeated application of
different tilt patterns without damage.

We consider aberrations up to order M = 4 (14 coefficients). The specimen drift
is modeled using a second-order polynomial (b = 2) for both x and y directions,
plus image rotation, bringing the total number of states to d = 19.

4.4.1 Optimized Tilt Patterns

We apply the optimization method from Section 4.3 to find optimal tilt patterns
for TEM aberration estimation. The measurement noise covariance Σε for the gold
foil is estimated using the EM algorithm described in the previous section. We use
the interior-point algorithm to find local minimizers of (4.22) with tilt sequence
length N = 60. Four tilt patterns are compared in Figure 4.6:

1. A Lissajous curve with a frequency ratio of 3:2;

2. A randomized pattern with tilts sampled uniformly from the time-dependent
feasible set (see Figure 4.4);

3. An optimized pattern generated using gradient-based multi-start optimization
with RHO, a horizon of H = 1 (greedy or myopic), and a weighting matrix
W = 1

dId;

4. An optimized pattern generated using gradient-based multi-start optimization
with RHO, a horizon of H = 10, and a weighting matrix W = 1

dId.

Patterns 1–2 are not optimized and are therefore expected to have poor per-
formance in terms of the cost criterion. Pattern 3 (greedy optimization, H = 1)
typically trades some performance for computational speed. Pattern 4 is optimized
with H = 10 and is expected to perform well across most aberration types. The
computation times for different optimization configurations are summarized in
Table 4.1.

Figure 4.7 shows the trace of the weighted estimation error covariance WPk|k
as a function of time index k. The 10-step optimized pattern 4) is expected to have
the best performance in terms of the equally-weighted cost criterion. Interestingly,
the greedy pattern 3) outperforms all other patterns at the beginning and middle
of the estimation process, but falls behind pattern 4) slightly toward the end. This
behavior is consistent with the fact that RHO is suboptimal by design: only the
first tilt of each optimized horizon is applied, which favors immediately informative
tilts. Note that for the greedy pattern, all intermediate patterns of lengths 1 to N
are available without re-optimization, which is a practical advantage. While all
patterns significantly reduce the estimates’ covariance over time, the optimized
patterns typically achieve the same performance in a much shorter time span. For
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Figure 4.6. Comparison of different normalized tilt patterns. The patterns are: 1)
Lissajous curve with frequency ratio 3:2, 2) completely randomized feasible pattern,
3) optimized pattern with H = 1, and 4) optimized pattern with H = 10. The
color of each marker indicates the time step k, progressing from dark blue (k = 0)
to dark red (k = 59).

example, the final covariance trace of the random pattern 2) is already reached
after approximately 35 time steps with the optimized pattern 3), which represents
a reduction of 25 time steps or 42%.

4.4.2 Experimental Validation

To assess the practical performance of the estimation method and the tilt patterns,
we perform over 2000 trials on an actual TEM setup at different specimen locations.
At each location, we test the tilt patterns from Figure 4.6 in randomized order to
avoid bias from time-dependent effects.

To validate aberration estimation performance, we compare each experiment’s
estimated aberrations to the mean aberration estimates from experiments with
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Table 4.1. Approximate wall-clock times for the optimization of a 60-tilt sequence
with different horizon lengths. Times measured in MATLAB on a laptop computer;
actual times may vary with hardware and system load. Note that the optimization
is performed offline and does not affect the real-time estimation process. [1]These
settings correspond to pattern 3) in Figure 4.6. [2]These settings correspond to
pattern 4) in Figure 4.6.

Horizon Number of Comp. Time Cov. Trace

length H Multi-starts (seconds) tr(WPN−1|N−1)

1 10 37.1 1.06e-2
1 100 117.6 9.60e-3
1[1] 1000 485.6 9.33e-3
2 100 140.3 9.32e-3
5 1000 2650.8 9.63e-3
10 100 912.4 9.32e-3
10[2] 1000 7643.2 9.12e-3

similar timings and locations. This local mean can be viewed as a ground truth for
the aberration values at that time and location. While this metric is sensitive to
imperfect modeling, it demonstrates the variance in aberration estimates and the
consistency of different tilt patterns.

We compare the experimentally realized variance in aberration estimates to
the expected state estimate variance, given by the diagonal elements of PN−1|N−1

in the KF, in Figure 4.8. Several conclusions can be drawn. First, the expected
state estimate variance from the KF quite closely resembles the realized variance
in aberration estimates, signaling that the tilt-induced shift model is relatively
accurate. Typically, realized variances are slightly higher than predicted, likely due
to undermodeling of aberrations beyond M = 4 and non-polynomial drift. The
defocus aberration (c20) is notably different in this aspect, likely because defocus is
retuned at different points during the experiments, violating the constant-aberration
assumption. Second, optimized patterns generally outperform non-optimized
patterns in terms of realized estimation variance across all aberration types. Third,
the greedy pattern (H = 1) achieves comparable performance to the H = 10 pattern.
In practice, the greedy pattern is preferred due to its computational efficiency and
the availability of intermediate-length patterns without re-optimization.

Having validated the estimation performance, we next investigate whether the
improved aberration estimates translate into measurable improvements in image
quality.
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Figure 4.7. Weighted posterior covariance trace (tr(WPk|k)) at each time index
for selection of tilt patterns. The patterns are those of Figure 4.6: 1) Lissajous
( ), 2) randomized ( ), 3) optimized with H = 1 ( ), and 4) optimized with
H = 10 ( ). In this figure, the estimation error of every normalized state xk
is weighted equally using weight matrix W = 1

dId. The inset focuses on the two
optimized patterns at the final time steps, where the greedy pattern 3 very slightly
underperforms the 10-step optimized pattern 4.

4.4.3 Image Quality Comparison

To quantitatively evaluate the practical benefit of the proposed method, we compare
it against a standard Zemlin tableau [15] implementation in a Monte Carlo experi-
ment on two specimen types: an amorphous carbon film and a polycrystalline gold
specimen. In each trial, the microscope is intentionally set to a realistic aberrated
state by perturbing defocus c20, twofold astigmatism c22, and axial coma c31, and
a before image is captured. Then, one of the two aberration correction methods is
applied for several iterations of estimation and correction of these three aberrations,
after which an after image is captured. For the proposed method, we use the
optimized tilt pattern with H = 10 (pattern 4 in Figure 4.6). To ensure a fair
comparison, the correction applied by the first method is reset before applying the
second, so that both methods start from approximately the same aberrated state.
This procedure is repeated 100 times for both methods and both specimen types.
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Table 4.2. SNR values (cumulative signal power divided by cumulative noise
power) for both methods and both specimen types (higher is better). This unitless
metric summarizes overall image quality. The proposed method achieves higher
SNR on both specimen types. The difference in values across specimen types is
caused by the fact that amorphous carbon and polycrystalline gold have different
contrast.

Specimen Type Before Zemlin Proposed

Amorphous carbon 0.168 0.169 0.198
Polycrystalline gold 0.716 0.719 4.372

We assess image quality using the spectral signal-to-noise ratio (SSNR) [121],
which quantifies the ratio of signal power to noise power as a function of spatial
frequency. For each condition (before correction, after Zemlin correction, and after
the proposed correction), the 100 images across trials form a single stack. The
SSNR is then computed from this stack. The reproducible content across images
constitutes the signal, while the image-to-image variability constitutes the noise.
This noise includes contributions from residual aberrations (which vary between
trials and which we aim to minimize) as well as from detector noise (which remains
constant across methods). Radially averaging the resulting 2D spectra yields 1D
SSNR curves as functions of the scalar spatial frequency g.

The resulting SSNR curves show at which spatial frequencies the imaging perfor-
mance improves after correction. To summarize image quality in a single number,
we integrate the signal power spectrum (the numerator of the SSNR [121]) and
the noise power spectrum (its denominator) separately over all spatial frequencies,
and take their ratio. This yields a single unitless signal-to-noise ratio (SNR) that
captures the overall image quality. The SNR values are reported in Table 4.2.

Figure 4.9 shows the SSNR comparison for the amorphous carbon specimen.
Both methods increase the SSNR relative to the uncorrected baseline across all
spatial frequencies. The proposed method consistently achieves higher values than
the Zemlin tableau, demonstrating that optimized tilt-based estimation yields
accurate aberration correction even on amorphous specimens, the specimen type
for which the Zemlin tableau is specifically designed. The observed improvement
over the Zemlin tableau on this specimen type is modest and may partly reflect the
particular Zemlin implementation tested. The key observation is that the proposed
method achieves at least comparable aberration correction quality on amorphous
specimens while also extending to non-amorphous specimens, as shown next.

Figure 4.10 shows the corresponding results for the polycrystalline gold specimen.
Here, the advantage of the proposed method is substantially larger. This is
expected: diffractogram-based methods such as the Zemlin tableau rely on Thon
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Figure 4.9. SSNR as a function of spatial frequency for the amorphous carbon
specimen, computed from the 100 Monte Carlo trial images. Both the Zemlin
tableau method ( ) and the proposed method ( ) improve the SSNR relative
to the uncorrected baseline ( ) at every frequency, with the proposed method
achieving consistently higher values.

rings produced by amorphous regions, which are absent in polycrystalline specimens,
and as a result the Zemlin tableau correction completely fails. The proposed method,
relying solely on image shift measurements, is not subject to this limitation. This
specimen-type independence is particularly relevant in life-science workflows, where
aberrations are typically corrected on a polycrystalline gold substrate before moving
the beam to the vitrified biological specimen of interest, minimizing electron dose
on dose-sensitive material. Figure 4.11 illustrates this for an apoferritin specimen, a
protein commonly studied in cryo-electron microscopy. After correcting aberrations
on a gold region using the proposed method, the characteristic ring-like molecular
structure of apoferritin becomes clearly visible, confirming that the aberrations
have been sufficiently reduced to resolve the specimen’s features.

4.5 Conclusion

Image-shift based aberration estimation in TEM has historically been limited by
sensitivity to specimen drift and slow image acquisition and processing. This chapter
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Figure 4.10. SSNR as a function of spatial frequency for the polycrystalline
gold specimen, computed from the 100 Monte Carlo trial images. The proposed
method ( ) substantially improves the SSNR at every frequency on this specimen
type, relative to the uncorrected baseline ( ). The Zemlin tableau ( ) fails on
polycrystalline specimens and therefore does not improve the SSNR.

addresses both of these barriers. Fast GPU-based image shift tracking accelerates
the measurement process, enabling the application of more tilts within a given time
frame. The main contribution of this chapter is a method to optimize the sequence
of applied tilts to maximize information gain. To this end, we formulate tilt-based
aberration estimation as a sensor scheduling problem within a Kalman filtering
framework that leverages the physical relationship between beam tilts and image
shifts to estimate multiple aberration coefficients simultaneously. A key element of
the framework is that it explicitly accounts for the temporal evolution of aberration
coefficients, including specimen drift. The tilt sequence is optimized offline using an
A-optimality criterion through gradient-based receding-horizon optimization with
multiple starting points. We further propose an EM-based approach to estimate
specimen-dependent measurement noise, tailoring the optimization to the specific
specimen being imaged. The model predicts that optimized patterns achieve equal
estimation accuracy in approximately 42% fewer time steps compared to naive
patterns.

Experiments on a real TEM setup confirm the model predictions. The realized
estimation variance across all tested tilt patterns closely matches the KF predictions,



108
Chapter 4. Tilt-Based Aberration Estimation in Transmission Electron

Microscopy

4

(a) Before correction (b) After correction

Figure 4.11. Apoferritin specimen imaged before and after aberration correction
using the proposed tilt-based method. In the uncorrected image, structural features
are difficult to discern due to suboptimal contrast transfer. After correction, the
characteristic ring-like molecular structure of apoferritin becomes clearly visible,
indicating improved imaging conditions.

and optimized patterns substantially outperform naive ones. Beyond comparing tilt
patterns, we also evaluate the overall method against the widely used Zemlin tableau.
The proposed method achieves comparable or higher image quality on amorphous
specimens. Importantly, the method also extends to non-amorphous specimens
where the Zemlin tableau cannot operate, as demonstrated on a polycrystalline
gold specimen.

A potential limitation is the reliance on the physical tilt-shift model, though the
close match between predicted and realized estimation variance indicates limited
model mismatch. The method also requires sufficient image features for reliable
shift tracking, which may not hold for specimens with very uniform contrast. In
such cases, the image tracker provides a natural diagnostic: anomalously small
cross-correlation peaks between the template and the image can signal unreliable
shift estimates that can be flagged or discarded. Beyond the TEM application, the
sensor scheduling formulation and receding-horizon optimization approach may be
of independent interest in other settings with continuous scheduling parameters
and drifting system properties.

Future work could explore several promising directions. First, computational
efficiency of the tilt sequence optimization could be improved by exploiting sym-
metries such as rotational invariance of the tilts or constraining the search space
based on observed patterns in optimized tilt sequences. Second, extending the
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optimization problem to include more accurate modeling of the image shift tracker
could lead to the removal of the ad-hoc tilt magnitude constraints included to allow
the tracker to initialize. Finally, data-driven sensor scheduling approaches could
learn high-performing tilt policies directly from experimental data, potentially
bypassing the need for exact analytical models.
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Precision Specimen Positioning

in Electron Microscopy through

Hysteresis Compensation,

Iterative Learning, and

Vision-Based Sensing

Abstract - Electron microscopy requires nanometer-scale specimen positioning over a
long stroke. Piezo-stepper actuators are well suited for this task, but their accuracy is
limited by hysteresis, mechanical misalignments, and non-collocated sensing. Prior work
has addressed these limitations on simplified lab setups. However, extending to a full
electron microscope stage introduces coupled nonlinear kinematics and, importantly, the
absence of a dedicated point-of-interest (POI) sensor. This chapter presents an integrated
feedforward framework for precision positioning on such a stage inside an operational
electron microscope. Per-element hysteresis compensation first linearizes the actuator
response. In the absence of a dedicated POI sensor, a POI measurement is constructed
from EM images through cross-correlation-based image tracking. From this measurement,
we construct an encoder-based proxy for the POI position. Commutation-angle-domain
iterative learning control then uses this proxy as its error signal to cancel the repeatable

This chapter is based on van Hulst et al. [122].
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disturbances of stepping. Because the learned corrections are parameterized in the
commutation angle, they transfer across the quasi-static range of drive frequencies. The
framework reduces the POI tracking error by over 13× on the lab setup and by 7 to 12×
on an operational transmission electron microscope.
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5.1 Introduction

Electron microscopy (EM) requires nano-scale positioning of a specimen over a
long stroke to enable high-resolution imaging [123]. An illustrative example of
this is electron tomography, where the stage is tilted through a series of angles
to reconstruct the three-dimensional structure of the specimen. The electron
beam rarely passes exactly through the axis of rotation, so without correction
the specimen drifts out of the field of view as the stage rotates. The stage must
reposition the specimen at each tilt angle to hold it at the point of interest, and
any residual error introduces artifacts into the reconstruction. The quality of the
resulting images therefore hinges on positioning accuracy.

Piezo-stepper actuators (PSAs) are well suited for this task because they
combine high stiffness with a large range of motion [124, 125]. Several parasitic
effects, however, limit their positioning accuracy. Hysteresis in the piezoelectric
material causes a nonlinear, history-dependent relationship between applied voltage
and displacement. Mechanical misalignments arising from manufacturing tolerances
introduce repeatable, cyclic errors during stepping. Non-collocated sensing, where
encoders are located at the actuators rather than at the specimen, compounds these
effects because quasi-static structural deformations cause discrepancies between
the measured and true positions. Tilt-induced coupling between the axes further
complicates positioning during tomographic acquisition.

Piezoelectric hysteresis has been studied extensively. Classical physics-based
models such as those of Preisach, Prandtl–Ishlinskii, and Duhem provide analyti-
cal modeling frameworks [126, 127]. These models range from rate-independent
formulations, which depend only on the input history, to rate-dependent ones that
also account for the velocity of the applied voltage. Recent data-driven approaches
tailored to piezo-stepper stages apply hysteresis compensation [128] and piezo
waveform optimization [129]. Iterative Learning Control (ILC) has proven effective
for canceling repeatable disturbances in precision positioning systems [130, 131].
The combination of hysteresis compensation and ILC is particularly powerful for
piezo-stepper stages, where hysteresis and misalignment effects are often entan-
gled [57].

Recently, van Meer et al. [57] demonstrated that combining rate-dependent
hysteresis compensation with commutation-angle-domain ILC can reduce the RMSD
of a single piezo-stepper to 8.7 nm at a drive frequency of 2Hz. Although this
represents a fifteenfold improvement compared to traditional feedforward, the study
relied on a simplified 1DOF lab setup with a single actuator, trivial kinematics,
and a direct capacitive sensor at the point of interest (POI), providing an idealized
environment for feedforward design and validation.

Extending these results to the full EM stage presents several additional chal-
lenges. The stage has four degrees of freedom: three translational piezo-stepper
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axes and one rotational axis. Nonlinear kinematics relate these to the 3D POI
position. No direct position sensor is available at the POI inside the microscope.
Structural deformation and tilt-induced coupling further cause the encoder-based
estimate to differ from the true POI position. Image-based motion estimation is
well established in electron microscopy, for example for correcting beam-induced
specimen motion in cryogenic EM acquisition [132]. In particular, cross-correlation-
based shift estimation can generate a POI position signal from EM images, as
demonstrated in van Horssen et al. [56], van Hulst et al. [103]. In van Horssen
et al. [56], this signal was further used for feedback at specimen level to counteract
thermal drift. The central question addressed here is how to use such image-based
observations for feedforward learning in an operational electron microscope, without
a dedicated POI sensor.

This chapter presents an integrated framework for precision specimen positioning
in an operational electron microscope, extending the methods of van Meer et al.
[57] from a simplified single-PSA lab setup with a dedicated POI sensor to a real
EM stage where no such sensor is available. The core new capability is to learn the
feedforward corrections against a POI ground truth reconstructed from EM images,
so that the same learning procedure runs with or without a dedicated sensor. The
contributions are as follows.

• A commutation-angle-dependent sensor deviation is learned from the available
POI measurement in each operating environment. On the lab setup, we use
the capacitive reading pc, and on the EM, we use the vision-based position
estimate ps. The deviation signal corrects encoder readings for quasi-static
bending. The corrected estimate p̂ provides a high-rate POI proxy that drives
feedforward learning on both platforms.

• The commutation-angle-domain ILC of van Meer et al. [57] is extended from
one PSA to three, with per-PSA error signals obtained from the corrected POI
estimate p̂ through the inverse kinematics. This transformation is identified
from data and is non-trivial on the EM, where the measurement observes
only the in-plane POI motion. We also reduce the hysteresis compensation
to a two-parameter affine function of the history variable h, a simplification
of the rate-dependent radial-basis-function model of van Meer et al. [57].

• All methods are validated on a full 4-degree-of-freedom lab setup and on an
operational transmission electron microscope.

The remainder of the chapter is organized as follows. Section 5.2 describes the
positioning stage, the coordinate systems, and the problem definition. Section 5.3
introduces the two sensing modalities and the sensor deviation. Section 5.4 presents
the control design, covering hysteresis compensation and ILC. Section 5.5 shows
experimental results and Section 5.6 concludes the chapter.
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Figure 5.1. Schematic of a piezo-stepper actuator, following van Meer et al. [57].
The clamps (C1, C2) press the shear elements (S1, S2) onto the mover. When a
shear element is in contact with the mover, it expands or contracts laterally to
push or pull the mover in the qi direction.

5.2 System Description and Problem Definition

The positioning stage is studied in two environments: inside the electron microscope,
and on a lab setup that permits a direct measurement at the POI.

5.2.1 Positioning Stage

The full EM positioning stage consists of three piezo-stepper actuators (i ∈ {1, 2, 3})
and one rotational actuator providing a tilt angle φ ∈ R that rotates the full
stage. Each piezo-stepper contains two pairs of clamp and shear piezoelectric
elements (C1, S1, C2, S2). A stepping cycle is parameterized by a commutation
angle αi ∈ [0, 2π): in the first half-cycle, clamp C2 presses shear S2 onto the
mover, which expands laterally to displace the mover. When S2 reaches its end of
stroke, C1 engages S1 and C2 releases, creating a continuous walking motion with
a net advance of approximately 3 µm to 4 µm per full cycle. Figures 5.1 and 5.2
illustrate the piezo-stepper architecture and the commutation-angle-dependent
voltages applied to the elements.

Figure 5.3 illustrates the positioning stage in both operating environments. For
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Figure 5.2. Voltage waveforms for piezo elements to achieve a stepping motion,
following van Meer et al. [57]. The clamps ( , ) press the shears ( , )
onto the mover one by one, and the shears drag the mover along in the lateral
direction.

model learning and validation, a separate 4DOF lab setup with the exact same
geometry is used, which allows placement of capacitive sensors at the POI. These
sensors provide a direct POI measurement, denoted pc ∈ R

3. No such sensor is
available during EM operation. Instead, the microscope acquires images at a rate
Fv = Fs/Nv, where Fs is the encoder sampling rate and Nv is the number of
frames between vision updates. The value of Nv depends on the camera model and
acquisition settings and is typically in the range of tens to several hundred. These
images can be processed to obtain in-plane specimen shift estimates, as detailed in
Section 5.3.1. This absence of a direct POI sensor inside the microscope is one of
the central challenges in the present work.

Two position variables appear throughout this chapter. The encoder mea-
surements q = [q1, q2, q3]

⊤ ∈ R
3 are linear displacements recorded at the three

PSAs, which are imperfect observations of the true PSA positions subject to sensor
noise. The POI coordinates p = [px, py, pz]

⊤ ∈ R
3 are the Cartesian position of the
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Figure 5.3. Schematic of the motion stage for both the lab setup and the electron
microscope. The capacitive POI sensors ( ) are present only in the lab setup and
measure the POI through pc, while the electron beam ( ) and the EM camera
( ) are present only in the microscope and measure the POI through ps. The three
piezo-stepper axes q1, q2, q3 are shown, along with the POI position p.

specimen at the point of interest. The mapping between these two quantities is
discussed in Section 5.2.2.

5.2.2 Coordinate Transformations

A nonlinear forward kinematics model relates the encoder readings to an estimated
POI position:

p̂0 = Φ(q, φ). (5.1)

Here, Φ is a kinematic model, and φ is the tilt angle. The notation p̂0 emphasizes
that this is a model-based estimate, not the true POI position p. Model errors, noise,
and dynamic effects cause a discrepancy between p̂0 and p. The corresponding
inverse kinematics model is denoted

q̂ = Γ(p, φ), (5.2)

and maps a desired POI position to the piezo coordinates needed to reach it. The
inverse kinematics is used later for projecting POI errors onto individual piezo
coordinates (Section 5.4.2).

The kinematic maps Φ and Γ capture the nominal rigid-body geometry of the
stage. The true POI position deviates from this prediction for several reasons.
Contact forces during commutation elastically deform the mover, producing a
quasi-static encoder–POI offset that is repeatable in the commutation angle α.
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Structural flexibility, differential thermal expansion, and tilt-dependent coupling
cause further deviations that are not α-periodic. The present work targets only
the α-periodic offset, which is corrected by the sensor deviation of Section 5.3.3.

5.2.3 Problem Definition

The objective is to minimize the POI tracking error ep(k) = rp(k)− p(k), where k
is the discrete-time sample index, rp ∈ R

3 is the desired POI trajectory, and p is
the true POI position. Since p is not directly measurable inside the microscope,
a POI estimate pe is used in its place, whose form depends on the operating
environment and is detailed in Section 5.3. Because each PSA is actuated and
learned individually, the error is assessed in piezo coordinates, where the reference
and the estimate are mapped through the inverse kinematics and compared per
axis,

εi(k) = [Γ(rp(k), φ)]i − [Γ(pe(k), φ)]i, i ∈ {1, 2, 3}. (5.3)

The kinematic map Φ is invertible on the stage workspace for each fixed φ, so Γ

is a bijection and εi = 0 for all i exactly when pe = rp. Driving these per-axis
errors to zero is therefore equivalent to nulling the POI error. Performance is then
quantified per axis by the root-mean-square deviation

σi =

√√√√ 1

N

N∑

k=1

εi(k)2. (5.4)

5.3 POI Estimation

Iterative learning control requires a POI error signal at the encoder rate Fs. The
encoders provide a signal at this rate, but contact forces during commutation
elastically deform the mover and bias the reading relative to the true specimen
position. Correcting this bias requires a POI ground-truth measurement against
which the correction can be learned. On the lab setup this ground truth is the
capacitive reading pc. On the EM, where no such sensor exists, it is a vision-based
estimate ps derived from the EM images. Section 5.3.1 describes how ps is obtained,
Section 5.3.2 how the kinematic maps are calibrated, and Section 5.3.3 how the
learned correction turns the encoder reading into a high-rate POI proxy p̂.

5.3.1 Vision-Based Position Sensing

EM images provide an independent source of in-plane POI information. A cross-
correlation-based tracker compares consecutive images and estimates the in-plane
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specimen displacement [56, 103]. The tracker runs on GPU, enabling processing at
the camera frame rate [103]. The output is a 2D inter-frame shift

s(k) = [sx(k), sy(k)]
⊤ ∈ R

2, (5.5)

where k indexes camera frames and sx(k), sy(k) are noisy measurements of the
in-plane specimen displacement in the px and py directions since the previous frame.
The tracker is sampled at Fv = Fs/Nv, substantially slower than the encoders.

Converting the pixel-level shift to physical length units depends on the optical
settings of the microscope. Assuming parallel illumination is used, the dominant
parameter is the selected magnification value. A large inter-frame shift broadens
the correlation peak and can produce outliers. The specimen motions considered
here are slow enough that the shift remains small and the tracker produces reliable
estimates.

How well s(k) covers the motion of each piezo axis depends on φ, because Φ

couples the piezo axes to the in-plane and out-of-plane directions through the tilt.
At φ = 0, all three axes contribute to the out-of-plane direction pz, so s(k) captures
only a fraction of each axis’s motion. At φ ≈ π/6 rad, PSA 2’s axis lies entirely
in the imaging plane and its full motion is observed by s(k). At φ ≈ −π/6 rad,
PSA 1’s axis lies entirely in the imaging plane instead. During calibration, the tilt
angle can be set to maximize the coverage of the axis under calibration. During
tomographic acquisition, φ is prescribed by the imaging protocol and the coverage
of each axis changes accordingly.

The specimen position relative to a reference frame k0 is estimated by accumu-
lating consecutive inter-frame shifts. Because the tracker observes only in-plane
motion, the accumulation updates the two in-plane coordinates while the out-of-
plane coordinate is held fixed:

ps(k) = ps(k0) +

k∑

j=k0+1

[
s(j)

0

]
∈ R

3. (5.6)

The reference ps(k0) is initialized from the encoder-based forward-kinematics
estimate, ps(k0) = Φ(q(k0), φ), which anchors ps to an absolute POI position
rather than to an arbitrary origin. Between camera frames, ps is held at its most
recent value. The resulting estimate ps ∈ R

3 serves as the POI ground truth for
learning the sensor deviation, as described in the next section.

5.3.2 Kinematic Calibration

In practice, the kinematic maps are obtained by calibration. The experiments
cover a small region of the workspace, over which Φ is well approximated by its
linearization at the current tilt angle. Let p̄ denote the available POI measurement,
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with p̄ = pc on the lab setup and p̄ = ps on the EM. Since only the in-plane
components of ps are measured (5.6), the EM fit uses those two components. To
identify the linearization, a calibration move displaces all three PSAs while p̄ and
q are recorded. Expressing both signals relative to the start of the move at sample
k0 removes the constant offset between the coordinate frames, and the linearized
forward map follows from the least-squares fit

K̂ = argmin
K

NK∑

k=1

∥∥p̄(k)− p̄(k0)−K
(
q(k)− q(k0)

)∥∥2
2
, (5.7)

where NK is the number of recorded samples. The fit yields K̂ ∈ R
3×3 on the lab

setup and K̂ ∈ R
2×3 on the EM.

On the lab setup, K̂ is invertible, and [Γ(p̄, φ)]i is evaluated by applying the
i-th row of K̂−1 to p̄ − p̄(k0) and adding qi(k0). On the EM, K̂ has no inverse:
two measured components cannot separate three piezo coordinates. However, in
all experiments only one PSA steps at a time, and its motion appears in the
measurement along the corresponding column κi of K̂. The piezo coordinate is
therefore recovered by projecting onto this column, with the row vector κ⊤i /∥κi∥22
taking the place of the i-th row of K̂−1. This recovery is exact for motion of PSA
i alone, and simultaneous stepping of several PSAs would require an out-of-plane
measurement (Section 5.3.1).

5.3.3 Encoder-Based POI Estimation

Applying the forward kinematics (5.1) to the encoder readings gives the baseline
estimate p̂0 = Φ(q, φ), available at the full encoder rate Fs. This estimate, how-
ever, does not account for a clamping-induced bending effect that arises during
commutation. When a clamp engages the mover, the resulting contact force causes
a small deformation of the mover, as illustrated in Figure 5.4. Because the encoder
is not located at the end of the mover, it does not capture this deformation, and a
discrepancy between the encoder reading and the true POI position arises. The
effect is quasi-static: it depends on the current commutation angle but not on the
stepping velocity, as confirmed by the data in Figure 5.5.

To correct for this discrepancy, a sensor deviation is applied in piezo coordinates
before computing the forward kinematics. Because the deformation depends on
the commutation angle, the deviation is parameterized as a function of α:

p̂ = Φ
(
q +∆(α), φ

)
, (5.8)

where ∆(α) = [∆1(α1), ∆2(α2), ∆3(α3)]
⊤ ∈ R

3 collects three scalar deviation
functions, one per PSA. Each ∆i : [0, 2π) → R is a piecewise-linear function
stored in a lookup table that maps the commutation angle of PSA i to a scalar
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Figure 5.4. Illustration of the bending effect during clamp engagement. Contact
forces between the clamp and shear elements cause local deformation that shortens
the effective length of the mover. Because the encoder is located at the PSA, it
does not capture this deformation, resulting in a commutation-angle-dependent
discrepancy between the measured and true positions.

correction of its encoder reading. These scalar functions are obtained by projecting
the POI estimation residual onto the individual piezo axes through the inverse
kinematics Γ (5.2), as detailed below. The decomposition into independent per-PSA
contributions is supported by the physical structure of the stage: the three movers
are mechanically separate, so contact forces on PSA i do not propagate a bending
deformation to the other two. Correcting q rather than p also keeps the correction
scalar per PSA, whereas a correction in POI space would require a three-component
vector.

The sensor deviation is learned from the POI measurement p̄. For each PSA
i, the discrepancy between p̄ and the encoder reading is recorded over multiple
commutation cycles while PSA i is stepping and the others are stationary. Although
ps is sampled more slowly than the encoder, the recording spans many commutation
cycles, so the samples cover the full α grid. Transforming the POI residual to piezo
axis i through the inverse kinematics Γ (5.2) gives the raw residual

di(k) = [Γ(p̄(k), φ)]i − qi(k). (5.9)
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Figure 5.5. Mean projected encoder–POI residual di (5.9) ( ) and learned
piecewise-linear sensor deviation ∆i(αi) (5.10) ( ) versus commutation angle αi
for one PSA. The shaded area denotes ±σ of the residual samples.

The sensor deviation is parameterized as a linear combination of basis functions,

∆i(αi) = ψ
⊤
∆(αi)θ∆,i, (5.10)

where ψ∆(αi) ∈ R
n∆ collects n∆ basis functions and θ∆,i ∈ R

n∆ are the co-
efficients. In practice, piecewise-linear basis functions on n∆ equidistant grid
points in [0, 2π) are used for simplicity and interpretability. Stacking the ba-
sis function evaluations over all N∆ recorded samples gives the matrix Ψ∆ =

[ψ∆(αi(1)), . . . ,ψ∆(αi(N∆))]⊤ ∈ R
N∆×n∆ , and stacking the residual samples gives

di ∈ R
N∆ . The coefficients are obtained by minimizing the squared residual:

θ∆,i = arg min
θ∈R

n∆

N∆∑

k=1

(
di(k)−ψ⊤

∆(αi(k))θ
)2
. (5.11)

Because the model is linear in the parameters, the minimization reduces to a
standard linear least squares problem with the closed-form solution

θ∆,i = (Ψ⊤
∆Ψ∆)

−1Ψ⊤
∆di. (5.12)

Figure 5.5 shows the raw residual and the learned fit for a representative PSA on
the lab setup.

Including the sensor deviation reduces the residual p̄− p̂ significantly compared
to the baseline p̄− p̂0, confirming that the quasi-static bending is the dominant
source of discrepancy. The remaining residual is attributed to unmodeled effects
such as flexible-mode vibrations, which are not captured by a static correction.
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5.4 Feedforward Control Design

Figure 5.6 shows a block diagram of the control architecture. In the diagram, dq
denotes disturbances at the actuator level that are reflected in the encoder reading
q, such as misalignment and handover transients, while dp denotes disturbances
between the actuator and the POI that the encoder does not capture, such as clamp-
induced bending, thermal drift, and flexible-mode vibration. The control proposed
in this work is entirely feedforward and acts within the commutation block, which
generates the voltages applied to the piezoelectric elements. Two modifications
are made there. Per-element hysteresis compensation (Section 5.4.1) inverts the
voltage-to-displacement nonlinearity of each element. Commutation-angle-domain
ILC (Section 5.4.2) then modifies the nominal commutation waveforms of Figure 5.2
to cancel the repeatable, α-periodic disturbances of stepping. Of the disturbances
above, the feedforward cancels only the α-periodic parts, namely misalignment
and handover transients through the ILC and clamp-induced bending through the
sensor deviation. Both components are calibrated offline.

5.4.1 Per-Piezo Hysteresis Compensation

Hysteresis in the piezoelectric material causes a nonlinear, history-dependent re-
lationship between applied voltage and element displacement. The waveform
generator must invert this relationship to translate desired displacements into
applied voltages accurately. This inversion is a prerequisite for the ILC of Sec-
tion 5.4.2. The ILC corrects disturbances that are periodic in the commutation
angle α, but uncompensated hysteresis introduces errors that depend on the voltage
history rather than on α. These history-dependent errors are not α-periodic and
therefore corrupt the ILC error signal [57].

The compensation is applied independently to each of the three PSAs, where
each PSA contains multiple piezoelectric elements. Following van Meer et al. [57],
we treat the clamp elements separately per movement direction and treat the shear
elements direction-independently. Every element has the same architecture, so the
model structure and identification procedure are identical for all elements. The
equations below are written for a single generic element, so PSA and element
indices are omitted for simplicity.

The voltage-displacement relation of an element traces a loop rather than a
single curve. Such loops are captured by a range of models, from the operator-based
Preisach [126] and Prandtl–Ishlinskii [127] models to algebraic descriptions such as
the Ramberg–Osgood model [133]. For a piezo-stepper the loop is set by the most
recent reversal, so the relevant history is the excursion

h(t) = |u(t)− u(t̄)| (5.13)
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Figure 5.6. Block diagram showing the signal flow of the system. A POI
reference rp is fed into the inverse kinematics Γ to obtain the piezo reference
rq. This reference is tracked by low-level controllers. The PSAs obtain voltage
signals from the commutation block, which can include hysteresis compensation
and ILC-modified waveforms. The encoder signal q provides a measurement of
the piezo positions, while the POI position p is either measured directly by the
capacitive sensors pc in the lab setup, or estimated from the EM images as ps in
the microscope.

of the voltage since that reversal at time t̄. Following the memory-element model
of Strijbosch et al. [128], the displacement rate is the voltage rate scaled by an
incremental gain that depends on this history,

ẏ =M(h) u̇, (5.14)

with element displacement y, applied voltage u, and incremental gain M > 0. This
is a special case of that memory-element model, which on each branch coincides
with the Ramberg–Osgood hysteresis.

The gain cannot be measured directly, as the individual element displacements
are not sensed. The element current stands in for the displacement, since the
displacement rate is proportional to the current, ẏ = ξ ι, with ξ an unknown
constant [134]. Used in the incremental model (5.14), the ratio of current to voltage
rate follows the gain up to ξ,

m :=
∣∣∣
ι

u̇

∣∣∣ ≈ M

ξ
, (5.15)
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with per-sample values m(k). The proxy uses only the element’s own voltage and
current, so each element is identified on its own and no position measurement is
needed.

To identify the gain, each element is driven open-loop with steady-state voltage
sweeps over drive frequencies from 0.1Hz to 50Hz, while its voltage and current
are recorded. Figure 5.7 shows the resulting proxy m against the history h. The
measurements fall along a single affine trend in h, with R2 from 0.944 to 0.985 for
the clamps and from 0.946 to 0.952 for the shears, so the rate dependence of the
gain is small.

We adopt this affine gain,

M̂(h) = θ1 h+ θ2, (5.16)

with intercept θ2 > 0, the gain just after a reversal, and slope θ1 ≥ 0, the rate at
which it grows with the excursion h. Because the sweeps span a range of voltage
rates and still share this single trend, a rate-independent gain suffices here. This
affine gain simplifies the rate-dependent model of van Meer et al. [57] by dropping
the dependence on the voltage rate.

In discrete time, the element relation is

y(k)− y(k−1) =M
(
h(k)

) (
u(k)− u(k−1)

)
, (5.17)

with the history at sample k

h(k) =
∣∣u(k)− u(k̄)

∣∣, (5.18)

and k̄ the most recent reversal sample. The parameters of M̂ are fitted to the
proxy by least squares,

(θ̂1, θ̂2) = arg min
(θ1, θ2)∈R2

NM∑

k=1

(
m(k)− θ1 h(k)− θ2

)2
, (5.19)

over the NM recorded samples, leaving out those near a reversal where u̇ ≈ 0 makes
m(k) unreliable. Following the clamp and shear split above, each clamp element
is fitted separately for its two stepping directions and each shear element with a
single parameter pair.

Inverting (5.17) and using the identified M̂ in place of M yields the feedforward
control law

u(k) = u(k−1) + r(k)− r(k−1)
M̂
(
h(k−1)

) , (5.20)

where r(k) is the reference displacement from the (possibly ILC-modified) waveform.
The history variable at the previous sample h(k − 1) is used in place of h(k), since
h(k) depends on the voltage u(k) before it is applied.
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(c) Clamp C1, negative
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Figure 5.7. Measured hysteresis proxy m (5.15) against the history variable
h (5.18) for the clamp and shear elements, each pooling samples over a range of
drive frequencies ( ), with the affine fit (5.16) ( ). Panels (a)–(d) show the
clamps for both stepping directions, and panels (e)–(f) show the shears.
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The proxy (5.15) identifies M̂ only up to the unknown constant ξ, so the control
law (5.20) reaches the intended displacement up to that same scale. This scale is
inconsequential in practice: the reference r carries the same units, and its amplitude
is set so that the applied voltage spans the full element range over a commutation
step, which absorbs ξ into the reference [57].

5.4.2 ILC for α-Domain Disturbance Compensation

In van Meer et al. [57], a single compensation function was learned for one PSA,
using the mover position error from a capacitive sensor. This section extends the
approach to three PSAs by learning compensation functions sequentially: each PSA
is calibrated individually while the others remain stationary, so that the POI error
can be unambiguously attributed to the active PSA. The POI error is obtained
from the high-rate proxy p̂ (Section 5.3.3) and projected onto piezo coordinates
through the inverse kinematics.

The ILC correction modifies the shear waveforms only; clamp waveforms control
the contact timing and are not adjusted by ILC. Because only one shear element
is in contact with the mover at any time, a single scalar compensation function
simultaneously modifies both shear waveforms. Separate functions are learned for
positive and negative stepping directions, giving six compensation functions in
total across the three PSAs.

During calibration of PSA i, only that PSA moves while the other two remain
stationary. The ILC uses the projected error εi of (5.3), evaluated at the POI
proxy pe = p̂. Because only PSA i is moving, this error isolates the contribution of
that PSA, while the errors in the other two coordinates remain near zero (aside
from measurement noise and kinematic coupling) and are not used for learning.
This sequential approach simplifies the calibration procedure and ensures that each
compensation function addresses only the disturbances from its own PSA.

As in Section 5.4.1, the learning procedure is identical for every compensation
function, so the equations below are written for a single generic case: PSA and
direction indices are omitted and ε denotes the projected error εi for whichever
PSA is under consideration. The ILC is performed in open-loop fashion. The piezo
walks at a constant rate through the commutation cycle, and the measurements
are used only to update the feedforward compensation for the next trial.

The modified waveform is

ρ̃(α) = ρ(α) + f(α), (5.21)

where ρ is the nominal waveform and f is the learned correction. Because the
correction is parameterized in α rather than in time, a correction learned at one
stepping speed applies at any other speed for which the stage behaves quasi-
statically. When these modified waveforms are used together with the hysteresis
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compensation of Section 5.4.1, the resulting element displacements approximately
track the modified references and the mover follows the intended trajectory more
accurately.

The update law for trial j reads

fj+1(k) = Q(z)
(
fj(k) + L(z) εj(k)

)
, (5.22)

with robustness filter Q and learning filter L, and where G denotes the plant
transfer from element waveform modification f to the projected PSA error ε.
Substituting (5.22) into the system yields the trial-to-trial error dynamics εj+1 =

Q(1 − LG) εj [130]. With L = G−1 and Q = 1, the factor (1 − LG) vanishes,
so εj+1 = 0 regardless of the initial error and perfect compensation is achieved
in a single trial. In practice, however, G is not perfectly known and L can only
approximate G−1, so that Q must be designed to ensure convergence despite the
model mismatch.

A sufficient condition for monotonic convergence of (5.22) is [130]

sup
ω∈[0,π]

∣∣Q(ejω)
(
1− L(ejω)G(ejω)

)∣∣ < 1. (5.23)

The learning filter is set to L = Ĝ−1, where Ĝ is a parametric model of G
(identified below). Ideally, |Q| should be close to 1 everywhere to retain the full
learned correction. However, at frequencies where Ĝ deviates from G, the factor
(1− LG) is no longer small and |Q| = 1 can violate (5.23). In many applications,
the model is most accurate at low frequencies, so Q is designed as a low-pass
Butterworth filter. The convergence condition is evaluated on a non-parametric
frequency response Ḡ(ejω) obtained from measured data (see below) to more closely
reflect the true system behavior.

The shear element plant model is identified following van Meer et al. [57] using
a best-linear-approximation (BLA) procedure [135]: the commutation angle α is
perturbed by a random-phase multisine signal, and the resulting displacement
is measured via the corrected encoder estimate p̂. The BLA extracts a non-
parametric frequency response Ḡ(ejω) from this input–output data, to which a
low-order parametric model Ĝ is fitted.

Remark 5.1. The ILC operates in piezo coordinates, since both the projected error

εi and the waveform correction f live in the q-domain. The plant model Ĝ must

therefore be identified consistently with the sensor-deviation-corrected output used

for learning. The recorded output is the projected corrected estimate [Γ(p̂, φ)]i rather

than the raw encoder reading qi, so that Ĝ captures the transfer from waveform

modification to projected corrected error. The two outputs differ by ∆i(αi), a

static function of the commutation angle α, which is the excitation variable. A

static (nonlinear) map contributes at most a real, frequency-independent constant
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to the best linear approximation, and its remaining effect is a stochastic nonlinear

distortion that only raises the variance of Ḡ [135], so ∆i introduces no frequency-

dependent dynamics into Ĝ. Since the same corrected output is used both for

identifying Ĝ and for running the ILC, this constant is consistently absorbed into

L = Ĝ−1, and the convergence condition (5.23) is unaffected.

The time-domain signal fj+1(k) from (5.22) must be converted to a function of
α. The compensation function is parameterized as a linear combination of basis
functions,

f(α) = ψ⊤
f (α)γ, (5.24)

where ψf (α) ∈ R
nf collects nf basis functions and γ ∈ R

nf are the coefficients. In
practice, piecewise-linear basis functions on nf equidistant grid points in [0, 2π)

are used. After each ILC update (5.22), the time-domain signal is projected onto
this basis by minimizing the weighted squared residual

γj+1 = arg min
γ∈R

nf

∥∥Ĝ(Ψfγ − fj+1)
∥∥2
2
, (5.25)

where Ψf = [ψf (α(1)), . . . ,ψf (α(N))]⊤ stacks the basis function evaluations, Ĝ
is the lifted impulse response matrix of Ĝ, and fj+1 stacks the time-domain signal
fj+1(k), see van Meer et al. [57]. The minimization has the same structure as (5.12),
with the solution

γj+1 = (Ψ⊤
f Ĝ

⊤ĜΨf )
−1Ψ⊤

f Ĝ
⊤Ĝ fj+1. (5.26)

The premultiplication by Ĝ ensures that the projection minimizes the predicted
output error rather than the compensation signal itself. The basis parameterization
and projection modify the convergence analysis. The exact necessary and sufficient
condition for monotonic convergence of the combined scheme (5.22)–(5.26) involves
both Ψf and Ĝ [57, Lemma 4.1], [136]. However, van Meer et al. [57, Theorem 4.2]
shows that the frequency-domain condition (5.23) is sufficient regardless of the
basis choice, so that condition is used here for filter design. Figure 5.8 verifies (5.23)
on the measured FRF Ḡ of each PSA, shown here for the representative one. The
cutoff of Q is designed to be as high as possible while maintaining |Q(1−LḠ)| < 1.

5.5 Experimental Results

This section evaluates the framework experimentally, first on the lab setup and
then on the operational electron microscope. All displacement quantities in the
results below are reported in arbitrary units (a.u.), obtained through a single fixed
scaling applied consistently across every figure and value.
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Figure 5.8. Verification of the ILC convergence condition (5.23) for the repre-
sentative PSA. Shown are |Q(1− LḠ)| ( ), |Q| ( ), and the 0 dB threshold
( ). The inset zooms the region around 1 kHz where the margin is smallest; the
condition is satisfied across the full frequency range.

Throughout, the tracking error is evaluated in piezo coordinates. Only one PSA
is stepped at a time, so its error is a single scalar, obtained by projecting a position
signal onto that PSA’s coordinate through the inverse kinematics and subtracting
the piezo reference, as in (5.3). We report this scalar for three position signals,
namely the raw encoder estimate p̂0, the encoder estimate after sensor-deviation
correction p̂, and the true POI measurement given by the capacitive reading pc
on the lab setup and the vision-based estimate ps on the microscope. On the lab
setup, the framework was calibrated on all three PSAs and the improvements are
comparable across them. The results below therefore focus on one representative
PSA on both the lab setup and the microscope. On the EM, its axis is aligned
with the imaging plane by choice of tilt angle (Section 5.3.1), so the in-plane image
shift observes the full motion of that axis.

Four feedforward strategies are compared throughout the experiments. The
difference between them lies in which compensators are active:

S1 Traditional feedforward with a constant (non-compensated) hysteresis model
and the unmodified nominal waveforms ρ, i.e., M̂(h) = 1, ∆(α) = 0, and
f(α) = 0.

S2 Rate-independent hysteresis compensation only (Section 5.4.1), with ∆(α) = 0

and f(α) = 0.
S3 Hysteresis compensation and ILC, without sensor deviation correction:

∆(α) = 0.
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Figure 5.9. RMSD of the projected tracking error εi (5.3) versus ILC trial index.
Forward stepping ( ) and backward stepping ( ) are overlaid. Hysteresis
compensation is active in all trials.

S4 Full framework: hysteresis compensation, sensor deviation correction, and
ILC.

5.5.1 ILC Convergence

The ILC compensation is learned at a drive frequency of 2Hz, on the lab setup for
each PSA in turn and on the EM for the representative PSA. Because the correction
is parameterized in α, it is subsequently applied across the full tested frequency
range. Figure 5.9 shows the RMSD of the projected tracking error εi (5.3) over
successive ILC trials for the representative PSA on the lab setup, in both stepping
directions. Hysteresis compensation is active in all trials.

5.5.2 Positioning Performance on the Lab Setup

Figure 5.10 compares the POI tracking error versus commutation angle for strategies
S1, S2, S3, and S4 on the lab setup at drive frequencies from 0.1Hz to 10Hz.
Figure 5.11 summarizes the error per drive frequency.

From the figures, each feedforward component contributes to improved POI
tracking. At a drive frequency of 1Hz, the POI RMSD measured by the capacitive
sensor drops from 35.5 a.u. for the traditional strategy S1 to 2.7 a.u. for the full
framework S4 in the positive stepping direction, and from 48.5 a.u. to 3.5 a.u. in
the negative direction. These are 13- and 14-fold reductions, respectively, and the
same trend holds across the tested drive frequencies (Figure 5.11). At the highest
tested drive frequencies, the performance of S3 and S4 drops off slightly, which
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Figure 5.10. Mean projected tracking error εi (5.3) versus commutation angle αi
on the lab setup. The left column is the positive stepping direction and the right
column the negative direction, with the three position estimates p̂0, p̂, and pc on
successive rows. Each panel shows strategies S1 ( ), S2 ( ), S3 ( ), and
S4 ( ), with lines darkening from 0.1 Hz (lightest) to 10 Hz (darkest).
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Figure 5.11. RMSD of the projected tracking error εi (5.3) versus drive frequency:
S1 ( ), S2 ( ), S3 ( ), S4 ( ); shaded bands of matching color denote
the IQR and 5th–95th percentile range over repeated steps. The three position
estimates are the raw encoder p̂0, the sensor-deviation-corrected encoder p̂, and
the capacitive POI pc.

is mostly attributed to flexible-mode behavior of the stage that the quasi-static
feedforward does not target.

Figure 5.10 also shows that the raw encoder error for strategy S4 is worse than
for S3. This is by design: the sensor deviation correction in combination with
ILC results in a shaped non-zero error at the encoder level, but it is precisely this
shaped error that yields reduced error at the POI, which is the actual control
objective.
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5.5.3 Positioning Performance on the EM

The lab-setup results above confirm the feedforward components (hysteresis com-
pensation, sensor deviation, and ILC) using capacitive ground truth at the POI. On
the EM, the feedforward models are re-identified following the same procedures as
on the lab setup, with hysteresis from element voltage and current, sensor deviation
from ps, and ILC compensation from the corrected encoder estimate p̂.

Figure 5.12 shows the projected tracking error εi as a function of commutation
angle αi for a representative PSA on the EM stage at drive frequencies from 0.5Hz

to 2Hz, analogous to Figure 5.10 for the lab setup. The residual structure on the
EM mirrors that on the lab setup, confirming that the same physical effects are
present and that the modeling approach transfers to the operational microscope.
Figure 5.13 summarizes the EM tracking error versus drive frequency, mirroring
Figure 5.11 for the lab setup. At 1Hz, the full framework S4 reduces the POI RMSD
from 32.7 a.u. to 4.7 a.u. in the positive stepping direction, and from 55.2 a.u. to
4.7 a.u. in the negative direction, a 7-fold and 12-fold reduction. The improvement
is consistent across the tested drive frequencies. We observe a slight performance
drop compared to the lab setup, only in the ILC contribution. This is attributed to
position-dependent stage dynamics: the ILC compensation is learned at the stage
home position, whereas the vision-based validation requires imaging the specimen
at a different stage position.

5.6 Conclusion

This chapter presented an integrated framework for precision specimen positioning
in an operational electron microscope. Positioning accuracy in such instruments
is limited by hysteresis, mechanical misalignments, non-collocated sensing, and
non-repeatable disturbances such as thermal drift. This work builds upon prior
work that has addressed several of these challenges on a simplified lab setup [57].
In this work the framework is extended to operation in a real transmission electron
microscope.

The gap between encoder and POI coordinates is bridged by a commutation-
angle-dependent sensor deviation that is physically motivated by bending from
clamp-shear contact forces. The deviation is learned from whichever ground-truth
sensor is available: capacitive sensors pc on the lab setup, accumulated image-
tracker shifts ps on the EM. The corrected encoder estimate p̂ provides a high-rate
POI proxy that drives feedforward learning in both environments. The α-domain
ILC is extended from one PSA to three by projecting POI errors onto per-PSA
signals through the inverse kinematics Γ. The hysteresis model is simplified from
the rate-dependent radial-basis-function formulation used in van Meer et al. [57].
The new model is an affine function of the history variable, which reduces the
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parameter count from the number of radial basis functions to two per element.
On the lab setup, the framework reduces the POI RMSD 13-fold (positive

stepping) and 14-fold (negative stepping) at 1Hz, and on the electron microscope
7-fold and 12-fold, respectively. The improvement is consistent across the tested
drive frequency range, though at higher drive frequencies performance slightly
degrades, likely due to flexible-mode behavior. Importantly, this accuracy is reached
with no sensor at the POI, since the corrections are learned from the images that
the microscope already acquires. The framework therefore enables nanometer-scale
specimen positioning without added sensing hardware.

Several directions remain for future work. Firstly, the performance gain during
tomographic tilt series should be validated in practice. Next, combining the
present feedforward framework with the image-based feedback of van Horssen
et al. [56] would let the two together reject both the repeatable and the non-
repeatable disturbances. This becomes more powerful once the image and encoder
measurements are fused: the low-level feedback could then be driven by a fused,
high-rate POI estimate rather than the encoder signal alone, which has the potential
to substantially improve closed-loop performance. Estimating the out-of-plane
coordinate pz from image defocus would extend the vision sensor to three dimensions.
Finally, flexible-mode vibrations are repeatable but not α-periodic, so the current
feedforward does not address them; time-domain approaches such as input shaping
could target these residuals.
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Figure 5.12. Mean projected tracking error εi (5.3) versus commutation angle αi
on the EM stage. The left column is the positive stepping direction and the right
column the negative direction, with the three position estimates p̂0, p̂, and ps on
successive rows. Each panel shows strategies S1 ( ), S2 ( ), S3 ( ), and
S4 ( ), with lines darkening from 0.5 Hz (lightest) to 2 Hz (darkest).
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Figure 5.13. RMSD of the projected tracking error εi (5.3) versus drive frequency
on the EM stage: S1 ( ), S2 ( ), S3 ( ), S4 ( ); shaded bands of matching
color denote the IQR and 5th–95th percentile range over repeated steps. The three
position estimates are the raw encoder p̂0, the sensor-deviation-corrected encoder
p̂, and the vision-based POI ps.
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Constructing VAE Latent

Spaces with Prescribed

Topology

Abstract - Variational autoencoders (VAEs) learn low-dimensional latent representa-
tions of high-dimensional data. When the data lies on a manifold with non-Euclidean
topology, the standard Gaussian prior introduces a topological mismatch that degrades
reconstruction quality and prevents faithful representation. We present a constructive
mathematical framework that resolves this mismatch for all manifolds that admit a product
covering space. These are manifolds expressible as products of elementary factors (circles,
intervals, lines, or hyperspheres) or as quotients of such products by a finite symmetry
group. The class includes cylinders, tori, Möbius strips, Klein bottles, and real projective
spaces. Factorized distributions over the elementary factors yield product topologies with
closed-form, decoupled KL divergences, so that each latent factor can be shaped indepen-
dently while keeping training tractable. We catalog reparametrizable encoder-prior pairs
for periodic, bounded, and unbounded supports, and provide coordinate transformations
that allow standard neural networks to output non-Euclidean parameters with smooth
gradients. For quotient manifolds, the decoder receives group-invariant features of the
covering-space coordinates, so that identified points produce identical outputs. Anchor
constraints fix the coordinate system relative to the data or create soft topological holes.
Experiments on synthetic manifolds and real-image datasets (rotated and cyclically shifted

This chapter is based on van Hulst et al. [137].
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MNIST) confirm that a topology-matched prior aligns KL regularization with the data
manifold. The resulting topology-aware models preserve the intrinsic distance structure
of the data manifold far better than the Gaussian baseline at matched KL divergence,
and reconstruct more accurately whenever regularization is strong enough to shape the
representation. The code is available at https://github.com/JvHulst/VAE-Topology.

https://github.com/JvHulst/VAE-Topology


6.1. Introduction

6

143

6.1 Introduction

Variational autoencoders (VAEs), introduced by Kingma and Welling [89], have
become a fundamental tool for learning low-dimensional representations of high-
dimensional data. The main innovation of VAEs is the reparametrization trick [138],
which expresses latent samples as deterministic transformations of encoder outputs
and independent noise, enabling gradient-based optimization of the loss criterion.

A key motivation for dimensionality reduction is that many real-world datasets,
despite their high-dimensional representation, lie on or near a low-dimensional
manifold. In such cases, we would like the learned latent space to faithfully represent
the structure of this underlying manifold. However, the standard VAE framework
assumes a Gaussian prior, which induces a Euclidean topology on the latent space.
This creates a fundamental mismatch when the data manifold has non-Euclidean
structure, for instance, when data lies on a sphere, torus, or bounded domain.

This mismatch has motivated several approaches to treat non-Euclidean latent
spaces. Davidson et al. [139] introduced the hyperspherical VAE, which uses the von
Mises-Fisher distribution for latent spaces on hyperspheres Sn−1. A follow-up [140]
scaled this to higher dimensions using a product of vMF distributions. Falorsi et
al. [141] extended this to general Lie groups such as SO(3), providing a principled
approach for rotational latent spaces. Mathieu et al. [142] proposed hyperbolic
VAEs, where the Poincaré disc latent space is well-suited to data with hierarchical
structure. Kalatzis et al. [143] extended this direction by learning Riemannian
metric tensors to capture the geometry of learned representations. Perez Rey et
al. [144] and Nagano et al. [145] developed diffusion-based and wrapped normal
distributions for VAEs on tori, spheres, and hyperbolic spaces. Normalizing flows
on manifolds [146–148] take a different approach: rather than prescribing the
prior topology, they compose diffeomorphisms to learn a flexible distribution, at
the cost of Jacobian determinants and Monte Carlo KL estimation. Equivariant
representations [149] impose structure through architectural constraints, while
topological autoencoders [150] use persistent homology to preserve topological
structure in learned representations. Tomczak and Welling [151] showed more
generally that the choice of prior distribution has a key effect on the quality of
learned representations, even without changing the latent topology. Miao et al. [152]
proposed an alternative mechanism: rather than modifying the prior, they keep a
Gaussian prior and impose inductive biases through a learned parametric mapping
from an intermediary latent space. Although these works have substantially
advanced non-Euclidean representation learning, none provides a constructive
design procedure for VAEs with a prescribed arbitrary topology while retaining
a tractable closed-form ELBO. In this chapter, we develop a unified framework
that covers a broad class of manifolds, including many that arise in practice, and
provides a systematic pipeline for constructing the corresponding VAEs.
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The specific class of manifolds that we consider are those that admit a product

covering space: manifolds that can be expressed as a product of elementary factors
(circles S1, bounded intervals [0, 1], half-lines [0,∞), real lines R, or hyperspheres
Sn−1), or as a quotient of such a product by a finite symmetry group G. This class
includes cylinders, tori, annuli, and hypercubes as product manifolds, and Möbius
strips, Klein bottles, and real projective spaces as finite quotients of products.
Product topologies arise naturally when data has periodic or bounded factors
of variation. For example, dihedral angles in protein backbone geometry live on
tori [153, 154], and joint angles in robotics produce similar toroidal configuration
spaces [155]. Quotient topologies arise when a discrete symmetry identifies points in
the product space. For instance, non-orientable topologies such as Möbius strips and
Klein bottles arise in the analysis of natural image patches [156], and real projective
spaces describe the orientations of objects with head-to-tail symmetry [157].

Our main contribution is a constructive framework that provides topology-aware
VAEs with tractable ELBO objectives and end-to-end gradient-based training for
any manifold in this class. Based on this result, we provide a systematic pipeline
for building the corresponding VAE. The pipeline consists of the following steps:

1. ExpressM as a product of elementary factors, or identify a product covering
space Z̃ such that M = Z̃/G. We prove that factorized encoder-prior
distributions over the factors yield product topologies with closed-form,
decoupled KL divergences (Propositions 6.1–6.2).

2. For each factor, select an encoder-prior distribution pair from a catalog of
reparametrizable distributions with tractable KL divergences (Table 6.1). We
provide pairs for periodic, bounded, and unbounded supports, together with
coordinate transformations χ that allow standard neural networks to output
the required non-Euclidean parameters with smooth gradients.

3. For quotient manifoldsM = Z̃/G, construct a G-invariant feature map ρ that
embeds latent coordinates in Euclidean space for the decoder, ensuring that
identified points produce identical decoder outputs. We prove that such maps
exist whenever G is finite (Proposition 6.3) and give explicit constructions
for Möbius strips and Klein bottles.

4. Add anchor constraints that fix the coordinate system relative to the data by
pinning known observations to prescribed latent locations, or, in repulsive
form, create soft topological holes.

Figure 6.1 illustrates this pipeline with a Möbius strip example. The framework
preserves the usual VAE benefits: the KL term encourages smooth, well-covered
representations within the chosen topology, and the reparametrization trick enables
end-to-end gradient-based training. In Section 6.4, we validate this pipeline on
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Figure 6.1. Pipeline for designing a topology-aware VAE, illustrated with the
running example of a Möbius strip. Step 1: Given a target manifoldM, find a
product covering space Z̃ and decompose it into elementary factors. The Möbius
strip is the quotient of a cylinder by a Z2 action, so Z̃ = S1 × [0, 1]. Step 2:

Assign a compatible encoder–prior pair from Table 6.1 to each factor. Here, a
Wrapped Normal is assigned to S1 and a Kumaraswamy to [0, 1]. Step 3: IfM
is a quotient, construct a G-invariant feature map ρ so that the decoder receives
only features that respect the identification; for the Möbius strip, this ensures
(h, θ) ∼ (1− h, θ + π) produce identical outputs. When M is already a product,
Z̃ =M and this step is trivial (ρ(z) = z). Step 4: Add anchor constraints to fix
the reference frame.

three synthetic manifolds (cylinder, torus, Möbius strip) with known ground truth,
and on two real-image datasets (rotated MNIST and cyclically shifted MNIST).
We show that when the prior matches the data topology and the coordinate
system is grounded through anchoring, the KL term regularizes the latent rep-
resentation within the correct manifold rather than against it. Topology-aware
models then preserve the distance structure of the data manifold substantially
better than the Gaussian baseline, and reconstruct more accurately across the
range of regularization strengths in which the KL term meaningfully shapes the
representation.

The remainder of this chapter is organized as follows. Section 6.2 formalizes the
topology mismatch problem and reviews the VAE framework. Section 6.3 develops
the four tools in the pipeline: product topologies, distribution pairs, quotient
topologies, and anchor constraints. Section 6.4 presents experimental validation on
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three synthetic datasets with known manifold structure, followed by two real-image
experiments. Section 6.5 discusses conclusions and future directions.

6.2 Problem Formulation

We begin by formalizing the relationship between data manifolds and latent space
topology, then review the VAE framework and identify the mathematical require-
ments for valid inference with non-standard priors.

6.2.1 Data on Low-Dimensional Manifolds

Many modern data analysis problems involve finding structure in high-dimensional
observations that lie on or near a low-dimensional manifold [158], a space that
locally resembles R

n but may have a different topology, or global shape. For
instance, a circle S1 is locally like R but has a periodic topology that R does not.

We now formalize the data-generating setting. Let M be an n-dimensional
manifold representing the space of underlying factors of variation. High-dimensional
observations y ∈ R

p (with n≪ p) are generated via

y = f(x) + η, (6.1)

where x ∈M is a point on the manifold, f :M→ R
p is the generative function,

and η represents observation noise. We call x the true latent variable associated
with observation y, and M the true latent space. We assume f is injective on M,
meaning that distinct true latent variables produce distinguishable observations.
When a generative function is not injective, one can sometimes restore injectivity
by passing to the quotient spaceM/∼, where x1 ∼ x2 if and only if f(x1) = f(x2).

Given data generated according to (6.1), two natural goals arise. The first is
dimensionality reduction: finding a low-dimensional representation that captures
the essential structure of M. The second is generative modeling : learning to
generate new observations consistent with (6.1). VAEs are a tool for achieving
both goals simultaneously. However, when M has a nontrivial topology, standard
VAEs face limitations that we address in Section 6.2.3.

6.2.2 Variational Autoencoders

A VAE [89] introduces a latent space Z of dimension ℓ and represents each observa-
tion y by a latent variable z ∈ Z, learned through an encoder-decoder architecture
trained via variational inference. The VAE has three components: an encoder

qϕ(z|y), a distribution over Z parameterized by trainable weights ϕ; a decoder

pψ(y|z), a distribution over observation space R
p parameterized by weights ψ; and

a prior p(z) over the latent variables. Figure 6.2 illustrates the architecture.
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Figure 6.2. Standard VAE architecture. The encoder networks µϕ and σϕ produce
the parameters of the encoder distribution qϕ(z|y). A latent sample is drawn via
the reparametrization trick: z = µϕ(y) + σϕ(y)⊙ ϵ with ϵ ∼ N (0, I). The decoder
network µψ maps z to a reconstruction ŷ = µψ(z).

In the standard VAE, the encoder distribution is a diagonal Gaussian whose
mean µϕ : Rp → R

ℓ and standard deviation σϕ : Rp → R
ℓ
>0 are produced by neural

networks:

qϕ(z|y) = N (z; µϕ(y), diag(σ2
ϕ(y))). (6.2)

The decoder distribution is also Gaussian, with mean µψ : Rℓ → R
p produced by a

neural network and a scalar variance σ2
ψ that is either fixed or learned:

pψ(y|z) = N (y; µψ(z), σ
2
ψI). (6.3)

The decoder mean ŷ = µψ(z) is the reconstruction of y, and σ2
ψ controls the

assumed observation noise level. The standard prior is a zero-mean Gaussian with
identity covariance (i.e., isotropic): p(z) = N (0, I).

The VAE is trained by maximizing the evidence lower bound (ELBO) over a
dataset {yi}Ni=1. For a single observation y, the ELBO is

L(ϕ, ψ; y) = Eqφ(z|y)[log pψ(y|z)]︸ ︷︷ ︸
Reconstruction

−βKL(qϕ(z|y)∥p(z))︸ ︷︷ ︸
Regularization

, (6.4)

where β > 0 is a scalar weight. The Kullback-Leibler (KL) divergence [159] between
two distributions q and p is defined as

KL(q∥p) = Ez∼q

[
log

q(z)

p(z)

]
. (6.5)



148 Chapter 6. Constructing VAE Latent Spaces with Prescribed Topology

6

It is nonnegative and equals zero if and only if q = p. For the diagonal Gaussian
encoder and isotropic Gaussian prior, the KL divergence has the closed form

KL(qϕ(z|y)∥p(z)) =
1

2

ℓ∑

j=1

(
µ2
j + σ2

j − 1− log σ2
j

)
, (6.6)

where µj = [µϕ(y)]j and σj = [σϕ(y)]j are the j-th components of the encoder’s
mean and standard deviation outputs. This expression decomposes as a sum
over latent dimensions because both distributions factorize across coordinates.
We will exploit this decomposition property in Section 6.3.1 to combine different
distribution families within a single latent space.

The reconstruction term in (6.4) encourages accurate reconstruction of observa-
tions, while the KL term regularizes the encoder by encouraging qϕ(z|y) to remain
close to the prior. The weight β controls this trade-off: β = 1 gives the standard
VAE, while β ̸= 1 gives the β-VAE [160]. Without regularization (β = 0), the
optimal encoder collapses to a Dirac delta at the point minimizing reconstruction
error for each input, overfitting the training data rather than learning a smooth
latent representation.

To enable gradient-based optimization of (6.4), the reparametrization trick [89,
138] expresses the latent sample as a deterministic function of the encoder parame-
ters and independent noise:

z = µϕ(y) + σϕ(y)⊙ ϵ, ϵ ∼ N (0, I), (6.7)

where ⊙ denotes element-wise multiplication. Since ϵ is sampled independently of
ϕ, the gradient ∇ϕEqφ [log pψ(y|z)] can be computed by backpropagation through
the sampling operation. Section 6.3 generalizes this construction to non-Gaussian
distributions.

6.2.3 The Topology Mismatch Problem

Two spaces are homeomorphic if there exists a continuous bijection with continuous
inverse (a homeomorphism) between them, which implies they have the same
topology. The standard Gaussian prior p(z) = N (0, I) has support Z = R

ℓ, which
is homeomorphic to Euclidean space. This is appropriate when the true latent space
M is itself homeomorphic to R

n, but creates a fundamental mismatch whenM has
a different topology. Many manifolds of practical interest are not homeomorphic
to Euclidean space. These include bounded domains such as hypercubes [0, 1]n,
periodic domains such as tori Tn = (S1)n, spheres Sn−1 [139], and quotient spaces
such as projective spaces and Möbius strips.

To see why the topology of Z matters, recall that both dimensionality reduction
and generative modeling aim to capture the structure ofM. For dimensionality
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reduction, we seek a mapping g : f(M) → Z such that g ◦ f : M → Z is a
homeomorphism. For such a homeomorphism to exist, Z must be homeomorphic
to M. This is the key requirement that motivates topology-aware VAEs. When
g ◦ f is a homeomorphism but not the identity, the learned representation captures
the manifold structure in a different coordinate system. For generative modeling,
we often also desire interpretability : specific latent coordinates should correspond
to meaningful factors of variation. This requires recovering the original coordinates
g(f(x)) = x for all x ∈M, which requires additional constraints (Section 6.3.4).

Before developing the solution, we address a natural question: is explicit topology

shaping even necessary? Standard VAEs can already learn approximate nontrivial
topologies through the reconstruction term alone. For example, a Gaussian VAE
trained on data with a periodic latent factor may arrange its latent variables in a ring
around the origin, approximating the circular topology. However, this arrangement
is not stable under changes in the regularization strength: the KL term in (6.4)
continuously pushes latent variables toward the prior’s center, working against
the data’s periodic structure. Increasing the KL weight β eventually collapses the
ring. Setting β = 0 avoids this collapse but removes all regularization, leading
to overfitting and a latent space that does not generalize or support meaningful
generation. In contrast, when the prior matches the data topology (e.g., a Wrapped
Normal prior for a circular factor), the KL term is compatible with the manifold’s
structure, allowing strong regularization without topological distortion.

The topology mismatch problem can thus be stated as follows: given a true

latent space M with known topology, construct a VAE whose latent space Z is

homeomorphic to M, while retaining a tractable ELBO and end-to-end gradient-

based training.

6.3 Mathematical Framework for Topology Shaping

For the ELBO (6.4) to remain tractable when using non-Gaussian distributions,
three conditions must be satisfied:

A) The KL divergence KL(qϕ(z|y)∥p(z)) must be computable, either in closed
form or via efficient approximation. This requires supp(qϕ) ⊆ supp(p), since
the KL divergence diverges when the encoder assigns positive probability to
regions where p(z) = 0.

B) Samples z ∼ qϕ must be expressible through the reparametrization trick as
z = T (ϕ, ϵ) with ϵ drawn from a fixed distribution independent of ϕ, so that
the reconstruction term can be optimized via backpropagation.

C) All transformations in the computational graph must be differentiable, so
that gradients propagate end-to-end.
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Figure 6.3. VAE architecture for topology shaping. The encoder maps observa-
tions y to distribution parameters ν, which define an encoder distribution qϕ(z|y)
on target support S via coordinate transformation χ. The reparametrization T

transforms base samples ϵ ∼ p0 to latent samples z on the target support S. The
decoder receives z through feature map ρ, which embeds the latent coordinates in
Euclidean space.

We now develop a framework that satisfies these conditions for all manifolds that
admit a product covering space: manifolds that are either products of elementary
factors, or quotients of such products by a finite symmetry group G. The four
components of the framework (product topologies, distribution pairs, quotient
constructions, and anchor constraints) are developed in Sections 6.3.1–6.3.4, with
limitations discussed in Section 6.3.5. Figure 6.3 provides an overview of the
generalized architecture.

6.3.1 Factorized Distributions and Product Topologies

The standard Gaussian VAE already exploits a factorized prior and encoder: both
p(z) = N (0, I) and qϕ(z|y) = N (µ, diag(σ2)) decompose across dimensions, and the
KL divergence in (6.6) splits into a sum of per-dimension terms. This factorization
is not specific to Gaussians. Whenever both encoder and prior factorize across latent
coordinates, the KL divergence decomposes into independent per-factor terms,
regardless of the distribution families used [159, Thm. 2.5.3]. This observation is
the foundation of our framework: it allows us to shape the latent topology one
coordinate at a time while keeping the KL tractable.

Proposition 6.1 (KL Divergence Decoupling). Let q(z) =
∏ℓ
j=1 qj(zj) and p(z) =

∏ℓ
j=1 pj(zj) be factorized distributions. Then

KL(q∥p) =
ℓ∑

j=1

KL(qj∥pj). (6.8)
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See Appendix 6.6.1 for the proof.
This decoupling has three important consequences. First, the KL divergence

can be computed efficiently as a sum of per-factor divergences, each of which may
have a different closed form depending on the distribution family. Second, different
distribution families can be mixed across coordinates: one latent dimension can
use a Gaussian while another uses a Wrapped Normal. Third, by selecting a
distribution pair whose support matches the desired topology for each factor, we
can shape the latent space factor by factor. This last point is formalized in the
following proposition.

Proposition 6.2 (Product Topologies). Let qϕ(z|y) =
∏ℓ
j=1 qj(zj |y) and p(z) =

∏ℓ
j=1 pj(zj) be factorized distributions where each pair (qj , pj) satisfies supp(qj) ⊆

supp(pj) and has a computable KL divergence. Then the latent space has the product

topology

Z = S1 × S2 × · · · × Sℓ, (6.9)

where Sj = supp(pj) is the support of the j-th coordinate’s prior. The ELBO

is tractable with the KL term decomposing as a sum over coordinates through

Proposition 6.1.

The support of a product distribution is the Cartesian product of the individual
supports, which defines the product topology on Z, and tractability follows from
Proposition 6.1.

Although factorized distributions can only produce product topologies, the
product construction is surprisingly versatile. Provided that reparametrizable
distribution pairs with the right supports can be found, Propositions 6.1 and 6.2
immediately yield tractable VAEs on tori, cylinders, annuli, and arbitrary higher-
dimensional products. Davidson et al. [140] applied the same principle to hyper-
spherical latent spaces, replacing a single high-dimensional vMF distribution with
a product of lower-dimensional ones to sidestep the concentration bottleneck that
arises at high dimension. The construction extends even further: many manifolds
that are not themselves products (Möbius strips, Klein bottles, projective spaces)
arise as quotients of products by discrete group actions. Constructing suitable dis-
tribution pairs for each support type and handling the identifications that quotient
topologies require are nontrivial, however, and are the subjects of Sections 6.3.2
and 6.3.3.

One alternative is to drop the factorization assumption and estimate the KL
divergence via Monte Carlo: KL(q∥p) = Ez∼q[log q(z) − log p(z)]. Normalizing
flows [161] provide the required reparametrization and tractable log-densities, but
Monte Carlo estimation introduces gradient variance, and evaluating log-densities
for expressive flows requires computing Jacobian determinants at each sample. We
instead maintain factorized distributions with their closed-form KL divergences, and
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handle non-product topologies through G-invariant decoder features in Section 6.3.3.
The next section catalogs the specific distribution pairs available for each elementary
factor type.

6.3.2 Reparametrizable Distribution Pairs

In this section, we catalog encoder-prior pairs that have computable KL divergences
with matching supports, and that admit reparametrizable sampling (satisfying re-
quirements A) and B) from Section 6.3). The key construction is the reparametriza-
tion trick [89]: expressing encoder samples as deterministic transformations of
samples from a fixed base distribution. Let ϵ ∼ p0 be a base random variable with
support S0, and let T : S0 × V → S be a smooth map parameterized by ν ∈ V.
Then z = T (ϵ; ν) defines a reparametrizable distribution on S with

∇νEz[h(z)] = Eϵ∼p0 [∇νh(T (ϵ; ν))], (6.10)

for any differentiable function h, provided T is differentiable in ν. This moves the
stochasticity into ϵ, allowing gradients to flow through T .

A classical construction takes p0 = U(0, 1) and T = F−1, where F is the CDF
of the target distribution. This yields samples from any continuous distribution
with invertible CDF. The Kumaraswamy and Exponential distributions in Table 6.1
use this approach. Other choices of p0 and T are also valid: the Gaussian uses
p0 = N (0, 1) with affine T (ϵ;µ, σ) = µ + σϵ; the Wrapped Normal applies a
wrapping operation to Gaussian samples; the von Mises-Fisher uses rejection
sampling with reparametrized proposals [139].

Table 6.1 lists per-factor distribution pairs used in this chapter. Each entry
specifies the support, the reparametrization T , and whether the KL divergence
admits a closed form, an approximation, or requires Monte Carlo estimation.
Combined with the factorized KL from Section 6.3.1, these pairs allow product
topologies to be assembled factor by factor. This framework is not limited to one-
dimensional factors: a factor can be a hypersphere Sn−1 with a von Mises–Fisher
distribution or a Euclidean space R

n with a multivariate Gaussian, as long as
the distributions factorize; Table 6.1 focuses on low-dimensional building blocks
because these suffice for our experiments. Closed-form KL expressions for each
pair are provided in Appendix 6.6.

The table also includes the Gumbel-Softmax relaxation [162, 163], which extends
the framework to discrete latent factors via approximate reparametrization of
categorical variables, enabling hybrid discrete–continuous latent spaces [164]. All
distribution pairs in Table 6.1 satisfy requirements A) and B). Requirement C)
(smooth gradient flow) additionally demands that the encoder’s real-valued outputs
be mapped to valid parameter spaces without gradient pathologies, which is
addressed next.
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Encoder Coordinate Transformations

Neural networks produce outputs in R
n, but the distribution parameters from

Table 6.1 may live in non-Euclidean parameter spaces. We therefore need a
coordinate transformation χ : Rm → V that maps the encoder’s real-valued outputs
to valid parameters on the target support. This χ must cover all of V and be
smooth with informative gradients everywhere in its domain. Naive approaches
fail both requirements: clipping to a bounded range [a, b] creates zero gradients
at the boundaries, and taking outputs modulo 2π for periodic parameters creates
gradient discontinuities at the wrap-around point.

For periodic parameters, we use a normalization-based construction. To output
an angle µ ∈ S1, the encoder produces two real numbers (c′, s′) ∈ R

2, which we
normalize and convert:

(c, s) =
(c′, s′)

∥(c′, s′)∥ , µ = arctan 2(s, c). (6.11)

This defines χ : R
2 \ {0} → S1, which is smooth with well-defined gradients

everywhere except the origin (a set of measure zero that is never reached in
practice). For bounded parameters like the standard deviation σ > 0 of a Wrapped
Normal, a softplus transformation χ(·) = log(1 + e(·)) maps R→ R>0 smoothly.

At this point, the framework appropriately transforms network outputs through
the encoder and the variational sampling operation to produce latent samples on
the target support while preserving differentiability. However, the decoder faces a
different challenge: its input consists of the sampled latent coordinates themselves,
which may have identifications that a standard neural network cannot respect. The
next section addresses this.

6.3.3 Quotient Topologies via Invariant Features

After sampling z from the encoder distribution, we pass it to the decoder. In
general, the latent coordinates may have identifications: distinct coordinate values
that represent the same point. If z1 ∼ z2 are identified, the decoder must satisfy
pψ(y | z1) = pψ(y | z2); otherwise, the model treats equivalent points inconsistently.
Even the circle S1 = R/2πZ identifies θ ∼ θ + 2π, while the Möbius strip also
identifies (h, θ) ∼ (1− h, θ + π). Our solution is to feed the decoder not the raw
coordinates z, but a transformed representation using a feature map ρ : Z̃ → R

k

that is invariant to the identifications.
We formalize identifications using group actions. Let Z̃ be a product space with

a finite group G acting on it by isometries and freely, meaning that only the identity
fixes any point, and let Z = Z̃/G be the quotient space where points in the same
G-orbit are identified: z1 ∼ z2 iff z2 = g · z1 for some g ∈ G. The space Z̃ is called
a covering space of Z: informally, it is a “global unfolding” of Z in which identified
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points are pulled apart. Note that while a given manifold may admit multiple
covering spaces, we specifically require any covering space that is itself a product
of elementary factors. This way, the factorized distributions from Section 6.3.1
apply on the encoder side. Each point in Z then has |G| preimages in Z̃, so the
encoder operates on the covering space while only the decoder input changes. For
ρ to enforce the identifications, it must be (i) G-invariant, i.e., ρ(z) = ρ(g · z) for
all g ∈ G; (ii) injective on G-orbits, so that distinct equivalence classes remain
distinguishable; and (iii) smooth, so that gradients can flow through ρ during
backpropagation. The following proposition guarantees that such a map always
exists.

Proposition 6.3 (Quotient Topologies via Invariant Features). Let Z̃ ⊆ R
m and

let G be a finite group acting on Z̃ by isometries. Then there exists a smooth map

ρ : Z̃ → R
k that is G-invariant and injective on G-orbits.

Proof. For any two points z1, z2 in distinct G-orbits, the function f(z) =
∏
g∈G ∥z−

g · z1∥2 is a polynomial in z (hence smooth), vanishes on the orbit of z1, and is
strictly positive on the orbit of z2. It is G-invariant because G acts by isometries,
so that ∥h · z − hg · z1∥ = ∥z − g · z1∥ and left multiplication by h only reorders
the product. So G-invariant polynomials separate orbits. The ring of G-invariant
polynomials is finitely generated by Hilbert’s finiteness theorem [165, Thm. 2.1.3],
so finitely many of them suffice to form an injective map ρ on the orbit space. As
each component of ρ is a polynomial, ρ is smooth.

Proposition 6.3 guarantees the existence of the required invariant features for
any such G. For constructing ρ in practice, the Reynolds operator [165] is the
central tool. Given any smooth function f : Z̃ → R, its group average

R[f ](z) =
1

|G|
∑

g∈G

f(g · z) (6.12)

is automatically G-invariant and smooth. Starting from a basis of smooth func-
tions on the covering space (trigonometric for angular coordinates, polynomial for
intervals), one applies R to monomials of increasing degree, discards dependent
and vanishing terms, and verifies that the remaining features separate G-orbits.
Noether’s degree bound [165, Thm. 2.1.4] guarantees termination at degree at
most |G|, which is degree two for the examples below. Appendix 6.7 gives the full
procedure and worked examples. Since evaluating R requires only |G| function
evaluations, the construction cost is linear in the group order. Moreover, ρ is deter-
mined once at design time; during training it is a fixed closed-form function that
adds no computational overhead beyond the increase in decoder input dimension.
The following examples illustrate ρ for three cases.
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Example 6.4 (Periodic coordinates). For a circular factor, the standard embedding

ρ(θ) = (cos θ, sin θ) is the required invariant map. For product spaces without further

identifications, ρ applies coordinate-wise: a cylinder S1 × [0, 1] uses ρ(θ, h) =

(cos θ, sin θ, h). When the target manifold has additional identifications beyond

periodicity, the feature maps compose accordingly.

Example 6.5 (Möbius strip). The Möbius strip is ([0, 1]×S1)/Z2 with identification

(h, θ) ∼ (1 − h, θ + π). The shift θ 7→ θ + π has no fixed point on S1, so the

action is free. Applying the Reynolds operator to the cylinder decoder features

{cos θ, sin θ, h − 1
2} (all of which flip sign under the deck transformation), one

finds that degree-1 invariants vanish and the surviving degree-2 features are (see

Appendix 6.7 for the full derivation):

ρ(h, θ) =




cos(2θ)

sin(2θ)

(h− 1
2 )

2

cos(θ)(h− 1
2 )

sin(θ)(h− 1
2 )



. (6.13)

From cos 2θ and sin 2θ, the angle θ is determined up to θ or θ + π; the cross terms

then resolve the remaining ambiguity, so ρ is injective on Z2-orbits.

Example 6.6 (Klein bottle). The Klein bottle is T
2/Z2 with identification

(θ1, θ2) ∼ (θ1 + π,−θ2), which is free for the same reason. Applying the Reynolds

operator to the torus decoder features {cos θ1, sin θ1, cos θ2, sin θ2} yields the degree-2

invariant features:

ρ(θ1, θ2) =




cos(2θ1)

sin(2θ1)

cos(θ2)

cos(θ1) sin(θ2)

sin(θ1) sin(θ2)



. (6.14)

These features satisfy ρ(θ1 + π,−θ2) = ρ(θ1, θ2), and the cross terms resolve the

remaining ambiguity to ensure injectivity on Z2-orbits.

Remark 6.7. One might also consider the reverse construction: taking quotients

factor-by-factor and then forming a product. This yields the same class of manifolds

when each group acts on a single factor, since (S1/G1)×(S2/G2) ∼= (S1×S2)/(G1×
G2). The product-then-quotient formulation used here is strictly more general, as it

also allows group actions that couple coordinates across factors (e.g., the Z2 action

on the Möbius strip mixes h and θ).

Sections 6.3.1–6.3.3 provide all the tools to build a latent space with a prescribed
product or quotient topology. However, the learned coordinate system is typically
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not unique: any self-homeomorphism of Z composed with the encoder is equally
valid, and nothing in the training objective pins down which homeomorphism is
learned.

6.3.4 Anchor Constraints

Anchor constraints resolve this coordinate ambiguity by specifying where particular
observations should map in latent space. They can also create approximate
topological holes, which is useful when the desired topology cannot be expressed
as a product of bounded or periodic supports.

Reference Frame Anchoring

The coordinate ambiguity arises because the target latent space Z admits self-
homeomorphisms: for example, S1 × [0, 1] is unchanged under any rotation of the
angular coordinate, so the encoder and any such rotation of it are equally valid
solutions. This issue is noted but left unresolved in prior work on non-Euclidean
VAEs [141]. Anchor constraints fix the coordinate frame by penalizing deviation
from prescribed locations. Writing µi = Eqφ [z | yi] for the posterior mean, the
anchor loss is

Lanchor =
λ

A

A∑

i=1

∥µi − z∗i ∥2, (6.15)

where y1, . . . , yA are anchor observations and z∗1 , . . . , z
∗
A their prescribed target

locations. For many distributions (including Gaussian and Kumaraswamy) the
mean µi is available in closed form; otherwise Monte Carlo estimation can be used.
The loss generalizes center loss [166], which attracts class features toward learnable
centers; here the targets are fixed a priori for coordinate alignment.

More generally, anchoring need not cover the full latent vector. When Z
decomposes as a product and only one factor carries the coordinate ambiguity
(as with S1 × [0, 1], where the angular coordinate is rotationally ambiguous but
the interval coordinate is not), the norm above need only be computed over the
ambiguous coordinates. The remaining dimensions are left free to self-organize
through the reconstruction objective. This reduces the number of labeled anchor
observations required and avoids over-constraining coordinates with no ambiguity.

To break all symmetries, the anchors must be chosen such that no element of
G other than the identity fixes all of them at once. For S1 × [0, 1] with G = SO(2)

acting by rotation of the circle, only the identity rotation fixes any given angle,
so a single anchor suffices. If reflections are also admitted, so that G = O(2), one
anchor still leaves the reflection through it, and a second anchor that is neither
equal nor antipodal to the first is needed.
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Soft Topological Holes

Repulsive anchors can create approximate topological holes by penalizing proximity
to specified locations. We seek a potential that diverges logarithmically at large
distances (providing a long-range repulsive force) but remains finite at the origin
(avoiding gradient singularities). A natural choice is the regularized log-potential

Lrepel =
λr
N

N∑

i=1

log

(∥zi − z∗∥2
ξ2

+ 1

)
, (6.16)

where zi are reparametrized samples from the encoder distribution, z∗ is the center
of the hole, and ξ > 0 controls the effective hole radius. The parameter ξ directly
sets the crossover scale: points within distance ξ from z∗ experience strong repulsion,
while points beyond roughly 2ξ experience negligible effect. Unlike reference frame
anchoring, which constrains the expected position, the repulsive loss operates on
samples to ensure the entire posterior mass avoids the hole.

Unlike bounded distributions (Proposition 6.2), soft constraints cannot guar-
antee exact holes since the prior still has full support. They are useful when the
desired topology cannot be expressed as a product or quotient of products.

6.3.5 Achievable Topologies and Limitations

Combining the tools from the preceding sections, the framework covers products
(cylinders, tori, hypercubes), quotients of products (Möbius strips, Klein bottles,
projective spaces), and single-factor manifolds such as hyperspheres Sn−1 (via the
von Mises-Fisher distribution). Because SO(3) ∼= RP

3 = S3/Z2, even rotational
latent spaces fall within the achievable class. Discrete factors can also be included
via the Gumbel-Softmax relaxation (Section 6.3.2). Several limitations remain,
however. The topology must be specified a priori; we do not learn it from data.
Disconnected manifolds require mixture priors [167], breaking KL decoupling and
requiring techniques such as importance-weighted bounds [168]. Finally, manifolds
whose universal covering space is not a product of our elementary factors (such
as higher-genus surfaces and hyperbolic manifolds) cannot be represented exactly.
Nevertheless, many manifolds of practical interest fall within the achievable classes.

The next section empirically validates the framework on several such topologies.

6.4 Experiments

We validate the framework in two parts. Section 6.4.2 presents synthetic experi-
ments on cylinders, tori, and Möbius strips, where the true latent space is known, so
topological fidelity can be assessed quantitatively. Sections 6.4.3 and 6.4.4 demon-
strate the framework on manipulations of MNIST images, specifically rotation and
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translation, which both induce periodic latent coordinates. Before showing results,
we describe the evaluation metrics in Section 6.4.1.

Because different latent topologies interact differently with the KL regularization,
a fixed β does not yield a fair comparison. We therefore tune β separately for
each model so that the unweighted KL divergence KL(qϕ∥p) is approximately equal
across all models within each experiment. This ensures that the models operate
at comparable regularization strength and that differences in reconstruction or
topology metrics are not artifacts of one model being less regularized than another.
The resulting β values and unweighted KL terms are reported in each experiment’s
table. All experiments use an 80/20 train/test split, and each topology-aware model
is compared to a Gaussian VAE baseline with the same total latent dimensionality
ℓ.

The VAE training objective is typically nonconvex, so we repeat each synthetic
configuration over 30 random initializations and report medians and interquartile
ranges. The dataset and the train/test split are held fixed, so the spread reflects
optimization alone, and each synthetic figure shows the run closest to the across-
seed median. The image experiments are too expensive to repeat and are reported
as single runs.

Within an experiment, every model shares the same encoder and decoder
architecture, the same training schedule, and the same data. Only the latent
distribution and the decoder feature map ρ differ, so the comparison isolates the
effect of the prescribed topology. The synthetic models use multilayer perceptrons
with encoder widths [50, 128, 128, 64] and mirrored decoders, trained for 8000 epochs
with Adam at a learning rate of 10−3. The image models use a convolutional
backbone with hidden width 512 for rotated MNIST and 256 for shifted MNIST,
trained for 50 epochs with Adam at learning rates 3× 10−3 and 10−3 respectively,
with a batch size of 256. In every run β is annealed linearly from zero over the
first quarter of training. The anchor weight λ is 10 on the synthetic manifolds, 50
for rotated MNIST, and 100 for shifted MNIST.

6.4.1 Evaluation Metrics

The tables in each experiment report four quantities alongside the tuned β. The
first two, train and test RMS reconstruction error, measure how well the VAE
reconstructs observations. The third, the unweighted KL divergence, quantifies
regularization strength. These three quantities are standard but do not directly
assess whether the learned latent space respects the assumed topology, since a
model with low reconstruction error might still scramble the latent geometry.

The fourth quantity tests whether pairwise distances between latent variables
reflect the true distances on the data manifold. Since every experiment provides
the true latent variables xi, we can compute geodesic distances onM and compare
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them to geodesic distances between latent variables. A natural measure for this
comparison is Kruskal’s stress-1 [169, p. 8], which is standard in multidimensional
scaling, here normalized by the true distances:

σgeo =

√√√√
∑
i ̸=j(d̄ij − δ̄ij)2∑

i ̸=j d̄
2
ij

, (6.17)

where dij is the geodesic distance between true latent variables xi, xj onM and
δij is the geodesic distance between the posterior means zi, zj on the model’s
latent space. Bars denote mean-normalization: d̄ = d/E[d], which removes scale
differences. We call this the geodesic stress. For the cylinder, the latent geodesic
uses the product metric on S1 × [0, 1]; for the torus, the product of two angular
distances. For quotient manifolds, the geodesic distance is the minimum over the
group orbit: dM(z1, z2) = ming∈G dZ̃(z1, g · z2). For the Möbius strip with G = Z2,
this amounts to computing two covering-space distances and taking the smaller
one. In the image experiments the known true factor is the applied rotation or
shift, so the comparison is restricted to the angular factor for every model: the
topology-aware models are read on their circular coordinates, and the Gaussian on
whichever coordinate plane gives it the lowest stress. Lower stress indicates better
preservation of the manifold’s distance structure.

6.4.2 Synthetic Validation: Cylinder, Torus, and Möbius
Strip

For each of the three target manifolds, we draw N = 2000 true latent variables
x ∈M uniformly and map each to an observation y ∈ R

50 through a fixed, nonlin-
ear and injective generative network f⋆ (three layers with tanh and LeakyReLU
nonlinearities, fixed weights) with additive Gaussian noise of standard deviation
0.1, as in (6.1). The network is shared across all three experiments, only the input
coordinates differ. Models are trained with β tuned so that the unweighted KL is
approximately equal within each experiment. Table 6.2 collects reconstruction and
topology metrics across all three experiments. Figure 6.4 shows the corresponding
learned latent representations.

Cylinder

The cylinder S1 × [0, 1] is the simplest mixed-product example: one periodic
coordinate and one bounded coordinate. We draw θ ∼ U(−π, π) and h ∼ U(0, 1),
embed the pair in R

3 as (cos θ, sin θ, h), and apply f⋆. Four models are compared:
a standard Gaussian VAE; a Gaussian VAE augmented with a repelling anchor at
the origin (soft topological hole); an unanchored Cylinder VAE with a Wrapped
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Figure 6.4. Learned latent representations for the three synthetic experiments,
each from the representative run of Table 6.2. Every panel shows, from left to right,
the true factors, the Gaussian baseline, the topology-aware VAE, and the topology-
aware VAE with anchoring; the cylinder in (a) carries an additional column for the
repelling-anchor Gaussian. Anchor points are marked ⋆. Three-dimensional panels
show embeddings in ambient R

3 space, and the color of the points corresponds to
the first true latent coordinate. For the cylinder in (a), the embedding is given
by (cos θ, sin θ, h) or (cos zθ, sin zθ, zh). For the torus in (b), the embeddings use
standard parametrizations with ambient coordinate axes. The Möbius strip in (c)

first maps each point to its canonical representative in the fundamental domain
[0, 1]× [−π, π), then applies the standard embedding (cos θ, sin θ, h) to place it on
the strip surface. The collapse of the height coordinate discussed in Section 6.4.2
is visible as the flattening of the unanchored Möbius panel.
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Normal encoder for θ and a Kumaraswamy encoder for h; and an anchored version
with eight anchors on the grid θ ∈ {−π,−π2 , 0, π2 }, h ∈ {0, 1}.

Figure 6.4(a) shows the learned representations. The Gaussian VAE cannot
represent the periodic and bounded structure of the cylinder: the angular coordinate
wraps without constraint and the height is unbounded in the latent space, so points
that coincide at θ = ±π are assigned different latent positions. The Cylinder VAE
correctly captures both structural features of the target: the height coordinate
is confined to [0, 1] by the Kumaraswamy support and the angular coordinate is
periodic. Without anchoring, however, the coordinate system is arbitrary and
the learned angular frame may be rotated relative to the true one; adding anchor
constraints aligns the learned frame with the true latent variables.

At matched KL, the Gaussian baseline fits the training data marginally better
than either Cylinder VAE, and yet both Cylinder VAEs reconstruct held-out data
more accurately. The cylindrical latent space therefore generalizes better despite
the slightly worse fit, which is what a prior matched to the data manifold is meant
to provide. Its geodesic stress is lower by roughly a factor of four. The cylinder
is a product manifold, so the framework prescribes its topology directly and the
repelling anchor is not the tool intended for it. It improves neither error, so
approximating a hole does not substitute for prescribing the topology.

The spread across seeds separates the two Cylinder VAEs. Anchored, every
seed reaches a geodesic stress within a narrow band. Unanchored, 7 of the 30 seeds
score as poorly as the Gaussian: those runs recover the periodic structure but
settle into a folded angular frame, which the anchor constraints preclude.

Torus

The torus T
2 = S1 × S1 is a purely periodic product: both latent coordinates

are angles. We draw θ1, θ2 ∼ U(−π, π), embed the pair on a torus surface in
R

3 with major radius 2 and minor radius 0.8 via ((2 + 0.8 cos θ2) cos θ1, (2 +

0.8 cos θ2) sin θ1, 0.8 sin θ2), and apply f⋆. Three models are compared: a Gaussian
VAE; a Torus VAE with Wrapped Normal encoders for both angular coordinates;
and an anchored Torus VAE with 16 anchor points on a 4× 4 grid over [−π, π]2.

Figure 6.4(b) shows the learned representations. The Gaussian VAE produces
boundary artifacts at θ1, θ2 ≈ ±π: points that are close on the torus surface but
near opposite ends of the angular range are placed far apart in the Gaussian latent
space, because the Gaussian prior does not wrap either dimension. The Torus VAE
distributes points smoothly across the full [−π, π]2 range.

At matched KL, both Torus VAEs reconstruct better than the Gaussian baseline
and lower the geodesic stress substantially, with anchoring giving a further gain.
The uniform prior on T

2 is matched by any encoder that fills the torus, whatever
angular frame that encoder chooses, so the prior alone leaves the frame arbitrary.
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Anchoring pins it down, and the further drop in geodesic stress is what registers
the difference.

Möbius Strip

The Möbius strip is homeomorphic to ([0, 1] × S1)/Z2 under the identification
(h, θ) ∼ (1 − h, θ + π). We generate observations by sampling θ ∼ U(−π, π) and
h ∼ U(0, 1) on the covering cylinder, computing the Z2-invariant features ρ(h, θ)
from (6.13), and applying f⋆ to those features. Because ρ(h, θ) = ρ(1−h, θ+π), the
two covering-space preimages of each Möbius point produce the same observation
up to noise, which is the correct generative semantics for the quotient identification.

The Möbius VAE encodes into the covering cylinder S1×[0, 1] and passes the Z2-
invariant features to the decoder. Because each Möbius point has two preimages,
the KL divergence requires a correction: writing r = qC(τ(h, θ))/qC(h, θ) for
the density ratio at identified points (where τ(h, θ) = (1 − h, θ + π) is the deck
transformation), the adjusted Möbius KL is

KL(qM∥pM ) = KL(qC∥pC)− log 2 + E[log(1 + r)]. (6.18)

See Appendix 6.6.7 for the derivation.
Figure 6.4(c) shows the learned representations. The Gaussian VAE cannot

capture the non-orientable structure of the Möbius strip at all. The Möbius VAE
without anchoring correctly uses the Möbius topology in principle. In practice
it collapses the height coordinate toward h ≈ 0.5 to reduce the KL term, and it
does so in all 30 seeds. The collapsed model reconstructs worse than the Gaussian
baseline on both train and test data, so the matched topology on its own is of no
use here.

Anchoring removes the collapse in all 30 seeds. The anchored model recovers
Gaussian-level train error while retaining the full Möbius structure, and it yields
both the best test error and the lowest geodesic stress of the three. The anchor
penalty is a non-negative addition to the objective, so it cannot lower the global
optimum. Its benefit is therefore a statement about optimization: the anchors
steer training away from the degenerate solution that otherwise traps the model.
Here the prescribed topology delivers nothing without the anchors that make it
reachable.

KL Sweep Analysis

The tables above compare the models at one operating point. To assess whether
the topology advantage persists across the full reconstruction/regularization trade-
off [170], we vary the KL weight β from 0.05 to 10.0 over eight values and train
every model at each setting over 50 random seeds per topology. Figure 6.5 plots
test reconstruction RMS against unweighted KL divergence, so that models are
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(c) Möbius strip

Figure 6.5. KL sweep for the three synthetic topologies: the cylinder S1 × [0, 1]

in (a), the torus T2 in (b), and the Möbius strip in (c). In each, β varies from 0.05
to 10.0 and test reconstruction RMS is plotted against unweighted KL divergence
for the Gaussian baseline ( ), the topology-aware VAE ( ), and the anchored
topology-aware VAE ( ). Lines connect medians over 50 seeds per β; the faint
points behind them are the individual seeds. Both axes decrease toward the lower
left, so a curve lying below and to the left is better. A smaller β yields a larger KL
divergence, which places the weakly regularized settings on the right of each panel.
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compared at equal regularization rather than at equal β. The sweep trains 3600
models in total, so it uses a reduced setting relative to Table 6.2: 800 samples
instead of 2000, half the hidden width, and a single shared β per point rather than
a per-model β tuned for matched KL. Absolute errors are therefore slightly higher
than in the table, and the comparison of interest is between the curves within a
panel.

The Torus VAE reconstructs better than the Gaussian baseline at every KL
value in the sweep. For the cylinder and the Möbius strip the curves cross, at
a KL of roughly 4.8 and 4.1 respectively: the anchored topology-aware model
is ahead below those values, the Gaussian above them, and the margin widens
as regularization strengthens. On the Möbius strip the unanchored model stays
behind over most of the sweep, for the reason given in Section 6.4.2. The region
in which the Gaussian wins is the one where the KL term barely constrains the
encoder, so the prior has little influence on the representation and correspondingly
little opportunity to help. The operating points of Table 6.2 lie on the favorable
side of both crossings.

The synthetic experiments validated the framework on low-dimensional obser-
vations generated from known manifolds. We now turn to real images to assess
whether the topology benefits transfer to a higher-dimensional, more complicated
setting.

6.4.3 Rotated MNIST (R2 × S1)

In this experiment, each image is a 28 × 28 MNIST digit rotated by a random
angle θ ∼ U(−π, π). The two generative factors are the digit class and the rotation
angle, a single S1 factor. We use digit classes 4 and 7, which are both asymmetric
under rotation so that the S1 coordinate is identifiable, with 500 exemplars per
class, each rotated 180 times, giving N = 180 000 images with yi ∈ R

784.
All three models have the same total latent dimensionality ℓ = 3. For the

Mixed-Circle VAE, the learned latent variable is z = (z1, z2, zθ), where zθ ∈ S1 is
the circular coordinate and (z1, z2) ∈ R

2 are the Euclidean style coordinates; for
the Gaussian, all three coordinates are Euclidean. The three models are:

1. Gaussian VAE with ℓ = 3, which yields a latent topology of R3

2. Unanchored Mixed-Circle VAE, which yields a latent topology of R2 × S1;

3. Anchored Mixed-Circle VAE, which yields a latent topology of R2 × S1.

The Mixed-Circle VAE uses a Wrapped Normal encoder for zθ and a standard
Gaussian encoder for (z1, z2). The anchors are applied only on the circular co-
ordinate, see Section 6.3.4, with 90 evenly spaced target angles per digit class.
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Table 6.3. Rotated MNIST Experiment: Reconstruction and Topology Metrics.
Lower is better for the RMS and stress metrics, and the best value in each of those
columns is shown in bold. Unlike Table 6.2, each row is a single training run, so
differences of a few percent are not resolved.

Model β Train Test KL Geodesic

RMS RMS Stress

Gaussian
(ℓ = 3) 0.02 0.134 0.140 16.52 0.675
Mixed-Circle
VAE 0.02 0.143 0.146 15.22 0.682
Mixed-Circle
VAE (anch.) 0.02 0.126 0.131 15.16 0.253

The coordinates (z1, z2) are unconstrained and organize by digit class through
reconstruction pressure alone.

Figure 6.6 compares the three models in four rows. Row 1 confirms that
the rotation angle is encoded. The Mixed-Circle VAE assigns it to the native
S1 coordinate zθ, while the Gaussian distributes it across all three Euclidean
dimensions. Only the anchored version retains the orientation of the true data.
Row 2 shows the style coordinates, in which the digit classes occupy distinguishable
regions for every model. Row 3 shows a 12-step decoded ring per digit class, with
the style coordinates (z1, z2) fixed at the class centroid and zθ swept uniformly over
S1. Fixing the centroid isolates the rotation factor and restricts the displayed digits
to a single class. The Mixed-Circle VAE produces coherent digits at every angle
and wraps back cleanly. Row 4 shows decoded geodesics, obtained by interpolating
between two endpoints of the same digit class and decoding at each step. The
Mixed-Circle VAE stays in distribution along the whole path. In both rows the
Gaussian leaves the data distribution, producing blurred or implausible digits.
Rows 3 and 4 are generative rather than reconstructive, since every image shown
is decoded from a latent position that no observation occupies. Sweeping zθ over
the circle therefore yields valid digits at any rotation, which the Gaussian latent
space does not support.

Table 6.3 reports reconstruction and topology metrics. The anchored Mixed-
Circle VAE reconstructs more accurately than the Gaussian and lowers the geodesic
stress by nearly two thirds, and it does so while operating at a lower KL than
the baseline. The advantage of a matched topology therefore carries over from
the synthetic manifolds to real images. The unanchored model leaves the geodesic
structure almost untouched, which places the gain with the anchors rather than
with the circular coordinate alone.
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Figure 6.6. Rotated MNIST experiment (R2 × S1 latent space, digit classes 4
and 7). Columns: ground truth, Gaussian VAE (ℓ = 3), Mixed-Circle VAE, and
Mixed-Circle VAE (anchored). First row: latent coordinates colored by the true
rotation angle θ. For the Mixed-Circle VAEs, the circular coordinates (cos zθ, sin zθ)
are plotted; for the Gaussian, a UMAP projection of the full latent space is shown
instead; for the ground-truth column, (cos θ, sin θ) is plotted. Second row: latent
coordinates colored by digit class. The Mixed-Circle VAE shows the Euclidean
coordinates (z1, z2), while a UMAP projection is shown for the ground-truth and
Gaussian columns. Third row: 12-step ring for each digit class (4 and 7), sweeping
zθ for the Mixed-Circle VAEs or the proxy atan2(z2, z1) for the Gaussian, with
style coordinates (z1, z2) fixed at the class centroid. Fourth row: decoded geodesics
between two endpoints from the same digit class, linearly interpolated in latent
space.

6.4.4 Shifted MNIST (R2 × T
2)

In this experiment, images are generated by cyclically shifting MNIST digits from
classes 3, 4, and 7 by random integer pixel offsets (dx, dy) with dx, dy ∈ {0, . . . , 27}
using numpy.roll. The true latent coordinates are θi = (2πdi/28+π) mod 2π−π ∈
[−π, π) for i ∈ {1, 2}, placing the pair (θ1, θ2) exactly on T

2 = S1×S1. We use 500
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exemplars per digit class with 100 random shifts each, giving N = 150 000 images.
All three models have the same total latent dimensionality ℓ = 4. The Mixed-

Torus VAE has learned latent variable z = (z1, z2, zθ1 , zθ2), with Wrapped Normal
encoders on the circle coordinates zθ1 , zθ2 ∈ S1 and a standard Gaussian encoder
on the style coordinates (z1, z2) ∈ R

2. The Gaussian VAE uses a flat R
4 prior.

As in the rotated MNIST experiment (Section 6.4.3), only the angular coordi-
nates zθ1 and zθ2 are anchored, while the style coordinates (z1, z2) are unconstrained.
Anchor targets correspond to pixel shifts (dx, dy) ∈ {0, 7, 14, 21}2, giving 16 exact
angular targets per digit class.

Figure 6.7 compares the three models in four rows. Row 1 confirms that
both shift angles are encoded. The Mixed-Torus VAEs assign them to native
S1 coordinates, while the Gaussian distributes them across all four Euclidean
dimensions. The anchored model recovers the true parameter space almost exactly,
which makes its latent coordinates directly interpretable. Row 2 shows the style
coordinates, in which the three digit classes occupy distinguishable regions. Row
3 shows a 10 × 10 decoded grid, using the same class-centroid approach as in
Section 6.4.3. Here the anchored Mixed-Torus VAE reproduces the ground-truth
shift pattern, while the Gaussian shows no periodic structure at all. Row 4
shows decoded geodesics for each digit class, constructed as in Section 6.4.3. The
Mixed-Torus VAE again interpolates smoothly along the whole path. As in the
rotated experiment, these two rows are generated from latent positions rather than
reconstructed from data, so the grid in row 3 amounts to sampling the full T2 of
shifts for a fixed digit style.

Table 6.4 reports reconstruction and topology metrics. Reconstruction quality is
similar across all three models, with the unanchored Mixed-Torus VAE marginally
ahead while operating at a 10% higher KL than the other two. The anchored Mixed-
Torus VAE attains by far the lowest geodesic stress, and therefore best reproduces
the periodic structure this experiment is built around. Without anchoring, the
geodesic stress rises above the Gaussian baseline: the arbitrary angular frame of
Section 6.4.2 reappears on real images.

6.5 Discussion and Conclusions

We have presented a framework for designing VAE latent spaces with prescribed
non-Euclidean topologies. The design procedure has four steps: decompose a target
manifold into elementary factors, assign a compatible encoder-prior distribution pair
to each, construct a feature map ρ that embeds latent coordinates in Euclidean space
for the decoder, and add anchor constraints when coordinate alignment is needed.
Factorized distributions yield product topologies with closed-form KL divergences,
and G-invariant feature maps handle quotient identifications (Proposition 6.3). All
transformations are differentiable, preserving gradient flow throughout.
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Table 6.4. Shifted MNIST Experiment: Reconstruction and Topology Metrics.
Lower is better for the RMS and stress metrics, and the best value in each of those
columns is shown in bold. As in Table 6.3, each row is a single training run.

Model β Train Test KL Geodesic

RMS RMS Stress

Gaussian
(ℓ = 4) 0.04 0.174 0.182 19.29 0.240
Mixed-Torus
VAE 0.02 0.165 0.175 21.15 0.351
Mixed-Torus
VAE (anch.) 0.02 0.165 0.179 19.37 0.149

Prescribing an anchored topology improves the geodesic stress in all five ex-
periments, by between 38% and 77% against a Gaussian baseline at comparable
KL divergence. The anchored topology-aware model also reconstructs held-out
data more accurately than the Gaussian in all five, by up to 8%. On the cylinder
it does so while fitting the training data marginally worse, so the gain is one
of generalization rather than of capacity. The KL sweep locates the regime in
which the reconstruction gain holds. Once β exceeds a small topology-dependent
threshold, the anchored topology-aware models reconstruct better. Below it, the KL
term barely constrains the encoder, so the prior has little opportunity to help. The
decoded sweeps in Figures 6.6 and 6.7 point to the same advantage for generation.
Every image in those rows is decoded from a latent position that no observation
occupies, and the topology-aware models produce plausible digits across the whole
manifold while the Gaussian degrades away from the data.

Two lessons can be taken from the experiments. The first is that a matched
prior fixes the topology of the latent space but not the coordinate frame within it.
A uniform prior on the circle or the torus is matched by any encoder that fills it,
whatever rotation that encoder settles on, so the training objective alone leaves
the frame free. Geodesic stress is what exposes this, since it compares against the
true coordinates rather than against the prior. Anchor constraints are therefore
part of the pipeline rather than an optional refinement.

The second is that the anchor constraints also decide which representation
training reaches at all. Without them, roughly a quarter of the cylinder seeds settle
into a folded angular frame, and the Möbius model discards its height coordinate
in every run. Since the penalty cannot lower the global optimum (Section 6.4.2),
anchoring is worth applying whenever the target manifold admits a symmetry.

Several directions for future work remain. The topology must currently be
specified a priori. Learning it from data instead is an open problem. The invertible
transformation perspective connects naturally to normalizing flows [148], where the
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transformation is learned rather than fixed. The quotient topology approach could
be extended to continuous symmetry groups or to learning the group action from
data. Combining topology shaping with disentanglement objectives may enable
latent spaces that are both topologically faithful and interpretable.

6.6 Appendix: KL Divergence Derivations

This appendix provides the proof of Proposition 6.1, closed-form KL divergences
for the distribution pairs in Table 6.1, and the derivation of the Möbius strip KL
divergence, which requires special treatment due to the quotient topology.

6.6.1 KL Divergence Decoupling (Proof of Proposition 6.1)

By definition of KL divergence and the factorization assumption:

KL(q∥p) =
∫ ℓ∏

j=1

qj(zj) log

∏ℓ
j=1 qj(zj)∏ℓ
j=1 pj(zj)

dz

=

∫ ℓ∏

j=1

qj(zj)
ℓ∑

k=1

log
qk(zk)

pk(zk)
dz

=

ℓ∑

k=1

∫
qk(zk) log

qk(zk)

pk(zk)

∏

j ̸=k

qj(zj) dz

=

ℓ∑

k=1

KL(qk∥pk), (6.19)

where the last step uses
∫
qj(zj) dzj = 1 for all j ̸= k.

6.6.2 Gaussian-Gaussian KL

The KL divergence between univariate Gaussians q = N (µq, σ
2
q ) and p = N (µp, σ

2
p)

is:

KL(q∥p) = log
σp
σq

+
σ2
q + (µq − µp)2

2σ2
p

− 1

2
. (6.20)

For the standard prior p = N (0, 1) used in vanilla VAEs, this simplifies to 1
2 (µ

2
q +

σ2
q − 1− log σ2

q ).
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6.6.3 Exponential-Exponential KL

For the half-infinite latent space R≥0, we use the Exponential distribution. Given
q = Exp(λq) and p = Exp(λp) with rate parameters λq, λp > 0:

KL(q∥p) = log
λq
λp

+
λp
λq
− 1. (6.21)

When q = p (i.e., λq = λp), the KL divergence is zero as expected.

6.6.4 Kumaraswamy-Uniform KL

The Kumaraswamy distribution provides a tractable encoder for latent variables
on bounded domains. For q = Kum(a, b) and the uniform prior p = U(0, 1), we
obtain:

KL(q∥p) = log(ab)−
(
1− 1

a

)
(Ψ(b+ 1) + γ)−

(
1− 1

b

)
, (6.22)

where Ψ is the digamma function and γ is the Euler–Mascheroni constant.

6.6.5 Wrapped Normal-Uniform KL

The Wrapped Normal distribution q = WN(µ, σ2) on S1 is constructed by wrapping
a Gaussian onto the circle:

z = arctan 2(sin(µ+ σϵ), cos(µ+ σϵ)), (6.23)

where ϵ ∼ N (0, 1). This construction inherits exact reparametrization from the
Gaussian.

The KL divergence between q = WN(µ, σ2) and the circular uniform prior
p = U(S1) admits a closed-form approximation. Since the uniform prior has
constant density p(z) = 1/(2π), the KL divergence simplifies to

KL(q∥p) =
∫
q(z) log q(z) dz −

∫
q(z) log p(z) dz (6.24)

= −H(q) + log(2π), (6.25)

where H(q) denotes the differential entropy of the Wrapped Normal. For small
σ, the wrapping has negligible effect and q is approximately Gaussian. Using the
Gaussian entropy H(N (µ, σ2)) = 1

2 log(2πσ
2) + 1

2 , we obtain

KL(q∥p) ≈ log(2π)− 1

2
log(2πσ2)− 1

2
(6.26)

=
1

2

(
log(2π)− log(σ2)− 1

)
. (6.27)
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For large σ, the wrapped distribution approaches uniform on the circle, so H(q)→
log(2π) and KL(q∥p)→ 0. We combine these regimes by clamping:

KL(q∥p) ≈ max

(
0,

1

2

(
log(2π)− log(σ2)− 1

))
. (6.28)

This approximation is nearly exact for σ ≲ 0.5, where the wrapping has negligible
effect. Its error slightly grows through the intermediate regime and peaks at roughly
0.10 near σ = 1.5, beyond which the approximation returns zero due to clamping
while the true divergence remains positive and decays rapidly. When this residual
matters, numerically integrating the Fourier series of the wrapped density recovers
the divergence to machine precision at the cost of additional computation.

6.6.6 von Mises-Fisher-Uniform KL

For a hyperspherical factor Sn−1 with q = vMF(µ, κ) and the uniform prior
p = U(Sn−1), the KL divergence is available in closed form [139, App. B]:

KL(q∥p) = κ
In/2(κ)

In/2−1(κ)
+ logCn(κ) + log

2πn/2

Γ(n/2)
, (6.29)

where Iν is the modified Bessel function of the first kind of order ν, the nor-
malizing constant of the vMF density is Cn(κ) = κn/2−1/

(
(2π)n/2In/2−1(κ)

)
,

and 2πn/2/Γ(n/2) is the surface area of Sn−1. The divergence depends on the
concentration κ only, since the uniform prior is invariant to the mean direction µ.

6.6.7 Möbius Strip KL Divergence

The Möbius strip M = (S1× [0, 1])/Z2 is the quotient of the cylinder C = S1× [0, 1]

by the action τ(h, θ) = (1− h, θ + π). This action identifies opposite edges with
a twist, creating the Möbius topology. The encoder distribution qC lives on the
cylinder C, while the uniform prior pM lives on M . We derive the KL divergence
KL(qM∥pM ), where qM is the pushforward of qC under the quotient map.

Let pC denote the uniform distribution on the cylinder. Since M has half the
area of C, we have pM ([z]) = 2pC(z) for each equivalence class [z] ∈ M . The
encoder density at [z] ∈M is qM ([z]) = qC(z) + qC(τ(z)), summing contributions
from both identified points.

The KL divergence on M is given by

KL(qM∥pM ) =

∫

M

qM ([z]) log
qM ([z])

pM ([z])
d[z]

=

∫

C

qC(z) log
qC(z) + qC(τ(z))

2pC(z)
dz

= KL(qC∥pC)− log 2 + Ez∼qC [log(1 + r(z))], (6.30)
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where r(z) := qC(τ(z))/qC(z) is the density ratio at identified points. The correction
term − log 2 + E[log(1 + r)] accounts for the quotient structure. When the encoder
concentrates mass at one of the identified points only (occupying half the cylinder),
we obtain r → 0 and the correction approaches − log 2, reflecting that M has
half the volume of C. When the encoder places equal mass on both identified
points (r = 1), the correction vanishes. In practice, we compute the density
ratio r(z) in log-space for numerical stability, using the log-probabilities from the
Wrapped Normal and Kumaraswamy distributions. The expectation E[log(1 + r)]

is approximated via Monte Carlo sampling from qC .

6.7 Appendix: Constructing Feature Map ρ Using

the Reynolds Operator

Section 6.3.3 introduced the Reynolds operator R for constructing G-invariant
feature maps ρ. Here we give the step-by-step construction procedure and work
through the Möbius strip derivation in full.

To construct an orbit-separating feature map ρ for a quotient Z = Z̃/G, proceed
as follows:

1. Choose a basis of coordinate functions for the covering space. For each factor
of Z̃, select functions f1, . . . , fm that naturally parameterize it:

• Circular factor S1: use {cos θ, sin θ}.
• Interval factor [0, 1]: use {h− 1

2}.
• Unbounded factor R or [0,∞): use {z} (or {z−c} centered at a symmetry-

compatible point c).

The full basis for the covering space is the union of these per-factor functions.
Good choices make the group action act simply (e.g., as sign flips) on as
many basis elements as possible, which simplifies the subsequent steps.

2. Form monomials in f1, . . . , fm up to some degree d.

3. Apply R to each monomial.

4. Discard any result that vanishes identically, and remove linearly dependent
features.

5. Verify that the surviving features separate G-orbits (i.e., ρ(z1) = ρ(z2) implies
z1 ∼ z2). If not, increase d and repeat.

Noether’s degree bound [165, Thm. 2.1.4] guarantees termination at d ≤ |G|. All
components of ρ are polynomials or trigonometric polynomials by construction, so
they are smooth and their gradients are available in closed form for backpropagation.
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6.7.1 Application to the Möbius Strip

The Möbius strip is ([0, 1]×S1)/Z2 with deck transformation τ(h, θ) = (1−h, θ+π).
Following Step 1 of the procedure, the covering space is a cylinder [0, 1]×S1, so we
select f1 = cos θ, f2 = sin θ for the circular factor and f3 = h− 1

2 for the interval
factor (centering at 1

2 ensures that τ acts as a sign flip on f3). Under τ , all three
basis elements flip sign: cos θ 7→ − cos θ, sin θ 7→ − sin θ, and h− 1

2 7→ −(h− 1
2 ).

Since each basis element is odd under τ , the Reynolds operator applied to any
degree-1 monomial vanishes: R[cos θ] = 1

2 (cos θ + (− cos θ)) = 0, and likewise for
sin θ and h − 1

2 . At degree 2, products of two odd functions are even, so they
survive. The non-redundant degree-2 invariants are:

R[cos2 θ] = cos2 θ = 1
2 (1 + cos 2θ),

R[sin2 θ] = sin2 θ = 1
2 (1− cos 2θ),

R[cos θ · sin θ] = cos θ sin θ = 1
2 sin 2θ,

R[(h− 1
2 )

2] = (h− 1
2 )

2,

R[cos θ · (h− 1
2 )] = cos θ · (h− 1

2 ),

R[sin θ · (h− 1
2 )] = sin θ · (h− 1

2 ).

The first three are linearly dependent with {cos 2θ, sin 2θ, 1} (and the constant 1
carries no information), leaving the five independent features (6.13).

To verify orbit separation: from cos 2θ and sin 2θ, the angle θ is determined
up to θ or θ + π. If θ2 = θ1, the cross terms force h2 = h1 (identical points). If
θ2 = θ1+π, the cross terms force h2 = 1−h1, which is exactly the Z2 identification.
So ρ is injective on orbits.
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Figure 6.7. Shifted MNIST experiment (R2 × T
2 latent space, digit classes 3, 4,

and 7). Columns: ground truth, Gaussian VAE (ℓ = 4), Mixed-Torus VAE, and
Mixed-Torus VAE (anchored). First row: latent coordinates colored by the true
shift angle θ1. The ground-truth column plots (θ1, θ2) directly. The Mixed-Torus
VAEs plot the learned circular coordinates (zθ1 , zθ2). The Gaussian column shows
a UMAP projection of the full latent space. Second row: latent coordinates colored
by digit class. The Mixed-Torus VAEs show the Euclidean style coordinates (z1, z2).
The ground-truth and Gaussian columns show a UMAP projection. Third row:
10 × 10 decoded grid, shown for digit 3. The Mixed-Torus VAEs sweep both
circular coordinates (zθ1 , zθ2) with style coordinates fixed at the digit-3 centroid.
The Gaussian VAE sweeps its first two Euclidean dimensions (z1, z2), with the
remaining dimensions fixed at the digit-3 centroid. Fourth row: decoded geodesic
paths, one per digit class, with style coordinates fixed at the class centroid.



7
Estimating Evolving Functions

with Dynamic Gaussian

Processes

Abstract - This chapter develops the Dynamic Gaussian Process (DGP), a framework
for estimating continuous functions that evolve in discrete time and are observed through
sparse, noisy measurements. Such functions are modeled by integro-difference equations
(IDEs), which arise naturally from the time-discretization of linear partial differential
equations (PDEs). We show that the framework generalizes both standard Gaussian
process regression to time-varying functions and Kalman filtering to infinite-dimensional
states. The DGP produces a Gaussian posterior over the evolving function, with mean
and covariance functions available in closed form. When the kernels have a separable
structure, this infinite-dimensional posterior is represented exactly by a finite-dimensional
Kalman filter on basis function coefficients. For functions that do not lie in the span of
the basis, the finite-dimensional filter is an approximation. We present an analysis of
the induced L2 estimation error, which decomposes exactly into a noise-limited error, a
leakage-induced gap from the finite-dimensional approximation, and an out-of-subspace
residual, all computable from the model. The latter two vanish as the number of basis
functions M grows at a rate set by the kernel, so that the estimator recovers the exact
infinite-dimensional posterior in the limit. At finite M , the filter’s reported covariance
omits the leakage-induced gap and is therefore overconfident, but the true error covariance

This chapter is based on van Hulst et al. [171, 172].
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is computable from the model. Vector-valued states extend the framework to linear PDEs
of higher temporal order, such as the wave equation. The estimator is demonstrated
on the heat and wave equations. Code is available at https://github.com/JvHulst/

Dynamic_Gaussian_Processes.

https://github.com/JvHulst/Dynamic_Gaussian_Processes
https://github.com/JvHulst/Dynamic_Gaussian_Processes
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7.1 Introduction

Estimating evolving continuous functions from sparse, noisy measurements appears
in many applications, including heat flow, battery thermal management, fluid
dynamics, and population dynamics. Standard estimation methods, however, either
address estimation in finite-dimensional spaces (e.g., Kalman filtering) or estimation
of static functions (e.g., Gaussian process regression). This chapter investigates
estimation problems for a class of evolving function models that relaxes both
assumptions simultaneously.

The considered class of evolving function models is based on integro-difference
equations (IDE), which model continuous functions that evolve with discrete-time
dynamics. IDEs are spatio-temporal models with both a time dimension and a space
dimension [59, 173, 174]. IDE models are currently employed in population evolution
modeling [175], geographical processes [176, 177], and can be connected to the
estimation of finite-dimensional time-discretized partial differential equations [59,
Chapter 6]. Estimating such a field from sparse and noisy measurements, while
propagating it through known dynamics, is the problem of data assimilation [178,
179] and, more broadly, of Bayesian inference over function-valued states [180].

Two natural starting points for this estimation problem are the Kalman filter
(KF) [115], the quintessential estimator for finite-dimensional linear dynamical
systems, and Gaussian process (GP) regression [78], a widely used non-parametric
method for estimating static functions. The KF and the GP are closely related: both
assume Gaussian noise and perform Bayesian conditioning, and spatio-temporal
GP regression can be cast as infinite-dimensional Bayesian filtering solved through
Kalman recursions [181]. This connection also yields efficient spatio-temporal
Gaussian regression, in which a separable space-time covariance with a rational
temporal spectrum is represented as a temporal Kalman filter [182, 183]. Reduced-
rank expansions of the covariance function keep such GP models computationally
tractable [184, 185], and the same basis function reduction underlies dimension-
reduced filtering of spatio-temporal fields, as in fixed-rank filtering [186] and the
Kriged Kalman Filter (KKF) [187]. All of these methods reduce the infinite-
dimensional estimator to a finite computation, an approximation whose error is
analyzed in Section 7.5.

At the center of this chapter is the Dynamic Gaussian Process (DGP), which
unifies the KF and the GP, and was shown in our previous conference paper to be
the exact Bayesian estimator for the IDE model class [171]. The key insight is that
a GP remains a GP after both IDE evolution and conditioning on observations,
so the DGP posterior admits closed-form mean and covariance updates. When
the kernels have a separable structure (or are approximated as such), this infinite-
dimensional posterior is represented by a finite-dimensional Kalman filter on basis
function coefficients. The DGP is built from the evolution dynamics rather than a
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prescribed covariance, and its finite-dimensional representation generalizes [176]
and is structurally related to the KKF, as discussed in Section 7.4.

This chapter extends the DGP in two directions. First, vector-valued states
broaden the application domain to linear PDEs of higher temporal order, so that
the wave equation (which is second-order in time) now falls within the same model
class. Such distributed-parameter systems have a long estimation history [188], and
the DGP brings them within the Gaussian-process framework. Second, we analyze
the approximation error of the finite-dimensional reduction. When the field leaves
the span of the basis, the functional estimation error decomposes exactly into a
noise-limited term, a leakage-induced gap, and an out-of-subspace residual, all
computable from the model. The latter two vanish as the number of basis functions
M grows, at a rate set by the smoothness of the kernel, so the reduced estimator
converges to the exact Bayesian posterior. Because this error is computable, the
filter’s overconfident uncertainty can be corrected to the true value.

The rest of this chapter is organized as follows. Section 7.2 formulates the IDE
model class, its connection to PDEs, and provides relevant background on the
KF and the GP. Section 7.3 presents the exact DGP solution. Section 7.4 shows
how separable kernel structure reduces the DGP to a finite-dimensional Kalman
filter and discusses connections to existing frameworks. Section 7.5 analyzes the
stability, error, and convergence of the finite-dimensional approximation. Section 7.6
presents numerical examples for the heat and wave equations, and Section 7.7 gives
conclusions.
Notation. Let R = (−∞,∞), and R≥0 = [0,∞). Let N = {0, 1, . . .} denote the
natural numbers. The identity matrix of size n is denoted by In. The Kronecker
product is denoted ⊗. Let S

n
+ := {A ∈ R

n×n|A ⪰ 0} denote the set of symmetric
positive semidefinite matrices of size n. A normal distribution with mean vector
µ ∈ R

n and covariance matrix Σ ∈ S
n
+ is denoted N (µ,Σ). A Gaussian process with

mean function f̄(x) and covariance function k(x, x′) is denoted GP(f̄(x), k(x, x′)).
Given a function f : X → R and a vector X = [x1, x2, . . . , xn]

⊤ ∈ Xn, we use
the following compact notation:

f(X) := [f(x1), f(x2), . . . , f(xn)]
⊤ ∈ R

n.

Similarly, for a kernel function k : X ×X → R and vectors X ∈ Xn, X ′ ∈ Xm, the
kernel matrix k(X,X ′) ∈ R

n×m is defined entrywise by

k(X,X ′)ij := k(xi, x
′
j),

for 1 ≤ i ≤ n and 1 ≤ j ≤ m. Throughout, boldface denotes evaluation of a
function or kernel at a vector of spatial points. When f : X → R

D is vector-valued
with components f (1), . . . , f (D), the boldface convention extends by stacking output
dimensions,

f(X) := [f (1)⊤(X), . . . , f (D)⊤(X)]⊤ ∈ R
Dn,
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and similarly for matrix-valued kernels K : X × X → R
D×D, where K(X,X ′) ∈

R
Dn×Dm follows the same dimension-first ordering.

7.2 Problem Formulation and Preliminaries

This section introduces the integro-difference equation model class and its connec-
tion to partial differential equations, followed by the observation model and the
relevant background on Gaussian process regression and Kalman filtering.

7.2.1 Integro-Difference Equations

Consider a function ft : X → R
D defined on a spatial domain X that evolves in

discrete time according to an integro-difference equation (IDE),

ft+1(x) =

∫

X

Kf (x, s) ft(s) dν(s) + vt(x), (7.1)

with x ∈ X , t ∈ N, state function ft : X → R
D, matrix-valued evolution kernel

Kf : X × X → R
D×D, and stochastic disturbance vt(x). Here, ν is a σ-finite

reference measure on X , typically the Lebesgue measure for spatially continuous
systems or the counting measure when X is a finite set. IDEs of this form model
continuous functions that evolve with discrete-time dynamics. They are spatio-
temporal models with many practical applications [59, 173, 175–177]. For D = 1,
the kernel Kf reduces to a scalar function kf : X ×X → R and (7.1) is the standard
scalar IDE.

Let K denote the integral operator associated with Kf , defined by

(Kf)(x) :=
∫

X

Kf (x, s) f(s) dν(s), (7.2)

so that (7.1) can be written compactly as ft+1 = Kft + vt. We assume that
f0(x) ∼ GP(f̄0(x), Qf (x, x′)) in which f̄0 : X → R

D and Qf : X ×X → R
D×D are

the mean function and positive semidefinite matrix-valued covariance function of
the initial condition, respectively. The disturbances are vt(x) ∼ GP(0, Qv(x, x′)),
t ∈ N, with Qv : X × X → R

D×D positive semidefinite and independent of ft.
A natural source of IDE models is the time-discretization of partial differential

equations [59, Sections 7.2.4 and 7.2.5]. Consider a linear PDE of temporal order
r ≥ 1 on a domain X ⊆ R

d, subject to boundary conditions on ∂X such that the
initial-boundary value problem is well-posed:

∂rϕ

∂τ r
(x, τ) = Lϕ(x, τ), (7.3)
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where ϕ : X × R≥0 → R, τ ∈ R≥0 is the continuous-time variable, and L is a
linear spatial differential operator. The solution of (7.3) depends on r initial
conditions ϕ(x, 0), ∂τϕ(x, 0), . . . , ∂r−1

τ ϕ(x, 0). Collecting these into a vector-valued
state f(x, τ) ∈ R

D with D ≤ r through the standard state-space reduction, the
time evolution from 0 to τ is described by a bounded linear solution operator
T (τ) : L2(X ;RD)→ L2(X ;RD) [189, Chapters 4, 7]:

f(·, τ) = T (τ) f(·, 0). (7.4)

If the solution operator T (τ) admits an integral kernel S(x, s, τ) ∈ R
D×D, then (7.4)

can be written as

f(x, τ) =

∫

X

S(x, s, τ) f(s, 0) ds. (7.5)

The kernel S is the Green’s function of the PDE, with the matrix-valued structure
arising from the state augmentation when r > 1. Existence and regularity of
Green’s functions for linear PDEs, including the parabolic and hyperbolic classes
considered in this chapter, is classical [190, Chapters 2, 7]. Section 7.6 derives
the kernels in closed form for the heat equation (D = 1) and the wave equation
(D = 2).

To transition from this continuous dynamic to a discrete-time filtering formu-
lation, we fix a sampling interval ∆ > 0. The semigroup property T (τ + ∆) =

T (∆)T (τ) implies f(x, τ + ∆) =
∫
X
S(x, s,∆) f(s, τ) ds for any τ ≥ 0. Writing

ft(x) := f(x, t∆) for t ∈ N then gives

ft+1(x) =

∫

X

S(x, s,∆) ft(s) ds, (7.6)

which is an instance of (7.1) with Kf (x, s) = S(x, s,∆).

Remark 7.1. The IDE (7.6) is a consistent time discretization of the PDE (7.3):
setting vt = 0 and letting ∆→ 0,

(Kf)(x)− f(x)
∆

→ (Lf)(x) (7.7)

for all f in the domain of L, recovering the original PDE dynamics. This follows

from standard semigroup theory: the solution operators {T (τ)}τ≥0 form a strongly

continuous (C0-)semigroup whose infinitesimal generator is the spatial differential

operator [189, Chapter 1]. For higher-order PDEs (r > 1), the state augmentation

produces a first-order system on L2(X ;RD), to which the same semigroup argument

applies with the generator acting on the product space.

The PDE connection above provides one natural source of IDE models, but the
formulation in (7.1) is more general. The evolution kernel Kf can also be specified
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directly. While the results in this chapter hold for general kernel functions Kf ,
Qf , Qv, they will lead to particularly efficient implementations when the kernels
take a special separable form. A matrix-valued kernel K(x, x′) ∈ R

D×D is called
separable if each of its entries satisfies

Kij(x, x
′) = U⊤(x)ΛijU(x′), i, j ∈ {1, . . . , D}, (7.8)

for a shared vector of basis functions

U(x) := [u1(x), . . . , uM (x)]⊤ ∈ R
M

and coefficient matrices Λij ∈ R
M×M . Equivalently, defining Λ := [Λij ]

D
i,j=1 ∈

R
DM×DM and writing Ǔ(x) := ID ⊗ U(x) ∈ R

DM×D gives the compact form
K(x, x′) = Ǔ⊤(x) Λ Ǔ(x′). For D = 1, Ǔ(x) = U(x) and this reduces to k(x, x′) =
U⊤(x)ΛU(x′). The benefits of this structure are further examined in Section 7.4.

7.2.2 Observations and Estimation Problem

At each time step t, we obtain p scalar observations Yt ∈ R
p of the function ft at

spatial locations Xt ∈ X p, according to

Yt = Φt ft(Xt) +wt(Xt), (7.9)

where ft(Xt) ∈ R
Dp stacks the state evaluations by output dimension, and Φt ∈

R
p×Dp is a known observation matrix that selects which state components are

measured. The measurement noise is wt(x) ∼ GP(0, Qw(x, x′)), t ∈ N, with
positive semidefinite Qw : X × X → R. For D = 1, the observation matrix reduces
to Φt = Ip and (7.9) recovers the standard observation model Yt = ft(Xt)+wt(Xt).
For D > 1, the matrix Φt enables partial state observation; for instance, if only
the first of two state components is measured, then Φt = [Ip 0p] ∈ R

p×2p.
The problem considered in this chapter is to characterize the posterior dis-

tribution of ft given the data {X0:t, Y0:t} recursively for each t ∈ N, where
X0:t := [X0, . . . , Xt]

⊤ and Y0:t := [Y0, . . . , Yt]
⊤ as in (7.9). Besides enabling

the estimation of time-discretized PDEs of the form (7.3), this problem can be
motivated from two additional perspectives:

1. as an extension of GP regression to the case where the function evolves in
time;

2. as an extension of Kalman filtering to infinite-dimensional systems described
by integro-difference equations.

These connections are addressed in the next subsections, which also provide pre-
liminaries for the remainder of the chapter.
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7.2.3 Gaussian Process Regression

A Gaussian process (GP) is a distribution over the space of functions, fully specified
by a prior mean function f̄(x) = E[f(x)] and a covariance (kernel) function
k(x, x′) = cov(f(x), f(x′)) [78]. Given noisy observations yt = f(xt) + wt with
wt ∼ N (0, σ2) at inputs X = {x0, . . . , xN}, the posterior distribution is again
Gaussian:

f̂(x) = f̄(x) + L(x,X)(Y − f̄(X)),

ĉ(x, x′) = k(x, x′)− L(x,X)k(X,x′),
(7.10)

where L(x,X) := k(x,X)
[
k(X,X) + σ2IN

]−1
.

The standard GP is a special case of (7.1) with D = 1, K = I, and Qv = 0,
for which ft+1 = ft. The estimation problem of Section 7.2.2 thus extends GP
regression to functions that evolve in time.

7.2.4 Kalman Filtering

The Kalman filter is a well-known algorithm to estimate the state of a dynamical
system described by

xt+1 = Axt + vt, (7.11)

yt = Ctxt + wt, (7.12)

where xt ∈ R
n the state to be estimated, yt ∈ R

p the system output, vt ∼ N (0, V ),
t ∈ N the disturbance on the state with covariance matrix V ∈ S

n
+, and wt ∼

N (0,Wt), t ∈ N, the measurement noise with covariance matrix Wt ∈ S
p
+, with

x0 ∼ N (x̄0, S̄). The output matrix Ct and the noise covariance Wt are chosen
time-varying because in the IDE setting of Section 7.2.1, the observation locations
Xt may differ at each time step.

Important for what follows is to detail the two steps that together constitute
the Kalman filter, called the update and the prediction steps. The equations for
the update step are given by

x̂t|t = x̂t|t−1 + Lt(yt − Ctx̂t|t−1),

St|t = St|t−1 − LtCtSt|t−1,
(7.13)

with Lt = St|t−1C
⊤
t (CtSt|t−1C

⊤
t +Wt)

−1 the Kalman gain, x̂0|−1 = x̄0 and S0|−1 =

S̄. Here, x̂t|l denotes the estimate of xt at time step l, and St|l denotes the estimate
of the state covariance cov(xt, xt) at time step l. The equations for the prediction
step in the KF are given by

x̂t+1|t = Ax̂t|t,

St+1|t = ASt|tA
⊤ + V.

(7.14)
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The mean and covariance estimates retain their linear and quadratic forms
under both the update and the prediction steps. These steps use only the previous
estimates and the current data, so the Kalman filter can be implemented recursively.
Under linear dynamics and zero-mean Gaussian noise, it is the optimal estimator
for this problem [115].

The standard Kalman filter is a special case of (7.1) and (7.9): for a finite
set X = {x1, . . . , xm} with the counting measure, the integral in (7.1) reduces to
a finite sum and the system becomes a linear state-space model with transition
matrix A ∈ R

Dm×Dm determined by the kernel evaluations Kf (xi, xj).
The next section details the extension of the Kalman filter to infinite-dimensional

systems modeled by IDEs, which presents the solution to the problem posed in
Section 7.2.1.

7.3 Dynamic Gaussian Processes

Here, we consider the estimation problem of the system (7.1), which we refer to as
the dynamic Gaussian process (DGP). The key results are two theorems showing
that if the initial condition of the IDE in (7.1) is a GP, it remains a GP after
evolving and after incorporating observations.

Theorem 7.2. Suppose that f0(x) ∼ GP(f̄0(x), Qf (x, x′)) with f̄0 : X → R
D and

Qf : X×X → R
D×D, and that v0(x) ∼ GP(0, Qv(x, x′)) with Qv : X×X → R

D×D,

independent of f0. Consider

f1(x) =

∫

X

Kf (x, s)f0(s) dν(s) + v0(x), (7.15)

with Kf : X × X → R
D×D. Then f1(x) is a GP with mean f̄1 : X → R

D and

covariance Q1 : X × X → R
D×D given by

f̄1(x) =

∫

X

Kf (x, s)f̄0(s) dν(s), (7.16)

Q1(x, x
′) =

∫

X

∫

X

Kf (x, s)Qf (s, s
′)K⊤

f (x
′, s′)dν(s) dν(s′) +Qv(x, x

′).

(7.17)

Proof. The mean of f1(x) follows from linearity of expectation and the integral:

E[f1(x)] =

∫

X

Kf (x, s)E[f0(s)] dν(s) + E[v0(x)]

=

∫

X

Kf (x, s) f̄0(s) dν(s).
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For the covariance, expand E
[
(f1(x)− f̄1(x))(f1(x′)− f̄1(x′))⊤

]
. Independence of f0

and v0 removes the cross terms, E[v0(x) v⊤0 (x′)] = Qv(x, x
′) gives the second term

of (7.17), and E
[
(f0(s)− f̄0(s))(f0(s′)− f̄0(s′))⊤

]
= Qf (s, s

′) gives the first. Finally,
f1 is a GP because any finite collection of its evaluations is a linear transformation
of the jointly Gaussian f0 and v0.

With the prediction step established, the remaining ingredient is conditioning
the GP on observations.

Theorem 7.3. Suppose that f0(x) ∼ GP(f̄0(x), Qf (x, x′)) with f̄0 : X → R
D and

Qf : X × X → R
D×D, and that w0(x) ∼ GP(0, Qw(x, x′)) is independent of f0.

Consider the observations

Y0 = Φ0 f0(X0) +w0(X0), (7.18)

with Φ0 ∈ R
p×Dp the observation matrix. Conditioning the GP f0 on Y0 yields

another GP with mean

f̄0(x) +Qf (x,X0)Φ
⊤
0 Σ

−1
0 (Y0 − Φ0 f̄0(X0)), (7.19)

and covariance

Qf (x, x
′)−Qf (x,X0)Φ

⊤
0 Σ

−1
0 Φ0 Qf (X0, x

′), (7.20)

in which Σ0 := Φ0 Qf (X0, X0)Φ
⊤
0 + Qw(X0, X0) is the covariance of Y0, and

Qf (x,X0) ∈ R
D×Dp denotes the cross-covariance between f0(x) and the stacked

evaluations f0(X0).

Proof. Since f0 and w0 are independent GPs, Y0 and f0(x) are jointly Gaussian
for every x, with cov(Y0) = Σ0 and cross-covariance Qf (x,X0) Φ

⊤
0 . The standard

Gaussian conditioning formula then gives the stated mean and covariance, and
since x is arbitrary the conditional law is a GP.

Alternating the prediction step of Theorem 7.2 and the update step of Theo-
rem 7.3 yields the DGP estimator.

7.3.1 DGP Estimator

We aim to estimate the evolving function ft(x) ∈ R
D using the model (7.1) and

observation model (7.9). The estimate is a GP characterized by a mean function
f̂t|l : X → R

D and a covariance function ĉt|l : X × X → R
D×D. The double

subscripts indicate that we estimate ft using information up to time step l. Prior
knowledge is embedded through the initial conditions f̂0|−1 = f̄0 and ĉ0|−1 = Qf .
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The update step, based on noisy measurements Yt at spatial locations Xt, is given
by:

f̂ t|t(x) = f̂ t|t−1(x) + Lt(x,Xt)(Yt − Φt f̂ t|t−1(Xt)),

ĉt|t(x, x
′) = ĉt|t−1(x, x

′)− Lt(x,Xt) Φt ĉt|t−1(Xt, x
′),

(7.21)

in which

Lt(x,Xt) := ĉt|t−1(x,Xt) Φ
⊤
t

[
Φt ĉt|t−1(Xt, Xt) Φ

⊤
t +Qw(Xt, Xt)

]−1
.

The prediction step is given by

f̂ t+1|t(x) =

∫

X

Kf (x, s) f̂ t|t(s) dν(s),

ĉt+1|t(x, x
′) =

∫

X

∫

X

Kf (x, s) ĉt|t(s, s
′)Kf

⊤(x′, s′)dν(s) dν(s′) +Qv(x, x
′).

(7.22)

While the DGP updates (7.21)–(7.22) are exact, their direct implementation
requires integrals over the full domain at every prediction step, and these integrals
rarely admit analytical solutions. Moreover, the posterior mean and covariance
expressions grow more complicated at each time step. The next section shows that
this cost can be managed when the kernels have a separable structure.

7.4 Separable Kernels

In this section, we show that when Kf , Qf , and Qv are separable kernels we can
perform the required computations of the previous section efficiently. We start with
the DGP with truly separable kernels in Section 7.4.1, and show in Section 7.4.2
that separable kernels can be used to approximate the problem from Section 7.2.1.

7.4.1 DGP with Separable Kernels

To illustrate the reduced computational cost that follows from the separability of
the kernels Kf , Qf , and Qv, consider the following lemmas.

Lemma 7.4. Suppose that

Kf (x, x
′) = Ǔ⊤(x) Λ Ǔ(x′),

Qf (x, x
′) = Ǔ⊤(x) Λf Ǔ(x′),

Qv(x, x
′) = Ǔ⊤(x) Λv Ǔ(x′)

(7.23)
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with Λ ∈ R
DM×DM , Λf ,Λv ∈ S

DM
+ and

U(x) := [u1(x), u2(x), . . . , uM (x)]⊤

a vector of basis functions in which ui : X → R, for i ∈ {1, 2, . . . ,M}. Define the

transition matrix, observation matrix, and measurement noise covariance

AM := Λ (ID ⊗ ΛU ) ∈ R
DM×DM ,

Ct := Φt Ǔ(Xt) ∈ R
p×DM ,

Wt := Qw(Xt, Xt) ∈ R
p×p,

(7.24)

where Ǔ(Xt) := ID⊗U(Xt) ∈ R
Dp×DM denotes the block-diagonal basis evaluation

at the observation locations Xt and ΛU :=
∫
X
U(x)U⊤(x) dν(x) ∈ R

M×M is the

Gram matrix of the basis. Then the update step in (7.21) reduces to

ĉt|t(x, x
′) = Ǔ⊤(x)Ψt|t Ǔ(x′) (7.25)

with

Ψt|t := Ψt|t−1 − Γt CtΨt|t−1

in which Ψ0|−1 = Λf , and

Γt := Ψt|t−1 C
⊤
t

[
CtΨt|t−1 C

⊤
t +Wt

]−1
.

Additionally, the prediction step in (7.22) is reduced to

ĉt+1|t(x, x
′) = Ǔ⊤(x)Ψt+1|t Ǔ(x′) (7.26)

with

Ψt+1|t := AM Ψt|tA
⊤
M + Λv.

Proof. Initialize ĉ0|−1(x, x
′) = Ǔ⊤(x)Ψ0|−1 Ǔ(x

′) with Ψ0|−1 = Λf , then substi-
tute (7.23) into (7.21) and (7.22). The key identity is Ǔ(s) Ǔ⊤(s) = ID⊗U(s)U⊤(s),
which after integration yields ID ⊗ ΛU .

Remark 7.5. Note that Qw does not need to be approximated, as the measurement

noise function wt(x) is always evaluated for a finite set of spatial locations Xt when

taking observations according to (7.9).

Under assumption (7.23), the covariance estimate is closed under both the
update and the prediction steps. However, the mean estimate computation still
scales poorly as the time index t increases. Efficient implementation of the mean
estimate is enabled by the following lemma.
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Lemma 7.6. If (7.23) holds and additionally

f̄0(x) = Ǔ⊤(x) z̄, (7.27)

with z̄ ∈ R
DM and U(x) the same vector of functions as in (7.23), then the update

of the mean estimate reduces to

f̂ t|t(x) = Ǔ⊤(x) zt|t, (7.28)

with

zt|t := zt|t−1 + Γt(Yt − Ct zt|t−1).

Additionally, the prediction step in (7.22) is reduced to

f̂ t+1|t(x) = Ǔ⊤(x) zt+1|t, (7.29)

with

zt+1|t = AM zt|t.

Proof. Substitute (7.27) into (7.21) and (7.22).

Note the similarity of the expressions in Lemma 7.6 to the standard KF. With
Lemma 7.4 and Lemma 7.6, the DGP can be interpreted as a Kalman filter where
the state vector zt ∈ R

DM represents the coefficients of the function estimate
projected onto the basis U . The matrices AM , Ct, Λv, and Wt correspond directly
to A, Ct, V , and Wt from Section 7.2.4. Each step costs O((DM)3), set by the
basis size M rather than the spatial resolution or the length of the data record.

If both lemmas apply, the problem presented in Section 7.2 can be exactly
estimated using the equations presented in this section. For the more general case,
where (7.1) does not satisfy the lemmas, the problem can be approximated using
the basis function methods detailed next.

7.4.2 Approximate DGP

In general, the function ft does not lie exactly in span{u1, . . . , uM}. To handle
this case, we define the coefficient representation of an arbitrary ft ∈ L2(X ;RD)
as the vector zt ∈ R

DM satisfying Ǔ⊤(x)zt = (πMft)(x), where πM denotes the
orthogonal projection onto span{u1, . . . , uM}. This generalizes the coefficient vector
from Lemma 7.6, where ft was assumed to lie exactly in the span of U .

The kernel functions Kf , Qf , Qv, and the prior mean f̄0 can be approximated
in the separable form (7.23)–(7.27) by L2-projection onto the basis U . This
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approximation relates to reduced-order Kalman filtering [191], but with an infinite-
dimensional full model. The resulting coefficient vector for the prior mean is

z̄∗ = (ID ⊗ Λ−1
U )

∫

X

Ǔ(x) f̄0(x) dν(x), (7.30)

and the DM×DM coefficient matrix for a matrix-valued kernel K ∈ {Kf , Qf , Qv}
is

Λ∗
K = (ID ⊗ Λ−1

U ) JK (ID ⊗ Λ−1
U ), (7.31)

where

JK :=

∫

X

∫

X

Ǔ(x)K(x, x′) Ǔ⊤(x′) dν(x) dν(x′).

For a separable kernel, Λ∗
K recovers its exact coefficient matrix, so the projections

Λ∗
Kf
,Λ∗

Qf
,Λ∗

Qv
generalize the exact Λ,Λf ,Λv of Lemma 7.4. In practice, the

required integrals can be computed approximately using Riemann sums, which
only requires pointwise evaluations of Kf , Qf , Qv, f̄0.

For the minimizer to be unique, the basis functions must be linearly independent.
If additionally the basis is orthonormal, i.e., ⟨ui, uj⟩ :=

∫
X
ui(x)uj(x) dν(x) = δij ,

then ΛU = IM and the projection decouples into independent scalar minimizations.
Common choices for U are the Fourier basis, piecewise-constant (bin) functions,

radial basis functions, and hat functions. The approximation error introduced by
the projection can be made arbitrarily small by increasing M , under mild conditions
on the basis functions and the kernels. This is further analyzed in Section 7.5.

7.4.3 Connection to Existing Frameworks

The approximate DGP presented in this section is closely related to the work
of [176], who also project the IDE estimation problem onto a set of basis functions.
In that work, the basis U is required to be orthonormal, the initial condition f0 is
assumed to lie within the span of U , and the evolution kernel Kf is assumed to have
the separable structure Kf (x, x

′) = Ũ⊤(x)U(x′) for some unknown function vector
Ũ(x). The observations Yt are assumed to occur at the same spatial locations
at every time step, with the number of measurement locations satisfying p ≥M .
Under these assumptions, the coefficient dynamics reduce to a finite-dimensional
state-space model that can be estimated using a standard Kalman filter. In contrast,
the approximate DGP imposes none of these restrictions: the basis U need not
be orthonormal, the spatial locations Xt may vary in time, and p may be smaller
than M . The key reason is that the approximate DGP is derived from the exact
DGP by projecting the posterior onto the basis, rather than by directly assuming
a finite-dimensional model.
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The approximate DGP also shares structural similarities with the Kriged
Kalman Filter (KKF) [187]. In the KKF, a spatio-temporal field is decomposed
into basis function coefficients that evolve with linear dynamics, and a spatially
correlated residual that is estimated via kriging. Both the approximate DGP and
the KKF propagate a finite-dimensional state vector zt ∈ R

DM with a transition
matrix and apply Kalman filter updates. However, the KKF transition matrix is
specified directly, without connection to an evolution kernel Kf or to an underlying
exact infinite-dimensional estimation problem. In the DGP, the transition matrix
AM = Λ (ID ⊗ ΛU ) is derived from the evolution kernel through the L2-projection,
which provides a principled link between the finite-dimensional approximation and
the exact problem.

A related line of work reaches similar Kalman recursions from the opposite
starting point. Infinite-dimensional Bayesian filtering [181, 184] and efficient
spatio-temporal Gaussian regression [182, 183] begin from a separable space-time
covariance with a rational temporal spectrum, then recover a temporal state-space
model by factorizing that covariance. In these frameworks the covariance is the
modeling primitive and the dynamics follow from it. The DGP is specified in the
reverse direction: the evolution operator K is the primitive, taken from the IDE or
from the Green’s function of a PDE, and the covariance of ft follows from K and
the disturbance covariance Qv. A model given through K therefore need not have a
stationary or rational-spectrum temporal covariance, as the heat and wave kernels
of Section 7.6 show. The reduced DGP shares the separable-kernel structure (7.23)
of these frameworks, so the difference lies in this dynamics-first starting point.

A further distinction is that the IDE model in (7.1) supports vector-valued
states (D > 1), which enables the treatment of higher-order PDEs through state
augmentation as described in Section 7.2.1. The DGP estimator inherits this
generality, while the frameworks of [176, 181, 182, 186, 187] are formulated for
scalar fields. In all of these frameworks, including the approximate DGP, the
coefficient recursion is a standard reduced-rank Kalman filter. What distinguishes
the present analysis is that it quantifies the error this reduction induces relative to
the exact infinite-dimensional posterior, which is the subject of Section 7.5.

7.5 Stability and Approximation Error

The approximate DGP from Section 7.4.2 replaces the infinite-dimensional esti-
mation problem with a Kalman filter on the coefficient vector zt ∈ R

DM , with
transition matrix AM , observation matrix Ct, and noise covariance Wt as defined
in (7.24). For the steady-state analysis in this section, we assume stationary mea-
surement locations Xt = X for all t, so that Ct = C and Wt =W . This assumption
is standard in Kalman filter convergence theory [192, Chapter 4] and simplifies the
notation, though the pointwise-in-time error identity derived below holds without
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it.
The analytical challenge is that the filter operates on a finite-dimensional

subspace while the true state lives in L2(X ;RD). When ft does not lie in
span{u1, . . . , uM}, the evolution kernel and the point measurements couple the
modeled and unmodeled components, producing leakage in both the coefficient
dynamics and the observations that the filter ignores. The filter covariance Ψt|t

consequently underestimates the true posterior uncertainty. This overconfidence,
and the leakage from unresolved scales that drives it, are well documented in
reduced-order and ensemble data assimilation, where they are handled through
covariance inflation or consider-state corrections [193]. The contribution of this
section is to characterize them exactly in the infinite-dimensional setting. We
derive an exact decomposition of the functional estimation error that separates the
noise-induced and truncation-induced contributions, and show that the approxima-
tion error vanishes as M → ∞ at a rate set by the kernel’s smoothness, so that
the reduced posterior recovers the exact infinite-dimensional one.

7.5.1 Stability of the Estimation Loop

If the evolution kernel Kf is square-integrable, then K is a Hilbert–Schmidt operator
and therefore compact [194]. Its spectrum consists of at most a countable set of
eigenvalues with the only accumulation point at zero [195, Theorem 3.9].

Definition 7.7. The state dynamics (7.1) are called stable if the spectral radius
of the integral operator satisfies ρ(K) := sup{|λ| : λ ∈ σ(K)} < 1.

Let πM : L2(X ) → span{u1, . . . , uM} denote the orthogonal projection and
KM := πMK πM the projected operator, whose matrix representation is AM . The
following convergence result is a classical consequence of Galerkin approximation
theory for compact operators.

Proposition 7.8 (Galerkin convergence, [195, Chapters 10 and 13]). If the basis

{um}∞m=1 is complete in L2(X ), then ∥K − KM∥ → 0 as M → ∞. In particular,

ρ(K) < 1 implies ρ(AM ) < 1 for all sufficiently large M .

Compactness of K is what makes this convergence uniform rather than pointwise
in f , so that the truncation error is controlled for every field the model can produce,
and not for one field at a time. The completeness requirement is satisfied by
standard choices such as the Fourier basis and piecewise-constant (bin) functions.

By standard Kalman filter theory [192, Section 4.4], under detectability of
(AM , C) and stabilizability of (AM ,Λ

1/2
v ), the filter covariance Ψt|t from Lemma 7.4

converges to a unique positive semi-definite limit Ψ∞ := limt→∞ Ψt|t. When ft lies
exactly in span{u1, . . . , uM} for all t, the filter covariance Ψt|t equals the true error
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covariance E[ete
⊤
t ], and the filter is the exact MMSE estimator. Let Γ∞ denote

the corresponding steady-state Kalman gain and define

AΓ := AM − Γ∞C. (7.32)

The closed-loop matrix AΓ is Schur stable, that is, ρ(AΓ) < 1. This holds regardless
of ρ(K). The DGP filter stably estimates functions with unstable dynamics,
provided the system is detectable from the available measurement locations.

7.5.2 Steady-State Estimation Error for Finite M

In general, the function ft does not lie exactly in span{u1, . . . , uM}, so the basis
approximation introduces an additional error on top of the noise-induced estimation
error. To quantify this effect, let π⊥

M := I − πM and note that the filter estimates
only the in-subspace component f̂t|t(x) = Ǔ⊤(x) ẑt|t. The true pointwise error
therefore decomposes as

ft(x)− f̂t|t(x) = Ǔ⊤(x) et + (π⊥
Mft)(x), (7.33)

where zt is the coefficient representation of πMft as defined in Section 7.4.2, and
et := zt− ẑt|t ∈ R

DM denotes the in-subspace estimation error, i.e., the discrepancy
between the true projection coefficients and the filter’s estimate. The second
term (π⊥

Mft)(x) is the out-of-subspace residual that no finite-dimensional filter can
correct.

Projecting the true dynamics ft = Kft−1 + vt onto the basis yields

zt = AMzt−1 + πMK π⊥
Mft−1 + vMt , (7.34)

with vMt of covariance Λv. The term πMK π⊥
Mft−1 feeds the unmodeled field

π⊥
Mft−1 into the coefficients through the evolution kernel. The measurements

do the same: evaluating the true function at the observation locations gives
Yt = C zt + Φ(π⊥

Mft)(X) + wt, so the residual is observed together with the
coefficients. The filter ignores both couplings. The filter update for the coefficient
vector, from Lemma 7.6 with the steady-state gain Γ∞, is

ẑt|t = ẑt|t−1 + Γ∞(Yt − C ẑt|t−1), ẑt+1|t = AM ẑt|t. (7.35)

Subtracting the filter update (7.35) from (7.34) gives the coefficient-error dynamics

et = AΓ et−1+ℓt−Γ∞wt+v
M
t , ℓt := πMK π⊥

Mft−1−Γ∞Φ (π⊥
Mft−1)(X).

(7.36)

Here ℓt is the leakage that the filter ignores, gathering the unmodeled field as
it enters through the evolution and through the measurements. Both terms are
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functions of π⊥
Mft−1, whose second moments may or may not converge depending

on the state dynamics. The following two results formalize this.

Proposition 7.9. If the state dynamics are stable in the sense of Definition 7.7

and the filter is stable (ρ(AΓ) < 1), then ft and et have bounded second moments,

and the following limits exist:

ΩM := lim
t→∞

E[ℓtℓ
⊤
t ] ⪰ 0, (7.37)

ΞM := lim
t→∞

E[et−1 ℓ
⊤
t ]. (7.38)

The cross-covariance ΞM is in general nonzero because et−1 and ℓt both depend on

ft−1.

Proof. Stability of the state dynamics (ρ(K) < 1) ensures that ft converges to a
stationary distribution. This distribution is the discrete-time counterpart of the
invariant measure of a linear stochastic evolution equation with additive noise [196,
Section 11.3]. Since ℓt is a bounded linear transformation of ft−1, its second
moment is bounded by a multiple of E[∥ft−1∥2], so ΩM inherits the convergence of
ft. The error et is driven by ℓt, wt, and vMt through the stable recursion (7.36),
so its second moments also converge, and convergence of ΞM follows from the
Cauchy–Schwarz inequality.

Proposition 7.10. Let (AM , C) be detectable and (AM ,Λ
1/2
v ) stabilizable, so that

ρ(AΓ) < 1, and suppose ΩM and ΞM defined in (7.37)–(7.38) are finite. Then the

true steady-state in-subspace error covariance P∞ := limt→∞ E[ete
⊤
t ] satisfies the

modified discrete Lyapunov equation

P∞ = AΓ P∞A⊤
Γ + Γ∞WΓ⊤

∞ + Λv +ΩM +AΓ ΞM + Ξ⊤
MA

⊤
Γ . (7.39)

The steady-state filter covariance Ψ∞ satisfies

Ψ∞ = AΓ Ψ∞A⊤
Γ + Γ∞WΓ⊤

∞ + Λv, (7.40)

which is (7.39) without the leakage terms ΩM and ΞM .

Proof. Recall the error dynamics (7.36): et = AΓ et−1 + ℓt − Γ∞wt + vMt . Taking
the steady-state second moment and expanding yields

P∞ = AΓ P∞A⊤
Γ + E[ℓtℓ

⊤
t ] + Γ∞WΓ⊤

∞ + Λv +AΓ E[et−1 ℓ
⊤
t ] + E[ℓt e

⊤
t−1]A

⊤
Γ ,

where wt and vMt are independent of (et−1, ℓt) because ℓt depends only on ft−1.
Identifying ΩM = E[ℓtℓ

⊤
t ] and ΞM = E[et−1 ℓ

⊤
t ] from Proposition 7.9 gives (7.39).

The filter’s Lyapunov equation (7.40) follows because the filter assumes ℓt ≡ 0,
which eliminates ΩM and ΞM . Proposition 7.9 gives sufficient conditions for these
to be finite, though Proposition 7.10 itself does not require ρ(K) < 1.
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Corollary 7.11. Suppose ρ(K) < 1. The field ft then has a unique stationary

covariance operator Σf , given by the solution of the operator Lyapunov equation

Σf = KΣf K∗ +Qv, (7.41)

with Qv the covariance operator of vt. The leakage terms ΩM and ΞM of Proposi-

tion 7.10, and hence P∞, are determined by Σf . In particular, P∞ follows from

the stationary covariance of the joint linear-Gaussian system formed by the filter

and the basis coefficients of the field, computed by a finite-dimensional discrete

Lyapunov equation and without Monte Carlo simulation.

Proof. By Proposition 7.10, P∞ solves the modified Lyapunov equation (7.39),
whose terms ΩM and ΞM are second moments of the leakage ℓt, a bounded linear
map of π⊥

Mft−1. For ρ(K) < 1 the field is stationary and its covariance operator
solves (7.41) [196, Section 11.3]. Expanding the field in the basis and stacking its
coefficients with the filter estimate gives a joint linear-Gaussian system driven by
white noise. Its stationary covariance solves a discrete Lyapunov equation, from
which P∞, the covariance of et = zt − ẑt|t, is obtained by a linear map.

The reduced filter reports Ψ∞, whereas P∞ from (7.39) is available from the
model before any data are collected. Reporting P∞ in place of Ψ∞ removes the
overconfidence exactly.

Remark 7.12. The leakage ℓt has two parts: an evolution part πMKπ⊥
Mft−1, and

a measurement part from sampling π⊥
Mft−1 at the observation locations. When

the basis functions are eigenfunctions of K, the operator maps the resolved and

unresolved subspaces separately, so πMKπ⊥
M = 0 and the evolution part vanishes.

The Fourier basis does this for translation-invariant kernels [197]. Even then the

approximation is inexact, because the disturbance excites the unresolved modes and

the sensors sample them, so the measurement part and the out-of-subspace residual

persist.

The quantities P∞ and Ψ∞ characterize the in-subspace error et as a matrix in
R
DM×DM . In practice, the quantity of interest is the functional estimation error
∥ft − f̂t|t∥L2

. The following result connects the two.

Proposition 7.13. For all t ≥ 0,

E

[
∥ft − f̂t|t∥2L2

]
= tr

(
(ID ⊗ ΛU )E[et e

⊤
t ]
)
+ E

[
∥π⊥

Mft∥2L2

]
, (7.42)

with ΛU the Gram matrix of the basis defined in (7.24). In particular, as t→∞
under the conditions of Proposition 7.10,

lim
t→∞

E

[
∥ft − f̂t|t∥2L2

]
= tr((ID ⊗ ΛU )P∞) + lim

t→∞
E
[
∥π⊥

Mft∥2L2

]
. (7.43)
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Proof. By (7.33), the error decomposes as ft(x)− f̂t|t(x) = Ǔ⊤(x) et + (π⊥
Mft)(x).

The first term lies in span{u1, . . . , uM}D and the second in its orthogonal com-
plement, so ⟨Ǔ⊤(·) et, π⊥

Mft⟩L2
= 0 for every realization. By the Pythagorean

theorem,

∥ft − f̂t|t∥2L2
= ∥Ǔ⊤(·) et∥2L2

+ ∥π⊥
Mft∥2L2

.

Computing the first term:

∥Ǔ⊤(·) et∥2L2
= e⊤t

(∫

X

Ǔ(x) Ǔ⊤(x) dν(x)

)
et

= e⊤t (ID ⊗ ΛU ) et.

Taking expectations and using E[e⊤t Aet] = tr(AE[et e
⊤
t ]) gives (7.42).

The first term in (7.42) is the in-subspace estimation error, weighted by the
Gram matrix of the basis functions. The second term is the out-of-subspace residual
that no finite-dimensional filter can correct. For an orthonormal basis (ΛU = IM ),
the first term reduces to tr(E[et e

⊤
t ]).

The filter reports Ψt|t as its error covariance, but this differs from E[et e
⊤
t ]

when the basis projection is inexact. The following proposition quantifies the gap
between P∞ and Ψ∞.

Proposition 7.14. Let (AM , C) be detectable and (AM ,Λ
1/2
v ) stabilizable, and

suppose ΩM and ΞM exist. Then P∞−Ψ∞ satisfies the discrete Lyapunov equation

P∞ −Ψ∞ = AΓ(P∞ −Ψ∞)A⊤
Γ +ΩM +AΓ ΞM + Ξ⊤

MA
⊤
Γ . (7.44)

In particular, P∞ ⪰ Ψ∞ whenever ΩM +AΓ ΞM +Ξ⊤
MA

⊤
Γ ⪰ 0, and the gap satisfies

∥P∞ −Ψ∞∥ ≤
c2Γ ∥ΩM +AΓ ΞM + Ξ⊤

MA
⊤
Γ ∥

1− β2
, (7.45)

in which β ∈ (ρ(AΓ), 1) and cΓ ≥ 1 are constants for which ∥AkΓ∥ ≤ cΓ βk holds for

all k.

Proof. Subtracting the Lyapunov equations for Ψ∞ and P∞ gives (7.44). Iterating
yields the explicit solution P∞−Ψ∞ =

∑∞
k=0A

k
Γ (ΩM +AΓ ΞM +Ξ⊤

MA
⊤
Γ ) (A

⊤
Γ )
k. If

the driving term is positive semidefinite, every summand is positive semidefinite, so
P∞ ⪰ Ψ∞. Since AΓ is Schur stable, constants cΓ and β with the stated property
exist, and taking norms and summing the geometric series gives the bound.
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This result generalizes the reduced-order Kalman filter analysis of [191] and [177]
to the setting where the full model is infinite-dimensional rather than a finite-
dimensional truncation. An optimal reduced-order filter in the sense of [198] would
additionally account for ΩM and ΞM in the gain computation. In the exact DGP
case, π⊥

Mft ≡ 0 for all t, so ΩM = ΞM = 0 and P∞ = Ψ∞.
Combining Propositions 7.13 and 7.14 gives a three-way decomposition of the

steady-state functional error:

lim
t→∞

E

[
∥ft − f̂t|t∥2L2

]
= tr((ID ⊗ ΛU )Ψ∞)︸ ︷︷ ︸

noise-limited error

+tr((ID ⊗ ΛU )(P∞ −Ψ∞))︸ ︷︷ ︸
leakage-induced gap

+ lim
t→∞

E
[
∥π⊥

Mft∥2L2

]

︸ ︷︷ ︸
out-of-subspace residual

.

(7.46)

The first term can be computed directly from the filter output. The second is the
in-subspace error from the filter ignoring the leakage ℓt, nonnegative whenever the
condition in Proposition 7.14 holds, and the third is always nonnegative.

7.5.3 Convergence as M →∞
As the number of basis functions grows, all sources of approximation error vanish,
and the approximate DGP recovers the exact infinite-dimensional estimator.

Proposition 7.15. Under the conditions of Propositions 7.8 and 7.14, and as-

suming that the basis {um}∞m=1 is complete in L2(X ), the following limits hold as

M →∞:

1. ΩM → 0, ΞM → 0, and ∥P∞−Ψ∞∥ → 0, so that the overconfidence vanishes.

2. ∥π⊥
Mft∥L2

→ 0 for all t, so that the out-of-subspace residual vanishes.

3. The filter covariance Ψ∞ converges to the steady-state posterior covariance

of the exact infinite-dimensional DGP.

4. Hence, by items 1–3, the steady-state functional error (7.46) converges to

that of the exact infinite-dimensional DGP.

Proof. The first limit follows from Proposition 7.8 and completeness of the basis:
both parts of the leakage vanish, since ∥πMK π⊥

M∥ → 0 and ∥π⊥
Mft∥L2

→ 0, so
that ΩM → 0 and ΞM → 0. Combined with the bound in (7.45), this gives
∥P∞ −Ψ∞∥ → 0. The second limit follows from completeness of the basis. The
third limit follows from the convergence of Galerkin approximations of operator
Riccati equations [199, 200]. The fourth limit follows from Proposition 7.13 and
items 1–3.
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Convergence of such finite-dimensional approximations to the optimal infinite-
dimensional filter is classical [199, 200]. The rate below instead governs the
overconfidence of the reduced-rank filter, and is set by how fast the field can be
represented in the basis.

Proposition 7.16. Let rM := limt→∞ E[∥π⊥
Mft∥2L2

] be the steady-state out-of-

subspace variance. Under the conditions of Proposition 7.14 and for a uniformly

bounded basis, there is a constant c independent of M with

∥P∞ −Ψ∞∥ ≤ c
√
rM . (7.47)

The overconfidence gap and the out-of-subspace residual therefore vanish at the

rates
√
rM and rM .

Proof. The leakage ℓt is a bounded linear map of π⊥
Mft−1, so ∥ΩM∥ ≤ trΩM ≤

c1rM , with c1 finite for a uniformly bounded basis. The recursion (7.36) is stable
and driven by inputs whose second moments are bounded uniformly in M , so
trP∞ is bounded uniformly as well, and the Cauchy–Schwarz inequality gives
∥ΞM∥ ≤ (trP∞ trΩM )1/2 ≤ c2

√
rM . The driving term of (7.44) then satisfies

∥ΩM +AΓΞM + Ξ⊤
MA

⊤
Γ ∥ ≤ c1rM + 2∥AΓ∥c2

√
rM , and (7.45) yields (7.47).

The rate is governed by the decay of rM =
∑
n>M σn, the tail of the field’s modal

variances σn := ⟨un,Σfun⟩. Smoother kernels and disturbances give faster-decaying
modal variances, and hence a faster-vanishing tail: rM decays geometrically when
they are analytic, and as M−2s/d under Sobolev smoothness s on a d-dimensional
domain [197]. Section 7.6.1 illustrates the analytic case.

7.6 Numerical Examples

This section presents two numerical examples that demonstrate the DGP esti-
mator and its separable kernel approximation from Section 7.4, as well as the
approximation-induced error from Section 7.5. The heat equation example illus-
trates the approximation error and its convergence as M grows. The wave equation
conserves energy and is only marginally stable, so it demonstrates the vector-valued
extension to a second-order-in-time PDE rather than the steady-state analysis.
Each example begins with the derivation of the evolution kernel from the underlying
PDE, following the connection described in Section 7.2.1.

7.6.1 Example 1: Heat Equation

Consider the one-dimensional heat equation on X = R,

∂f

∂τ
(x, τ) = α

∂2f

∂x2
(x, τ), (7.48)
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in which α > 0 is the thermal diffusivity. The Green’s function of (7.48) on R

is [190, Section 2.3.1]

G(x, s, τ) =
1√
4πατ

exp

(
− (x− s)2

4ατ

)
, (7.49)

which maps the initial condition at location s to the solution at location x after
time τ .

Evolution Kernel

Defining ft(x) := f(x, t∆) for t ∈ N and setting τ = ∆ in (7.49) gives the evolution
kernel

kf (x, s) =
1√

4πα∆
exp

(
− (x− s)2

4α∆

)
, (7.50)

which is a squared exponential kernel with length scale σk =
√
2α∆ and amplitude

ak = (2πσ2
k)

−1/2. This is a scalar (D = 1) problem, so Kf reduces to a scalar-valued
kernel.

Setup

Consider the heat equation on the bounded domain X = [−1, 1] with evolution
kernel (7.50). On a bounded domain, the system is naturally strictly stable in the
sense of Definition 7.7, since heat that diffuses past the domain boundary is lost.

To assess the estimation accuracy, a ground truth model is generated using 625
discretized basis functions, while the approximate DGP uses up to 50 Fourier bases.
The initial condition covariance, process noise covariance, and measurement noise
covariance are

Qf (x, x
′) = af exp

(
− (x− x′)2

2σ2
f

)
, Qv(x, x

′) = av exp

(
− (x− x′)2

2σ2
v

)
,

Qw(x, x
′) = σ2

w δ(x− x′),

with af = 0.1, σf = 0.3, av = 0.1, σ2
v = 0.1, and σ2

w = 0.1. The initial condition
covariance Qf ensures that f0 smoothly deviates from its mean. The measurement
noise Qw is spatially white. The initial mean function is

f̄0(x) =

{
10 |x| < 0.05,

0 otherwise,

which simulates an impulse-like function at the center of the domain. Observations
are taken at p = 4 fixed locations, spread evenly over X . Errors are reported in
the Euclidean norm on the simulation grid, which is proportional to the L2 norm.
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(a) Ground truth (b) DGP estimate

Figure 7.1. Heat equation example. The ground truth ft(x) in (a) is shown
with the fixed observation locations ( ), and the DGP estimate f̂t|t(x) in (b) uses
M = 31 Fourier basis functions. Each line represents one discrete time step; line
color indicates the time index.

Figure 7.1 shows the ground truth and the DGP estimate side by side. The
smoothing of the function as the time index t increases is characteristic of the heat
equation: the initial impulse diffuses and spreads over the spatial domain. The
effect of the process disturbances vt is visible in the ground truth, for instance near
x = −0.5 at time step t = 3. The DGP estimate tracks the evolving function well
despite these disturbances. At t = 0, however, a noticeable approximation error
is visible: the discontinuous initial condition f̄0 cannot be exactly represented by
a finite number of smooth Fourier basis functions, and the resulting overshoot is
a manifestation of the Gibbs phenomenon. Because the heat kernel smooths the
function over time, this representation error vanishes quickly as the ground truth
becomes increasingly well-suited to the Fourier basis.

Figure 7.2 shows the 2-norm of the estimation error for different numbers of basis
functions M . Increasing M reduces the estimation error with diminishing returns,
which is consistent with Proposition 7.15: as M increases, the leakage-induced gap
and the out-of-subspace residual in (7.46) decrease toward zero, leaving only the
irreducible noise-limited error. The heat kernel (7.50) is a squared-exponential and
therefore analytic, so its modal variances decay geometrically. By Proposition 7.16
the approximation error then decays geometrically as well, the fast, diminishing-
returns convergence seen here. The error also decreases over time for all choices of
M , which can be explained by the smoothing effect of the heat kernel: as the true
function evolves, it becomes easier to represent in the Fourier basis. This effect is
least visible for M = 50, which can already represent non-smooth functions such
as the initial impulse. The steady-state error in Figure 7.2(b) shows the filter’s
reported error lying below the actual error, the overconfidence of Proposition 7.14,
with the gap closing as M grows. The exact error covariance of Corollary 7.11
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Time step t

101f t
f t|t
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M

M

(a) True estimation error (b) t→∞ error

Figure 7.2. Convergence for the heat equation example. The 2-norm of the
estimation error ∥ft − f̂t|t∥2 over time steps t is shown in (a), for M = 2 ( ),
M = 4 ( ), M = 10 ( ), and M = 50 ( ) Fourier bases. Lines show
the mean over 500 Monte Carlo runs. Shaded regions in the matching color
indicate ±1 standard deviation. The root-mean-square steady-state estimation
error

(
E[∥f∞− f̂∞|∞∥22]

)1/2
in (b) is given as a function of M ( ), with markers

at M ∈ {2, 4, 10, 50} using the same colors and markers throughout. The dotted
black line ( ) is the filter’s reported error, the square root of the noise-limited
term of (7.46). It lies below the actual error, confirming the overconfidence of
Proposition 7.14, and the gap closes as M grows. The dashed gray line ( ),
labeled M →∞, indicates the full-order limit.

corrects this optimistic value.

7.6.2 Example 2: Wave Equation

Consider the one-dimensional wave equation on X = R,

∂2φ

∂τ2
(x, τ) = c2

∂2φ

∂x2
(x, τ), (7.51)

in which c > 0 is the wave propagation speed. The wave equation is second-
order in time, and its solution depends on two initial conditions: the initial
position φ(x, 0) = φ0(x) and the initial velocity ψ(x, 0) := ∂φ

∂τ (x, 0) = ψ0(x). By
D’Alembert’s formula, the solution is

φ(x, τ) =
1

2
[φ0(x− cτ) + φ0(x+ cτ)] +

1

2c

∫ x+cτ

x−cτ

ψ0(s) ds. (7.52)
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Evolution Kernels

Because the wave equation is second-order in time, we define φt(x) := φ(x, t∆) and
ψt(x) :=

∂φ
∂τ (x, t∆) for t ∈ N, and set ft(x) := [φt(x), ψt(x)]

⊤ ∈ R
2. Substituting

the state at discrete time t as the initial condition and evaluating D’Alembert’s
formula (7.52) at τ = ∆ gives the position update

φt+1(x) =
1

2
[φt(x− c∆) + φt(x+ c∆)] +

1

2c

∫ x+c∆

x−c∆

ψt(s) ds. (7.53)

The velocity update is obtained by differentiating (7.52) with respect to time.
By the chain rule, ∂

∂τ φt(x± cτ)
∣∣
τ=∆

produces a factor ±c and converts the time
derivative into a spatial derivative φ′

t, giving

ψt+1(x) =
c

2
[φ′
t(x+ c∆)− φ′

t(x− c∆)] +
1

2
[ψt(x− c∆) + ψt(x+ c∆)] ,

(7.54)

where φ′
t(·) := d

d(·)φt(·) denotes the spatial derivative.
Following (7.5), the evolution kernels are identified by rewriting (7.53)–(7.54)

as integrals against the state. From (7.53), the shifted evaluations of φt and the
integral over ψt give

kφφ(x, s) =
1
2 [δ(x−s−c∆) + δ(x−s+c∆)] ,

kφψ(x, s) =
1
2c 1[x−c∆, x+c∆](s),

(7.55)

where 1[a,b](s) denotes the indicator function on [a, b]. From (7.54), the spatial
derivatives of φt yield

kψφ(x, s) =
c
2 [δ

′(x−s+c∆)− δ′(x−s−c∆)] ,

kψψ(x, s) = kφφ(x, s),
(7.56)

where δ′ denotes the distributional derivative of the Dirac delta. The symmetry
kψψ = kφφ is a direct consequence of D’Alembert’s formula. With these kernels,
the updates (7.53)–(7.54) take the form of a coupled IDE:

[
φt+1(x)

ψt+1(x)

]

︸ ︷︷ ︸
ft+1(x)

=

∫

X

[
kφφ(x, s) kφψ(x, s)

kψφ(x, s) kψψ(x, s)

]

︸ ︷︷ ︸
Kf (x,s)∈R2×2

[
φt(s)

ψt(s)

]

︸ ︷︷ ︸
ft(s)

ds, (7.57)

which is an instance of (7.1) with D = 2. Because the kernels in (7.55)–(7.56)
are distributions rather than ordinary functions, they are replaced by Gaussian
approximations with smoothing parameter ϵ > 0 for the numerical implementation.
The wave equation conserves energy, so ρ(K) = 1 and the steady-state results of
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Propositions 7.9–7.15 do not formally apply. However, the closed-loop matrix AΓ

from (7.32) is Schur stable under detectability of (AM , C), whether or not the
open-loop system is stable, so the filter can track a bounded signal even when
the open-loop dynamics are marginally stable. In the disturbance-free setting
below, the ground truth is the bounded analytical solution, and the estimation
error remains bounded because the filter stably incorporates new observations at
each time step.

Setup

The example is evaluated on the bounded domain x ∈ [−10, 10] with wave speed
c = 2 and time step ∆ = 0.2. The state is ft(x) = [φt(x), ψt(x)]

⊤, where φt is
the position function and ψt is the velocity function. The distributional evolution
kernels are replaced by Gaussian approximations with smoothing parameter ϵ = h,
where h > 0 is the spatial grid spacing. As ϵ→ 0, these smoothed kernels converge
to the exact distributional kernels.

The ground truth is the analytical D’Alembert solution φ(x, τ) = 1
2 [φ0(x −

cτ) + φ0(x+ cτ)] with initial position φ0(x) = 10 exp(−x2/2) and initial velocity
ψ0(x) = 0. This produces two counter-propagating Gaussian pulses. Because this
solution is deterministic, there are no process disturbances. The DGP estimator
uses M = 31 Fourier basis functions per state component (so 2M = 62 coefficients
in total) with p = 3 randomly placed measurements of φt at each time step and
measurement noise variance σ2

w = 10−5. The prior mean is set to zero, so that the
estimator must discover the propagating wavefronts entirely from the observations.

Unlike the heat equation, which diffuses energy over the domain, the wave
equation preserves the shape of propagating wavefronts. This makes the estimation
problem fundamentally different: the evolution kernel is not smoothing, and the
function does not become easier to approximate over time.

Figure 7.3 shows the ground truth and the DGP estimate for the wave equation.
The two counter-propagating pulses are clearly visible in the analytical solution.
Despite starting from a zero prior mean and receiving only p = 3 noisy measurements
per time step, the DGP estimator recovers the shape of both propagating wavefronts
within a few time steps. Because the wave equation does not smooth the solution,
the Fourier basis must resolve the sharp features of the pulse at every time step, in
contrast to the heat equation example where the kernel itself reduces the required
bandwidth over time.

7.7 Conclusions

This chapter presented the Dynamic Gaussian Process (DGP), which unifies Gaus-
sian process regression and Kalman filtering for the estimation of functions governed
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(a) Ground truth (b) DGP estimate

Figure 7.3. Wave equation example. The analytical D’Alembert solution φt(x)
in (a) is shown with observation locations ( ), and the DGP estimate φ̂t|t(x) in (b)

uses M = 31 Fourier bases. Each line represents one discrete time step; line color
indicates the time index.

by integro-difference equations. The stability and approximation error analysis
showed that the functional estimation error decomposes exactly into three dis-
tinct components. Specifically, this error comprises the noise-limited error, the
leakage-induced gap, and the out-of-subspace residual. The leakage-induced gap
and the out-of-subspace residual vanish as M →∞ at a rate set by the smoothness
of the kernel, while the noise-limited error converges to the irreducible posterior
uncertainty of the exact infinite-dimensional DGP. All three terms are computable
from the model, so the reduced filter’s overconfident covariance can be corrected
to the true error without sampling. The heat equation example confirms this
convergence, while the wave equation example demonstrates estimation of a PDE
that is second-order in time, handled through the vector-valued state.

Several directions for future research remain. Extensions to generalize the model
with control inputs or to include nonlinear PDEs are of interest. The posterior
covariance of the DGP can also be used to determine where to place the next
observation, enabling frameworks for sensor scheduling and Bayesian optimization.



8
Data-Efficient Quadratic

Q-Learning Using LMIs

Abstract - Reinforcement learning (RL) has seen significant research and application
results but often requires large amounts of training data. This chapter proposes two
data-efficient off-policy RL methods that use parametrized Q-learning. In these methods,
the Q-function is chosen to be linear in the parameters and quadratic in selected basis
functions in the state and control deviations from a base policy. A cost penalizing the ℓ1-
norm of Bellman errors is minimized. We propose two methods: Linear Matrix Inequality
Q-Learning (LMI-QL) and its iterative variant (LMI-QLi), which solve the resulting
episodic optimization problem through convex optimization. LMI-QL relies on a convex
relaxation that yields a semidefinite programming (SDP) problem with linear matrix
inequalities (LMIs). LMI-QLi entails solving sequential iterations of an SDP problem.
Both methods combine convex optimization with direct Q-function learning to significantly
improve learning speed. A numerical case study demonstrates their advantages over least-
squares policy iteration, a standard parametrized Q-learning method. Code is available
at https://github.com/JvHulst/LMI_Q-Learning.

This chapter is based on van Hulst et al. [201].

https://github.com/JvHulst/LMI_Q-Learning
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8.1 Introduction

Reinforcement learning (RL) has recently received significant attention due to
excellent results in many application domains [202]. The data-driven nature of RL
methods enables learning of high-performing policies, even without explicit models.

Q-learning, a common RL method, estimates the so-called quality of an action-
state pair, representing the expected cumulative reward of choosing an action given
a state. This quality learning uses the temporal difference error to update the
Q-values iteratively and can be performed online or batch-wise. Q-learning in
its most basic form tends to have slow convergence to the optimal policy, due to
having to visit every state and action multiple times. Besides, it often requires
the discretization of uncountable state and control spaces, which scales poorly as
the dimension of the state space increases. To improve convergence speed and
circumvent the curse of dimensionality, one can parameterize the Q-function using
basis functions [203–205].

This chapter aims to accelerate Q-function convergence through convex opti-
mization. Our approach consists of two key assumptions. First, the Q-function
is chosen to be linear in the parameters and quadratic in a set of selected basis
functions in the state, as well as quadratic in the control deviations from a given
base policy, as detailed in Section 8.3. Second, we find the Q-function parameters
by minimizing the ℓ1-norm of the data-based Bellman errors. We propose two
numerical methods to tackle the resulting episodic parameter optimization problem
by solving convex subproblems. The first method reformulates the Bellman error
minimization problem as a semidefinite programming problem by fixing the opti-
mization variables that appear nonlinearly. We can then solve the resulting convex
problem, update the previously fixed variables, and repeat the process iteratively.
The second numerical method that we propose relies on a convex relaxation of the
temporal difference minimization problem in the form of a semidefinite program
including a set of linear matrix inequalities (LMIs). Convex relaxations provide
efficient suboptimal solutions for difficult non-convex optimization problems while
bounding the original cost function.

Even though both methods rely on convex optimization, the resulting solutions
typically differ from the optimal Q-function due to the approximations introduced
by coordinate descent and convex relaxations. Nonetheless, practical results demon-
strate the effectiveness of the proposed approaches. Importantly, the proposed
methods belong to the class of off-policy RL methods, and thus the data used can
be generated in any way. We coin the term linear matrix inequality Q-learning
(LMI-QL) for the convex relaxation method and linear matrix inequality Q-learning
with iterations (LMI-QLi) for the iterative method.

Our proposed methods share similarities with existing approaches like least-
squares temporal difference (LSTD) learning [206], which uses convex least-squares
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optimization to improve data efficiency. Extensions such as recurrent least-squares
temporal difference (RLSTD) offer further improvements. Least squares policy
iteration (LSPI) [207] extends the idea of LSTD to the Q-function. In Lagoudakis
[208], an overview of more least-squares RL methods is presented. Among these,
LSPI performs approximate policy iteration, alternating policy evaluation with
greedy policy improvement. Our methods instead target the optimal Q-function
directly by minimizing the Bellman residual, rather than alternating evaluation
and improvement. Like our methods, fitted Q-iteration learns the Q-function from
a fixed batch of data [209], including the data-efficient neural variant of Riedmiller
[210]. The convex structure we add lets each fit attain its global optimum.

Well-known RL methods like DQN [211], PPO [212], and MPO [213] achieve
strong performance through various other innovations. DQN employs deep networks,
which are extremely flexible but yield slow convergence in large spaces. PPO
and MPO focus on stabilizing parameter updates rather than directly improving
convergence speed. In contrast, our methods use structured parametrizations
and convex optimization to achieve fast learning, particularly in problems where
flexibility is less critical.

Although various results in the literature accelerate Q-learning using parametriza-
tion structures, to the best of the authors’ knowledge, none combine the following
two elements

1. direct learning of the optimal Q-function, rather than evaluating and improv-
ing a sequence of policies;

2. convex optimization, so that every optimization problem we solve attains its
global optimum.

LMI-QL realizes the first element through a single convex program, whereas LMI-
QLi solves a short sequence of convex programs. By combining direct Q-function
learning with convex optimization, LMI-QL(i) learns accurate policies from little
data. A numerical case study demonstrates both methods’ effectiveness, comparing
LMI-QL(i) to LSPI.

This chapter is organized as follows. Section 8.2 presents the problem tackled
in this chapter, as well as provides some preliminaries on parametric Q-function
learning. In Section 8.3, the proposed convex Q-learning methods are presented.
In Section 8.4, we present the results of applying the methods to a nonlinear
pendulum system. Lastly, Section 8.5 gives conclusions and recommendations for
future research.
Notation. Let R = (−∞,∞). Let N = {0, 1, . . .} denote the natural numbers.
The i-th element of a vector x is denoted x[i]. The identity matrix of size n is
denoted by In. A normal distribution with mean vector µ ∈ R

n and covariance
matrix Σ ∈ R

n×n is denoted N (µ,Σ).
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8.2 Problem Formulation

The notation in this section is largely taken from [202]. We consider a generic
infinite-horizon Markov decision process (MDP) with stochastic state transitions.
We denote the system state at discrete-time index k ∈ N by xk ∈ R

nx , and the
system input (or action) by uk ∈ R

nu . The conditioned probability distribution
that defines the state transition is fully characterized by P : Rnx × R

nx × R
nu →

[0,∞) where Prob [xk+1 ∈ A | xk = x, uk = u] =
∫
A
P (x′, x, u)dx′ for A ⊆ R

nx ,
with

∫
Rnx

P (x′, x, u)dx′ = 1, for every x ∈ R
nx , u ∈ R

nu . The reward rk ∈ R

immediately following the state and input at time index k ∈ N is defined as

rk = g(xk, uk) (8.1)

with g : Rnx × R
nu → R the reward function.

The system input is often chosen as a function of the system state according to
a so-called policy. We define a deterministic, time-invariant policy π : Rnx → R

nu

as

uk = π(xk), k ∈ N (8.2)

A trajectory of states and inputs can be constructed, given the state transition
dynamics characterized by P and the policy (8.2). From such a trajectory, we can
obtain the infinite-horizon discounted return, which is given by

Gk =

∞∑

i=0

γirk+i (8.3)

with γ ∈ (0, 1) the discount factor. The central problem in RL is to find a policy
π∗ that maximizes the expected value of the return. This expected value of the
return under a policy π starting at state xk is referred to as the value function of
that policy, i.e.,

V π(xk) := E [Gk | xk, π] . (8.4)

A related notion is the quality function or Q-function, which is defined as

Qπ(xk, uk) := E [g(xk, uk) + γV π(xk+1) | xk, uk, π] . (8.5)

The quality function can play a key role in finding the optimal policy π∗, as

π∗(xk) ∈ argmax
u

Q∗(xk, u), (8.6)

in which Q∗ is the optimal Q-function, defined by

Q∗(xk, u) = max
π

Qπ(xk, u). (8.7)
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In this sense, once the optimal Q-function Q∗ is known, the optimal policy π∗

follows directly via (8.6).
In this chapter, we make use of a parametrized quality function Q̃(xk, uk, θ)

with θ ∈ R
nθ a vector of parameters. The problem formulation is, given a batch of

data D := {X ,U ,R,X+},

X := {x0, x1, . . . , xN},
U := {u0, u1, . . . , uN},
R := {r0, r1, . . . , rN}, and

X+ := {x1, x2, . . . , xN+1},

find the parameters θ that yield Q-function Q̃, which best fits the data (in an
approximated sense) according to the definition of the optimal quality function (8.7).
In this sense, we are minimizing the “distance” between the parametrized Q-function
Q̃ and the optimal Q-function Q∗, given the data. Note that the dataset D should
be sufficiently informative, i.e., persistently exciting (PE) the parametrized quality
function. We will later consider how this is achieved for the specific quality function
structure proposed in this chapter.

8.3 Proposed Method

In this section, the proposed method is presented. We start by formalizing the
problem setup by presenting the proposed cost and Q-function parametrization.
Note that the cost discussed in this section refers to the objective function associated
with the Q-function parameter optimization problem, rather than the MDP reward
function. Afterward, we detail two proposed numerical methods.

8.3.1 Formalization of the Problem Setup

We propose to capture the objective of the previous section in the optimization
problem

min
θ
∥z∥p (8.8)

with z :=
[
z0, z1, . . . , zN

]⊤
, in which

zk := Q̃(xk, uk, θ)−
(
rk + γmax

u
Q̃(xk+1, u, θ)

)
,

for k ∈ {0, 1, . . . , N}. Here, ∥x∥p represents the ℓp-norm of x. The quantity zk is
often referred to as the temporal difference or Bellman residual. This optimization
problem captures the central problem of parametric Q-learning since the Bellman
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residuals are zero for the optimal Q-function. The size of the residual also relates to
the distance to Q∗. For the exact Bellman residual, if supx,u|Q̃(x, u)−(T Q̃)(x, u)| ≤
ϵ with T the Bellman optimality operator, then ∥Q̃ − Q∗∥∞ ≤ ϵ/(1 − γ) [214].
This bound is idealized here, since it assumes a uniform bound over the whole
state-action space, while we minimize the residual only on the finite sample D.
Minimizing the residual directly, as we do here, also avoids the divergence that
semi-gradient temporal-difference methods can exhibit under off-policy data and
function approximation [202, 215]. Note that in LSPI [207], the ℓ2-version of this
problem is considered. In this chapter, we will use the ℓ1-norm (p = 1) or absolute
value norm. This particular choice is made since an absolute value norm cost
admits a (convex) semidefinite programming form, as we will see.

It is assumed we have access to a baseline policy along with an approximation
of its value function. The baseline policy is denoted by π̄ : Rnx → R

nu , while the
corresponding value function is denoted by V π̄ : Rnx → R. We intend to learn the
deviation from this baseline, i.e., ∆ : Rnx → R

nu in

uk = π(xk) = π̄(xk) + ∆(xk). (8.9)

If no base policy is available, we can assume π̄ = V π̄ = 0 and model the full
Q-function with the parametrization that follows.

Given the policy baseline, we propose to parametrize the Q-function as

Q̃(x, u, θ) = V π̄(x) + T +

[
ϕ(x)

u− π̄(x)

]⊤
R−

[
ϕ(x)

u− π̄(x)

]⊤
S

[
ϕ(x)

(u− π̄(x))

]
,

(8.10)

where ϕ : Rnx → R
nφ is a vector of basis functions in the state variable x and in

which T ∈ R, R :=

[
Rx
Ru

]
∈ R

nφ+nu , and S :=

[
Sxx Sxu
S⊤
xu Suu

]
∈ R

(nφ+nu)×(nφ+nu)

with S = S⊤ ≻ 0. The parameter vector θ contains all the elements of T , R, and
the upper-triangular elements of S. Hence, nθ = 1 + nϕ + nu +

(nφ+nu)(nφ+nu+1)
2 .

With the stacked vector ζ :=
[
ϕ(x)⊤ (u− π̄(x))⊤

]⊤
, the parametrization (8.10)

reads Q̃(x, u, θ) = V π̄(x) + T + ζ⊤R− ζ⊤Sζ. Figure 8.1 provides intuition behind
the proposed parametrization.

Completing the square in (8.10) gives

Q̃(x, u, θ) = V π̄(x) + T + 1
4R

⊤S−1R−
(
ζ − 1

2S
−1R

)⊤
S
(
ζ − 1

2S
−1R

)
.

(8.11)

Since S ≻ 0, the Q-function is strictly concave in ζ, with unconstrained maximizer
ζ = 1

2S
−1R, so the linear term R sets the location of this maximizer. In particular,
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(a) Base case (b) Periodic basis

(c) Baseline policy (d) Combined

Figure 8.1. Quadratic Q-function parametrization (8.10) for a scalar state x
and scalar input u, shown over x, u ∈ [−2, 2]. In every panel the color indicates
the value of the fitted Q-function Q̃(x, u) and the black curves are its level sets.
Shown are the greedy policy π̃(x) ( ) from (8.12), and the baseline policy π̄(x)
( ). The simplest case (a) has identity basis ϕ(x) = x, zero baseline policy
π̄(x) = 0 and zero baseline value V π̄(x) = 0; a nonzero linear term R = [0; −1]
places the maximizer at π̃(0) = −0.5, so the policy does not pass through the
origin. The same case with a periodic basis ϕ(x) = sin(2πx) (b) makes the level
sets repeat along x. A baseline policy π̄(x) = 0.7 tanh(2x) + 0.4 sin(2x) together
with a baseline value V π̄(x) = −0.7x2 +0.5 cos(2x) and identity basis ϕ(x) = x (c)

bends the ridge of maximizers, and the baseline value is added to the Q-function,
reshaping it along x. The periodic basis, the baseline policy and the baseline value
are combined in (d).
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Suu ≻ 0 makes Q̃ strictly concave in u for every state x, so the greedy action is
unique, as we derive next. If ϕ(x) = x (and the baseline π̄ is affine), then ζ is
affine in (x, u), and the Q-function is strictly concave in (x, u) as well whenever
the baseline value V π̄ is concave. For a nonlinear basis ϕ, the map x 7→ ϕ(x) is
generally not invertible, so concavity in ζ does not imply a single peak in the
original variables (x, u). In the LQR setting with linear dynamics and quadratic
reward, the choice ϕ(x) = x makes the quality function exactly quadratic in (x, u).

Given a Q-function parametrization, the corresponding greedy action can be
found by setting the partial derivatives with respect to u equal to zero and solving
for u. For the particular parametrization in (8.10), we obtain

π̃(x) = argmax
u

Q̃(x, u, θ)

= π̄(x) +
1

2
S−1
uuRu − S−1

uu S
⊤
xuϕ(x).

(8.12)

Note that the basis functions ϕ appear linearly in this greedy policy. In this sense,
ϕ allows us to choose an affine feedback parametrization. The choice of ϕ also
informs the PE requirements on the dataset D, which is explained in the following
remark.

Remark 8.1. Even though the proposed methods are off-policy, the data-generating

policy cannot be selected arbitrarily. We need stochasticity in the policy during the

creation of dataset D, such that the inputs persistently excite the basis functions ϕ

through the dynamics. In this case, the PE condition is satisfied if the parameter

optimization problem (8.8) with (8.10) has a unique solution. The basis ϕ is

chosen by hand. Its choice fixes both the achievable policy class, through the greedy

action (8.12), and the persistence-of-excitation requirement on D.

When we substitute (8.12) into the parametrized Q-function (8.10), we obtain

Q̃(x, π̃(x), θ) = V π̄(x) + T +

[
ϕ(x)

1

]⊤ (
Ω+ΨS−1

uuΨ
⊤
) [ϕ(x)

1

]
(8.13)

with

Ω :=

[

−Sxx
1

2
Rx

1

2
R⊤

x 0

]

, Ψ :=

[

Sxu

− 1

2
R⊤

u

]

,

which presents the Q-value that follows from the so-called greedy action. With
the chosen cost function and Q-function structure, we can move to solutions to
the parameter optimization problem. The next section details a convex numerical
method to this effect.
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8.3.2 Iterative Convex Method

Optimization problems with ℓ1-norm cost can be equivalently characterized with
linear cost and inequalities containing the original cost vector. If we perform this
transformation and substitute (8.10) and (8.13) into (8.8) with p = 1, we obtain

min
θ

N∑

k=0

tk,

s.t. tk ≥ z̃k, k ∈ {0, 1, . . . , N},
tk ≥ − (z̃k) , k ∈ {0, 1, . . . , N},
W = ΨS−1

uuΨ
⊤,

Ω =

[
−Sxx 1

2Rx
1
2R

⊤
x 0

]
,

S ≻ 0,

(8.14)

where tk ∈ R for k ∈ {0, 1, . . . , N} and Ω,W ∈ R
(nφ+1)×(nφ+1) are auxiliary

variables, and in which

z̃k := Q̃(xk, uk, θ)−

(

rk + γ

(

V
π̄(xk+1) + T

+

[

ϕ(xk+1)

1

]⊤

(Ω +W )

[

ϕ(xk+1)

1

])

)

.

This optimization problem has a cost function that is linear in the design variables,
linear matrix inequality constraints, along with a single matrix equality constraint
W = ΨS−1

uuΨ
⊤, which is nonlinear in the design variables.

To make the optimization problem convex, we fix the optimization variables
that appear nonlinearly in (8.14) by setting W to arbitrary feasible values Ψ̂, Ŝuu.
Additionally, we propose fixing the variable Ω to feasible values Ŝxx and R̂x, even
though Ω appears linearly in the optimization problem. While this step is not
required for convexity, empirical results suggest it often leads to improved solutions.
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After these adjustments, the optimization problem becomes

min
θ

N∑

k=0

tk,

s.t. tk ≥ z̃k, k ∈ {0, 1, . . . , N},
tk ≥ − (z̃k) , k ∈ {0, 1, . . . , N},
W = Ψ̂Ŝ−1

uu Ψ̂
⊤,

Ω =

[
−Ŝxx 1

2 R̂x
1
2 R̂

⊤
x 0

]
,

S ≻ 0.

(8.15)

This optimization problem is convex, so any local minimizer is also a global
minimizer. In fact, since the cost is linear in the design variables and the constraints
are LMIs, the optimization problem (8.15) is a semidefinite programming problem,
for which a wide variety of efficient numerical solvers are available. Note that in
numerical implementations, e.g., using SDP solvers, strict inequalities are often
replaced by non-strict ones. After solving it, we can update Ŝxx, R̂x, Ψ̂ and Ŝuu
using the solution θ∗ and repeat the optimization process. This implementation
resembles coordinate descent since we optimize over a subset of design variables.
Fixing the next-state value before refitting the Q-function also makes each iteration
closely related to fitted Q-iteration [209], for which error-propagation results relate
the closed-loop performance of the resulting policy to the per-iteration Bellman
error [214]. These results assume the true Bellman error. For stochastic transitions,
the single-sample residual used here is a biased estimate of it [215].

At a fixed point of this iteration, the updated values equal those of the solution,
that is, Ŝxx = Sxx, R̂x = Rx, Ψ̂ = Ψ and Ŝuu = Suu. The equality constraint
W = ΨS−1

uuΨ
⊤ of (8.14) then holds, so the iterate is feasible for the original

problem. It need not minimize the original problem, since each solve holds the
next-state value fixed and ignores how that value varies with θ. This behavior
mirrors fixed-target iterations in system identification, such as the Sanathanan–
Koerner iteration [216], whose fixed point likewise need not be a stationary point
of the original problem. There are no guarantees that a fixed point is reached after
finitely many iterations, yet we observe good results in practice.

The next section details an alternative solution to the optimization prob-
lem (8.14) using a convex relaxation.

8.3.3 Convex Relaxation

Consider again the optimization problem in (8.8) with p = 1 and Q̃ parametrized
according to (8.10). A convex relaxation of this problem is given by the optimization
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problem

min
θ

N∑

k=0

tk

s.t. tk ≥ z̃k, k ∈ {0, 1, . . . , N},
tk ≥ − (z̃k) , k ∈ {0, 1, . . . , N},
[
W Ψ

Ψ⊤ Suu

]
⪰ 0,

Ω =

[
−Sxx 1

2Rx
1
2R

⊤
x 0

]
,

S ≻ 0.

(8.16)

We obtain this relaxation by replacing the equality constraint W = ΨS−1
uuΨ

⊤

by the inequality constraint W ⪰ ΨS−1
uuΨ

⊤. Afterward, since S ≻ 0 implies
that Suu ≻ 0, we can apply the Schur complement. We obtain the equivalent
matrix inequality included as a constraint in (8.16) which is linear in the design
parameters. The resulting relaxed optimization problem (8.16) is a (convex)
semidefinite programming (SDP) problem, as the cost is linear in the design
variables and the constraints are LMIs. Furthermore, it is a relaxation of (8.14)
since the cost function is unchanged and the feasible domain is (slightly) expanded.

The Schur complement step above uses only Suu ≻ 0, so the full constraint
S ≻ 0 is not required for convexity of the reformulation, nor for the uniqueness of
the greedy action (8.12). We retain S ≻ 0 as a modeling choice, since it makes the
parametrized Q-function strictly concave in the stacked vector ζ.

The convex relaxation provides guaranteed lower and upper bounds on the
optimal cost. The lower bound arises because the relaxed optimal cost can never
exceed the original, as the relaxation expands the feasible set. Moreover, the relaxed
solution for θ is feasible for the original problem (8.14) if we set W = ΨS−1

uuΨ
⊤,

allowing us to evaluate an upper bound. If the bounds are tight, then the relaxed
solution is also optimal for the original problem.

In order to make the relaxation less conservative, we can add the matrix
inequality

Sxx ≻W11, (8.17)

where W11 ∈ R
nφ×nφ is the top left submatrix of W . This matrix inequality

follows from the original non-relaxed optimization problem by taking the Schur
complement of S. The introduction of the matrix inequality (8.17) constrains W
from above, potentially decreasing the gap between W and ΨS−1

uuΨ
⊤.

Next, we introduce a penalty term to the cost function, such that the inequality
W ⪰ ΨS−1

uuΨ
⊤ becomes closer to equality. This penalty term can be chosen in
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many different ways. In this chapter, we choose the nuclear norm of W , i.e.,

∥W∥∗ :=

nφ+1∑

i=1

σi (8.18)

where σi are the singular values of W . Note that since W is square and positive
semidefinite, ∥W∥∗ = tr(W ).

The choice of the nuclear norm as the penalty function is motivated by several
factors. First, the trace operator maintains the convexity of the optimization
problem. Second, penalizing the nuclear norm — equal to the sum of the eigenvalues
of W — directly addresses the gap between W and ΨS−1

uuΨ
⊤ by discouraging

excessively large eigenvalues of W . Last, in typical applications we see that
nu < nϕ + 1, which results in ΨS−1

uuΨ
⊤ being rank-deficient. The nuclear norm

presents a convexification of matrix rank minimization [217] and can therefore
be used to promote rank-deficient W . This combination of a Schur-complement
relaxation with a trace penalty resembles the cone-complementarity linearization
of El Ghaoui et al. [218]. Conditions under which such nuclear-norm penalization
recovers the exact low-rank solution, and hence closes the relaxation gap, are known
in special cases [217].

Together with the previous idea, this leads to the following optimization problem

min
θ

N∑

k=0

tk + λ tr(W ),

s.t. tk ≥ z̃k, k ∈ {0, 1, . . . , N},
tk ≥ − (z̃k) , k ∈ {0, 1, . . . , N},
[
W Ψ

Ψ⊤ Suu

]
⪰ 0,

Ω =

[
−Sxx 1

2Rx
1
2R

⊤
x 0

]
,

S ≻ 0,

Sxx ≻W11,

(8.19)

Given a dataset D, the penalty weight λ can be chosen by line search to minimize
the original cost (8.14). Section 8.4.3 demonstrates this for the pendulum.

8.3.4 Algorithms

Combining all the ideas presented, we can summarize the LMI-based parametrized
Q-learning methods in two pseudocode algorithms. Algorithm 2 details the LMI-
based Q-learning method that uses convex relaxation (LMI-QL), while Algorithm 3
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details the iterative LMI-based Q-learning method that resembles coordinate descent
(LMI-QLi), with τ ∈ N the number of iterations.

Algorithm 2 LMI-QL

1: Choose π̄ along with an (approximate) value function V π̄

2: Generate D using an arbitrary (stochastic) policy
3: repeat

4: Choose λ using line search
5: Find θ∗, the minimizing solution to (8.19)
6: until the line search stopping condition is reached

Algorithm 3 LMI-QLi

1: Choose π̄ along with an (approximate) value function V π̄

2: Choose τ ∈ N

3: Generate D using an arbitrary (stochastic) policy
4: Initialize Ŝxx, R̂x, Ψ̂, Ŝuu
5: repeat

6: Find θ∗, the minimizing solution to (8.15)
7: Update Ŝxx, R̂x, Ψ̂, Ŝuu using θ∗

8: τ ← τ − 1

9: until τ = 0

The two methods can be used to complement each other. We can use LMI-QL
to obtain a lower bound on the optimal ℓ1 cost, and then use the solution to
warm-start LMI-QLi. In terms of computational cost, both methods reduce to
semidefinite programs whose size grows linearly in the dataset size, with O(N)

variables and constraints. LMI-QL solves one such program, whereas LMI-QLi
solves τ of them, and is therefore a factor τ more expensive.

In the next section, we will demonstrate the merit of the proposed method in a
simulation case study.

8.4 Pendulum System Simulation Case Study

We apply the proposed methods to a nonlinear pendulum and learn the deviation
from a given baseline policy. The goal is to stabilize the pendulum in the upright
position.
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8.4.1 Simulated Setup

The pendulum has mass m and length l and is affected by gravity with gravitation
constant g. Furthermore, the pendulum is subject to linear damping proportional
to the angular velocity with damping constant d. The pendulum equations are
discretized in time using the forward Euler method with a sample time of Ts = 0.01.
The state representation of the pendulum consists of its angle and angular velocity.
The dynamical model after discretization is given by

xk+1 =

[
mod (xk[1] + Tsxk[2] + π, 2π)− π

xk[2] +
Tsg
l sin (xk[1])− Tsd

ml2xk[2] +
Ts

ml2uk

]
+ wk, (8.20)

where m = 0.1, l = 1, g = 9.81, d = 0.1, and with wk as an independent and
identically distributed (i.i.d.) zero-mean Gaussian disturbance with covariance
matrix Σw = 2.5 · 10−5Inx

. The reward function is quadratic, i.e.,

rk = −
[
x⊤k u⊤k

]
M

[
xk
uk

]
, (8.21)

in which M = M⊤ ≻ 0. The discount factor in (8.3) is given by γ = 0.98. We
use an exploring policy, namely, uk ∼ N (0, 101Inu

) at every timestep k. The state
values in the dataset D are subjected to i.i.d. zero-mean Gaussian noise with
covariance matrix Σv = 10−4Inx

. We choose

ϕ(x) =

[
x

sin(x[1])

]
,

which allows our controller to counteract the nonlinear effects of gravity on the
pendulum. The baseline controller π̄ is an LQR state feedback controller based on
a linearization of (8.20) around the origin, with inaccurate parameters m̄ = 0.1m

and l̄ = 0.3l. We set R = 0, which by (8.11) places the maximizer of the Q-function
at ζ = 0, that is, at the origin x = 0 with input u = π̄(0) = 0. This is where the
reward (8.21) is maximized in this specific case study.

The baseline value function is selected as V π̄(x) = −x⊤P̄ x, with P̄ the solution
to the algebraic Riccati equation for the inaccurate linearized model. We compare
the proposed method to a model-based controller consisting of feedback linearization
and LQR on the resulting linear model (with accurate model parameters). This
controller is a strong model-based baseline, as it uses the accurate model parameters
and enjoys an inverse-optimality property [219]. We also compare the proposed
method to the learning method least-squares policy iteration (LSPI), which is
detailed in the next section.

8.4.2 Least-Squares Policy Iteration

In LSPI, we perform policy evaluation steps called LSTD-Q, followed by policy im-
provement steps based on the updated Q-function. The Q-function parametrization
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in LSPI is linear in the parameters, i.e.,

Q̃LSPI(x, u, θ) = ψ⊤(x, u)θLSPI , (8.22)

with θLSPI ∈ R
nθ , and ψ(x, u) :=

[
ψ1(x, u), ψ2(x, u), . . . , ψnθ

(x, u)
]⊤

a vec-
tor of basis functions, with ψi : Rnx × R

nu → R, i ∈ {1, 2, . . . , nθ}. Note that this
Q-function parametrization slightly generalizes (8.10). The linearity of Q̃LSPI in
θLSPI allows us to reformulate the policy evaluation step as a convex least-squares
problem with a closed-form solution by optimizing the parameters using (8.8) with
p = 2. Importantly, this requires that we fix the policy at the next timestep. In
the simulated case study, we use the same Q-function parametrization for LSPI
as in the proposed method, i.e., (8.10). Note that LSPI cannot include a positive
definite constraint on S.

8.4.3 Tuning the Penalty λ

We choose the penalty weight λ in (8.19) by line search. For each λ, we solve the
relaxed problem and evaluate the original cost (8.14) at the relaxed solution, and we
keep the λ that minimizes this original cost. Figure 8.2 shows the lower and upper
bounds on the optimal ℓ1 cost as functions of λ for the pendulum dataset, together
with the closed-loop reward. The line search is performed offline. Automating the
choice of λ is a direction for future work.

8.4.4 Results

Figure 8.3 shows the results of applying LSPI, feedback linearization + LQR, and
LMI-QL(i) to the pendulum example. We construct a dataset D with 500 randomly
generated initial states, stochastic inputs, rewards, and next states. The learning
methods then learn from zero using progressively larger subsets of D to assess
learning speed. For LSPI and LMI-QLi, we run 20 iterations for each subset. The
methods are compared based on cumulative reward over a 100-sample simulation
with identical initial conditions and disturbances. To account for variability, we
perform 500 Monte Carlo runs. Runs whose cumulative reward falls below −2000
are treated as unstable and excluded before computing the median and percentile
band, which affects 20.6% of the LSPI runs but only 0.83% of the LMI-QL runs
and 0.27% of the LMI-QLi runs.

We also assess the relaxation gap on the full dataset of N = 500 samples. Taking
the median over the 500 seeds at a fixed penalty weight λ = 0.02, LMI-QL attains a
relaxed cost of 3.602, a lower bound on the optimal ℓ1 cost, and an original cost of
4.042 at the relaxed solution, an upper bound. The median of the per-run relative
gap (upper− lower)/upper is 10.3%. The gap is dataset-dependent: about a third
of the Monte Carlo runs are nearly tight, with a gap below 1%, while around a
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Figure 8.2. Effect of the penalty weight λ on the pendulum dataset. The left
axis shows the upper bound ( , original cost at the relaxed solution) and lower
bound ( , relaxed cost) on the optimal ℓ1 Bellman cost, and the right axis shows
the closed-loop cumulative reward ( ). All axes use a logarithmic scale. The
blue marker ( ) indicates the λ that minimizes the upper bound and the orange
marker ( ) the λ that maximizes the reward, which align closely.

fifth exceed 20%. The near-coincident bounds in Figure 8.2 reflect a dataset on
which λ was directly tuned, which results in a smaller gap. LMI-QLi attains a
median original cost of 3.777, which presents a tighter upper bound than LMI-QL.

In Figure 8.3, we can observe that both proposed methods converge close to the
cumulative reward that feedback linearization + LQR can achieve. At zero data
used, LMI-QL and LMI-QLi start from the baseline policy π̄, while LSPI starts
from the zero-input policy. This baseline head start lets the proposed methods
begin ahead of LSPI before any data has been used, since the baseline provides a
good starting point for the Q-function values. Lastly, observe that the proposed
methods converge faster than LSPI. This can be explained by the fact that the LSPI
solution does not satisfy the S ≻ 0 constraint at multiple points in Figure 8.3, and
by the fact that the proposed methods more directly learn the optimal parametrized
Q-function.
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Figure 8.3. Median cumulative reward and 25th–75th percentile band over 500
Monte Carlo runs of a 100-sample simulation, against the number of data points
used, with the reward on a logarithmic axis. Runs with cumulative reward below
−2000 are excluded as unstable. We compare LQR with feedback linearization
( ), LMI-QL ( ), LMI-QLi ( ) and LSPI ( ).

8.5 Conclusions

This chapter introduces LMI-QL and LMI-QLi, two methods for direct optimal
Q-function learning using convex optimization. We show that if the Q-function is
parametrized in a quadratic form and if the objective function uses the ℓ1-norm of
the Bellman residuals, we can derive two separate convex optimization problems.
In LMI-QLi, we fix a subset of the design variables such that the optimization
problem for the remaining variables becomes a semidefinite program. In LMI-QL,
we relax the temporal difference minimization problem into a semi-definite program
including a set of linear matrix inequalities. Simulated results indicate high data
efficiency in comparison to least-squares policy iteration for a nonlinear example.

Several directions for future work can be pursued. Establishing convergence
properties of LMI-QLi, and conditions under which its fixed point is a stationary
point of (8.14), are of interest. For LMI-QL, sufficient conditions under which the
convex relaxation is exact, and how they relate to the value of λ at which the
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gap closes, are a natural next step. The connection between the Bellman residual
and the value-function error from Section 8.3 is idealized. A finite-sample version
that holds for the estimated residual, under a persistence-of-excitation assumption,
would bound the distance to the optimal policy. A further direction is output
feedback, where the full state is not measured.



9
Smart Exploration in

Reinforcement Learning Using

Bounded Uncertainty Models

Abstract - Reinforcement learning (RL) is a powerful framework for decision-making in
uncertain environments, but it often requires large amounts of data to learn an optimal
policy. We address this challenge by incorporating prior model knowledge to guide
exploration and accelerate the learning process. Specifically, we assume access to a
model set that contains the true transition kernel and reward function. We optimize
over this model set to obtain upper and lower bounds on the Q-function, which are
then used to guide the exploration of the agent. We provide theoretical guarantees
on the convergence of the Q-function to the optimal Q-function under the proposed
class of exploring policies. Furthermore, we also introduce a data-driven regularized
version of the model set optimization problem that ensures the convergence of the class
of exploring policies to the optimal policy. Lastly, we show that when the model set
has a specific structure, namely the bounded-parameter MDP (BMDP) framework, the
regularized model set optimization problem becomes convex and simple to implement.
In this setting, we also prove finite-time convergence to the optimal policy under mild
assumptions. We demonstrate the effectiveness of the proposed exploration strategy,
which we call BUMEX (Bounded Uncertainty Model-based Exploration), in a simulation
study. The results indicate that the proposed method can significantly accelerate learning

This chapter is based on van Hulst et al. [220].
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in benchmark examples. A toolbox is available at https://github.com/JvHulst/BUMEX.

https://github.com/JvHulst/BUMEX
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9.1 Introduction

Reinforcement learning (RL) has shown great success in solving complex decision-
making problems in various domains, such as robotics, games, and finance [202].
However, RL often requires large amounts of data to learn an optimal policy, which
can be impractical in many real-world applications. This is especially true in
environments where data collection is expensive or time-consuming, such as in
robotics or healthcare. The need for large datasets comes from the fact that RL
algorithms typically explore the environment randomly, causing the agent to visit
many suboptimal states and actions [221].

A key opportunity arises when one has access to model knowledge, which is
often the case in many scenarios. This information is typically not utilized in
traditional RL algorithms. For instance, we may know that certain states cannot
be reached from particular other states or that there is a specific goal state. In
this chapter, we propose using such available knowledge, giving information on the
set of models to which the true model belongs, and using this to guide the agent’s
exploration, thus speeding up the learning process.

More specifically, we propose estimating bounds on the Q-function using opti-
mistic/pessimistic optimization over the available model set. We then use these
bounds to guide the agent’s exploration by prioritizing uncertain or promising
regions of the state/action space. Additionally, we propose regularizing the model
set optimization problem using a database of observed transitions. We show that
the Q-function converges to the optimal Q-function under the exploring policy and
that the exploring policy converges to the optimal policy in the regularized case.
Moreover, for a specific model set characterization we obtain a practical algorithm
with a convex (regularized) model set optimization. We refer to this practical
algorithm as BUMEX (Bounded Uncertainty Model-based Exploration).

This work is at the intersection of model-based RL and smart exploration in
RL. We will now briefly review the relevant literature, highlighting the relation
and differences to the current work.

Model-based reinforcement learning is a popular approach to speed up the
learning process in RL by incorporating model knowledge. In traditional model-
based RL, the agent learns a model of the environment and uses this model to
plan its actions [222, 223]. In our work, we use prior model knowledge to guide
the exploration of the agent, rather than to plan its actions. Smart exploration
in RL focuses on how to explore the environment efficiently to speed up learning.
Several prominent approaches use confidence bounds on value functions to guide
exploration, including Upper Confidence Bound methods [221, 224], UCRL2 [225],
and Posterior Sampling for Reinforcement Learning (PSRL) [226]. Bayesian RL
builds on this by using Bayesian inference to guide the agent’s exploration [227].
These methods typically rely on uncertainty estimates derived from a single nominal
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model or confidence intervals around model parameters. In contrast, our work
employs a set of models to direct exploration, rather than relying on a nominal
model with uncertainty estimates.

Our work builds most directly on the bounded-parameter MDP (BMDP) frame-
work [228], which characterizes model uncertainty through intervals on transition
probabilities and rewards. BMDPs are closely related to uncertain MDPs (uMDPs)
and interval MDPs (IMDPs). The BMDP framework has been used to develop
algorithms that are robust to model uncertainty [229]. The present work builds
upon this idea by using the BMDP framework to guide the exploration of the
agent. Additionally, our exploration strategy draws inspiration from Bayesian
optimization [72], which balances exploration and exploitation by using acquisition
functions. We adapt similar heuristics for selecting actions based on Q-function
bounds.

The main contributions can be summarized as follows.

• We introduce an exploration strategy for reinforcement learning that leverages
bounds on the Q-function obtained from a model set. We provide theoretical
guarantees on the convergence of the Q-function to the optimal Q-function
under the proposed exploration strategy.

• We propose a data-regularized version of the model set optimization problem
that ensures convergence of the Q-function bounds to the optimal Q-function.

• We propose a practical algorithm, BUMEX, for the BMDP framework and
establish, under specific conditions, finite-time convergence to the optimal
policy.

Our main theoretical results focus on finite state-action spaces, which allows us to
provide (finite-time) convergence guarantees and construct a practical algorithm.

This chapter is organized as follows. Section 9.2 introduces the problem
formulation. Section 9.3 presents the general framework for the proposed method
and the technical results. Section 9.4 discusses a practical algorithm that leverages
the theoretical results. Section 9.5 presents simulations and Section 9.6 concludes
the chapter.

9.2 Problem Formulation

We model the decision-making environment as a Markov decision process (MDP),
which we define in a general setting to encompass both finite and infinite (continuous)
state and action spaces. We assume an infinite-horizon discounted MDP, where the
agent interacts with the environment over an infinite number of time steps. This
MDP is defined as the tuple M = (X ,U , P, g, γ), with the following ingredients:
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• State Space X is a measurable (Polish) space representing the set of possible
states of the environment. We denote the Borel σ-algebra on X by B(X ).

• Action Space U is a measurable (Polish) space representing the set of inputs
or actions that the agent can take. We denote the Borel σ-algebra on U by
B(U).

• Transition Kernel P : X × U × B(X ) → [0, 1] is a Markovian transition
kernel, where P (x, u, ·) is a probability measure on X for all (x, u) ∈ X × U .
We assume that for every bounded measurable function h : X → R, the
mapping (x, u) 7→

∫
X
h(x′)P (x, u, dx′) is measurable.

• Reward Function g : X ×U → R is a bounded, measurable function, where
g(x, u) is the reward obtained by the agent when taking action u in state x.
We assume deterministic rewards for simplicity. The extension to stochastic
rewards is straightforward.

• Discount Factor γ ∈ [0, 1) is the discount factor that determines the
importance of future rewards.

The goal in this setting is to find a policy π ∈ Π, where Π := {π : X → Prob(U) |
π is measurable}, such that the expected cumulative reward or value is maximized.
Here Prob(U) denotes the set of Borel probability measures on (U ,B(U)). The
value function V π : X → R of a policy π ∈ Π is defined as

V π(x) = E
π

[
∞∑

k=0

γkg(xk, uk)

∣∣∣∣x0 = x

]
, (9.1)

where (xk, uk) denotes the state-action pair at time k under policy π, and E
π

denotes the expectation with respect to the probability measure induced by π and
the transition kernel P . A policy’s Q-function Qπ : X × U → R is defined as

Qπ(x, u) = g(x, u) + γ

∫

X

V π(x′)P (x, u, dx′), (9.2)

where Qπ(x, u) is the expected cumulative reward of taking action u in state x, then
following policy π. We assume that for every π ∈ Π, the integrals in (9.1), (9.2)
are well-defined. The optimal Q-function Q∗ : X × U → R is defined as

Q∗(x, u) = sup
π∈Π

Qπ(x, u). (9.3)

An optimal policy π∗ can be obtained from the optimal Q-function as π∗(x) ∈
argmaxu∈U Q

∗(x, u). The optimal Q-function can also be defined in terms of the
Bellman operator T as Q∗ = T Q∗, where T : B(X × U)→ B(X × U) is defined as

(T Q)(x, u) = g(x, u) + γ

∫

X

sup
u′∈U

Q(x′, u′)P (x, u, dx′).
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As usual in reinforcement learning, our objective is to find the optimal policy
π∗ by interacting with the environment and learning from the observed data
D := {(xk, uk, xk+1)}N−1

k=0 . The transition kernel P and the reward function g

are assumed to be unknown to the agent. However, we assume that the agent
has access to a model set M̂ that contains the true transition kernel and reward
function. This is formalized in the following assumption.

Assumption 9.1. The model set M̂ is defined as M̂ = (X ,U ,P,G, γ), where P
is a set of transition kernels and G is a set of reward functions. The true transition
kernel P belongs to P, and the true reward function g belongs to G. The model
set M̂ is known to the agent.

Thus, the problem is to find the optimal policy π∗ based on the model set M̂
and the observed data D.

9.3 Proposed Method

We will first discuss a version of the proposed method that fits the general MDP
setting introduced in the previous section. This version cannot be directly applied
in practice because optimization over the general model set is intractable. This
version presents the theoretical foundation for a more practical version that we will
detail in Section 9.4.

9.3.1 General Framework

Given the model set, we can determine bounds on the Q-function that hold for all
models in the set. These bounds are constructed using the Bellman updates, given
by

(T̄
¯
Q)(x, u) = inf

g∈G
g(x, u) + γ inf

P∈P

∫

X ¯
V (x′)P (x, u, dx′),

(T̄ Q̄)(x, u) = sup
g∈G

g(x, u) + γ sup
P∈P

∫

X

V̄ (x′)P (x, u, dx′),
(9.4)

in which
¯
V and V̄ are defined as

¯
V (x) := sup

u∈U ¯
Q(x, u), V̄ (x) := sup

u∈U
Q̄(x, u). (9.5)

These relationships and the resulting bounds are related to adversarial MDPs, where
the agent aims to minimize the reward in the worst-case scenario, see e.g. [230].
We assume throughout that the suprema and infima in (9.4) are attained and that
the resulting functions are measurable, so that T̄ and T̄ map B(X × U) into itself.
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Both conditions hold automatically when X and U are finite, which is the setting
of every convergence result in this chapter. In the general case, sufficient conditions
follow from the measurable selection theory of Bertsekas and Shreve [231, Ch. 7].

Lemma 9.2. Let T̄ and T̄ denote the Bellman operators defined in (9.4). These

operators are contraction mappings on B(X × U) with unique fixed points
¯
Q∗ and

Q̄∗, respectively. Then

¯
Q∗(x, u) ≤ Q∗(x, u) ≤ Q̄∗(x, u), ∀(x, u) ∈ X × U , (9.6)

where Q∗ is the optimal Q-function defined in (9.3). Similarly, the corresponding

value functions

¯
V ∗(x) := sup

u∈U ¯
Q∗(x, u) and V̄ ∗(x) := sup

u∈U
Q̄∗(x, u),

satisfy
¯
V ∗(x) ≤ V ∗(x) ≤ V̄ ∗(x), ∀x ∈ X , where V ∗(x) := supu∈U Q

∗(x, u) is the

optimal value function.

Proof. Since the reward function g is bounded and γ ∈ [0, 1), the operators T̄ and
T̄ are contraction mappings with modulus γ with respect to the supremum norm.
By the Banach fixed-point theorem, each operator has a unique fixed point. Since
the true MDP M is contained in the model set M̂, we have T̄ Q ≤ T Q ≤ T̄ Q for
any Q-function Q. The monotonicity of these operators implies the ordering of
their fixed points as in (9.6), and the value function bounds follow directly.

The paper Givan et al. [228] on bounded-parameter MDPs establishes similar
bounds for the value function in finite state spaces using interval-based model sets.
Our result generalizes this by considering both finite and infinite spaces and by using
Q-function bounds instead. Note that the initialization of the Q-bounds does not
affect the sandwiching property that is obtained upon convergence. Typically, we
initialize the Q-bounds using prior knowledge or heuristics about the environment
to speed up the convergence.

As stated next, the guaranteed Q-bounds can be used to test if certain inputs
are suboptimal or optimal.

Proposition 9.3. Let
¯
Q∗ and Q̄∗ be guaranteed lower and upper bounds on the

optimal Q-function Q∗, respectively, i.e., (9.6) holds. Then, the input u at state x

is suboptimal if

Q̄∗(x, u) <
¯
V ∗(x), (9.7)

and the input u at state x is optimal if

¯
Q∗(x, u) ≥ max

v∈U\u
Q̄∗(x, v). (9.8)
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This result follows directly from the guaranteed Q-bounds.
In the next section, we will discuss an exploration strategy that leverages the

Q-function bounds to guide the agent’s exploration in the environment.

9.3.2 Exploration Strategy

We propose a class of exploring policies to be used during the acquisition of the data
that leverages the Q-function bounds. The exploring policy randomly selects the
input u at state x according to weighted random sampling with input-dependent
weights

ϕ(x, u) =



























ξ, if
¯
Q(x, u) ≥ maxv∈U\{u} Q̄(x, v),

β(x, u), if
¯
Q(x, u) ̸= Q̄(x, u) and Q̄(x, u) >

¯
V (x),

0, if
¯
Q(x, u) = Q̄(x, u) and Q̄(x, u) ≤

¯
V (x),

ζ, if
¯
Q(x, u) ̸= Q̄(x, u) and Q̄(x, u) ≤

¯
V (x),

ζ, if
¯
Q(x, u) = Q̄(x, u) and Q̄(x, u) >

¯
V (x),

(9.9)

with ϕ : X × U → R≥0 the sampling weight of input u at state x. Here, ξ ∈ R>0

and ζ ∈ R≥0 are constants, and β : X ×U → R>0. The conditions are evaluated in
the order listed, and the first one that applies determines the weight. The induced
exploration policy πϕ is defined by

πϕ(x, u) =
ϕ(x, u)∫

U
ϕ(x, v)µ(dv)

, (9.10)

with µ a suitable reference measure on U (e.g., the counting measure if U is finite).
The first case in (9.9) implies that the input u at state x is guaranteed to be

optimal (by Proposition 9.3). For this reason, we assign it an arbitrary positive
weight ξ. Note that if an input satisfies this condition, this rules out the possibility
that any other inputs satisfy the second condition in (9.9).

The second case implies that the quality of input u at state x is uncertain but
that the input has the potential to improve

¯
V . We assign this input a positive

weight β that depends on x and u. This allows us to potentially assign more
weight to the input if it is highly uncertain or has a high Q-value upper bound Q̄.
Section 9.3.2 provides heuristic guidance on the choice of β, inspired by Bayesian
optimization.

The third case in (9.9) assigns zero weight to actions with tight Q-bounds that
are guaranteed to be suboptimal. The fourth case assigns a nonnegative weight
of ζ to inputs which are uncertain yet appear to be suboptimal, while the fifth
case assigns the same weight to inputs which are certain and not guaranteed to be
suboptimal. Note that in many cases, we can select ζ = 0 to prune such inputs.
However, this pruning might be too aggressive in some cases if we introduce data-
driven regularization of the model set optimization, which will be discussed later
in this chapter. Figure 9.1 illustrates the exploring policy based on the bounds.
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u = 1 u = 2 u = 3

Q̄(x, u = 2)

Q̄(x, u = 1)

Q̄(x, u = 3)
¯
Q(x, u = 2)

¯
Q(x, u = 1)

¯
Q(x, u = 3)

¯
V (x)

V̄ (x)

Figure 9.1. Schematic representation of Q-function bounds. From this particular
example, using Proposition 9.3 we can deduce that the choice u = 3 is guaranteed
to be suboptimal for this state x, as its upper bound Q-value Q̄(x, 3) is lower than

¯
V (x). By (9.9), the input choice u = 3 is therefore assigned a weight of ζ. In
contrast, actions u = 1 and u = 2, for which the bounds do not decisively rule
out optimality, receive weight β(x, u). Since

¯
Q(x, 1) is below

¯
V (x), the proposed

heuristics in Section 9.3.2 explore the input u = 2 more frequently.

As shown next, the convergence properties of standard Q-learning are retained
by the proposed exploring policy, as the exploration is based on guaranteed bounds.

Theorem 9.4. Consider finite state-action spaces. Let Q be the Q-function
obtained using standard Q-learning

Q(xk, uk)← (1− αk)Q(xk, uk) + αk

[

rk + γmax
u′∈U

Q(xk+1, u
′)

]

, (9.11)

under the exploring policy πϕ defined in (9.10) with parameters ξ ∈ R>0, ζ ∈ R≥0

and function β : X × U → R>0, initialized such that
¯
Q ≤ Q ≤ Q̄. If every state

is visited infinitely often (through e.g., exploring starts), and the learning rate αk
satisfies the Robbins-Monro conditions

∑∞
k=0 αk =∞ and

∑∞
k=0 α

2
k <∞, then the

greedy policy with respect to Q converges to the optimal policy with probability 1 as

k →∞.

Proof. Standard Q-learning convergence requires that every state-action pair is
updated infinitely often. Our exploring policy πϕ prunes actions that are guaranteed
to be suboptimal by (9.7), meaning not every state-action pair is updated. However,
the key insight is that for every state x, every action that could potentially
be optimal is still updated infinitely often (via exploring starts). Thus, while
Q(x, u) may not converge to Q∗(x, u) for pruned actions, the greedy policy π(x) ∈
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argmaxu∈U Q(x, u) converges to the optimal policy π∗(x) with probability 1, since
the Q-values of all candidate optimal actions either converge to their true values or
are dominated by actions that do.

In the next section, we detail how to select the weighting function β using
several heuristics.

Choice of Weighting β

Inspired by acquisition functions in Bayesian optimization [72], we can select
efficient weighting functions β. We are interested in improving the best worst-case
Q-value

¯
V (x) at state x. This improvement as a function of the choice of input u

is given by

I(x, u) = max (0, q −
¯
V (x)) , (9.12)

in which q denotes the unknown Q-value of input u at state x, which lies between

¯
Q(x, u) and Q̄(x, u). By assuming that the probability of Q-values within the
bounds

¯
Q and Q̄ is uniform, we can calculate the probability that a given input u

has an improvement greater than 0. This probability of improvement is given by

β(x, u) = Prob[I(x, u) > 0] =
max

(
0, Q̄(x, u)−

¯
V (x)

)

Q̄(x, u)−
¯
Q(x, u)

. (9.13)

Alternatively, we can take the expected value of the improvement (9.12) to obtain

β(x, u) = E[I(x, u)] =

(
max

(
0, Q̄(x, u)−

¯
V (x)

))2

2
(
Q̄(x, u)−

¯
Q(x, u)

) . (9.14)

These sampling weights prioritize exploring inputs with a large region of their
Q-value uncertainty range higher than the current best-worst-case input. Note
that we can assume other probability distributions (with bounded support) for
the Q-values between

¯
Q and Q̄. One such example that generalizes the uniform

distribution is the Bates distribution, which allows us to assume a higher relative
probability concentration around the midpoint of the Q-value bounds.

In the next section, we detail an approach to include data in the method by
regularizing the optimization over the model set P to bias it toward the observed
transitions.

9.3.3 Regularization with Observed Data

We propose that by regularizing the optimization over the model set using observed
data D, the bounds converge to the optimal Q-function under mild conditions. We
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can re-define the Q-bound Bellman updates (9.4) as

(T̄
¯
Q)(x, u) = inf

g∈G
g(x, u) + γ

∫

X ¯
V (x′)

¯
P ∗(x, u, dx′),

(T̄ Q̄)(x, u) = sup
g∈G

g(x, u) + γ

∫

X

V̄ (x′)P̄ ∗(x, u, dx′),
(9.15)

with

¯
P ∗(x, u, dx′) := arg min

P∈P

∫

X ¯
V (x′)P (x, u, dx′) + λ(x, u)d(P, PE),

P̄ ∗(x, u, dx′) := arg max
P∈P

∫

X

V̄ (x′)P (x, u, dx′)− λ(x, u)d(P, PE),

(9.16)

where we assume that the minimum and maximum exist (which is the case if for
instance P is compact). Here, PE : X × U × B(X )→ [0, 1] denotes the empirical
transition kernel obtained from the observed data D, and λ : X × U → R≥0 is
a regularization parameter. The function d(P, PE) is a divergence between the
transition kernel P and the empirical transition kernel PE . The divergence is used
to bias the optimized transition kernel toward the observed data, while still being
within the model set. The function d must satisfy d(P, PE) ≥ 0, with equality if
and only if P = PE . The variable λ determines the trade-off between the model
set and the observed data. It should increase with the size of D to ensure that the
selected model from the set is biased toward the observed data, such that

lim
T (x,u)→∞

λ(x, u) =∞, (9.17)

where T (x, u, x′) is the number of observed transitions from state x under action u
to state x′ in the dataset D, and T (x, u) :=

∑
x′ T (x, u, x′). In practice, λ can be

chosen as any increasing function of the visit count T (x, u) that satisfies (9.17).
Since the rewards are deterministic, whenever a reward rk is observed at state-

action pair (xk, uk), the set of reward functions G can be constrained to include
only elements that correctly assign this reward at that state-action pair, i.e.,

G = {g ∈ G | g(xk, uk) = rk}. (9.18)

Together with the regularized model set optimization, we obtain a convergence
result which is formalized next.

Proposition 9.5. Assuming finite state-action spaces, let λ : X × U → R≥0 be a

regularization parameter satisfying (9.17), and let d(P, PE) be a divergence such

that d(P, PE) ≥ 0 and d(P, PE) = 0 if and only if P = PE. Let P and G be the

set of transition kernels and the set of reward functions, respectively. Assume that

the reward function is deterministic. If every state-action pair is visited infinitely

often, then,

lim
N→∞ ¯

Q = lim
N→∞

Q̄ = Q∗. (9.19)
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Proof. Since every state-action pair is visited infinitely often, λ(x, u)→∞ by (9.17).
The regularization term then forces the optimization to select P = PE , as the
regularization dominates the objective. With deterministic rewards, G reduces to
the true reward function after one visit per state-action pair through (9.18). By
the law of large numbers, PE converges to the true transition kernel P . As the
Bellman operator is a contraction (see [232]), it follows that both the lower and
upper Q-function bounds converge to Q∗.

Note that for any value of λ, the Q-bound updates in (9.4) are still convergent.
However, it should be noted that the resulting converged Q-bounds are only
guaranteed to bound the optimal Q-function Q∗ if λ = 0 (by Lemma 9.2) or if
PE = P and λ =∞ (by Proposition 9.5).

The regularized model set optimization is incorporated into our proposed
method, which is summarized in Algorithm 4, where the data-regularized Q-bound
iterations are performed every L episodes. To improve learning efficiency, we
employ an ϵ-greedy type strategy, balancing exploration/exploitation. Additionally,
we clip the Q-function to the bounds whenever they are updated. By combining our
previous results, we obtain the following convergence guarantee for the exploring

Algorithm 4 BUMEX: Q-learning with exploring policy and regularized model
set optimization

Calculate Q-function bounds
¯
Q and Q̄ using (9.4).

Initialize Q such that
¯
Q ≤ Q ≤ Q̄.

for Episode e = 1, 2, 3, . . . do

Initialize state x0.
for k = 0, 1, 2, . . . until terminal do

if rand() < ϵ then

Select uk according to exploring policy πϕ.
else

Select uk = argmaxu∈U Q(xk, u).
end if

Apply uk and observe rk and xk+1.
Reduce the reward function set G such that g(xk, uk) = rk for all g ∈ G.
Update Q using (xk, uk, rk, xk+1) and (9.11).

end for

if e mod L = 0 then

Update the Q-bounds using (9.15) with (9.16).
Clip the Q-function Q to the bounds

¯
Q, Q̄.

end if

end for
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policy.

Theorem 9.6. Assume finite state and action spaces. Let πϕ be the exploring

policy defined in (9.10) for which we additionally assume that ζ is positive. Let

λ satisfy (9.17). Assume that d(P, PE) is a divergence with d(P, PE) ≥ 0 and

d(P, PE) = 0 if and only if P = PE. Assume deterministic rewards, and that every

state is visited infinitely often. Then, under Algorithm 4, the Q-bounds converge to

the optimal Q-function and the exploring policy πϕ converges to the optimal policy

with probability 1 as k →∞.

Proof. With ζ > 0, the exploring policy assigns positive weight to all actions except
those that are certain and guaranteed suboptimal. For uncertain state-action
pairs, the policy ensures infinite exploration, causing λ(x, u) → ∞ and forcing
convergence to the empirical kernel. By Proposition 9.5, the Q-bounds converge to
Q∗. The exploring policy then selects only guaranteed optimal actions, converging
to the optimal policy.

9.4 Practical Algorithm: BUMEX

In this section, we consider the finite state and action space case, where the MDP
transitions are reduced to a transition probability tensor M , such that

Prob(xk+1 = x′ | xk = x, uk = u) =M(x, u, x′), (9.20)

with M ∈ [0, 1]|X |×|U|×|X| and
∑
x′∈X M(x, u, x′) = 1 for all (x, u) ∈ X × U . The

MDP model set M̂ is defined as a bounded-parameter MDP model [228]. The set
that the true transition kernel M belongs to is defined as

P =

{

M
∣

∣

¯
M ≤M ≤ M̄,

∑

x′∈X

M(x, u, x′) = 1, ∀ x, u

}

, (9.21)

for known, well-defined lower and upper bounds
¯
M, M̄ ∈ [0, 1]|X |×|U|×|X|. The

reward function set that the true reward function g belongs to is defined as
G =

{
g
∣∣
¯
g ≤ g ≤ ḡ, ∀ x, u

}
. Thus, we assume that the true transition kernel

and reward function are bounded by known upper and lower bounds.
The function d is chosen to be the Kullback-Leibler (KL) divergence between

the transition kernel and the observed data, given by

d(M,ME) =
∑

x′∈X

M(x, u, x′) log

(
M(x, u, x′)

ME(x, u, x′)

)
, (9.22)

where ME is the empirical transition probability tensor from the observed data D
through ME(x, u, x

′) = T (x,u,x′)
T (x,u) . We choose the KL-divergence since it satisfies



236
Chapter 9. Smart Exploration in Reinforcement Learning Using Bounded

Uncertainty Models

9

d(P, PE) ≥ 0 with equality if and only if P = PE , is convex, and is a natural choice
for comparing probability distributions.

The resulting Bellman updates are given by

(T̄
¯
Q)(x, u) =

¯
g(x, u) + γ

∑

x′∈X
¯
V (x′)

¯
M∗(x, u, x′),

(T̄ Q̄)(x, u) = ḡ(x, u) + γ
∑

x′∈X

V̄ (x′)M̄∗(x, u, x′),
(9.23)

with the regularized model optimization given by

¯
M

∗(x, u, x′) = arg min
M∈P

∑

x′∈X
¯
V (x′)M(x, u, x′) + λd(M,ME),

M̄
∗(x, u, x′) = arg max

M∈P

∑

x′∈X

V̄ (x′)M(x, u, x′)− λd(M,ME).
(9.24)

We propose to select λ = 0 in the absence of data (T (x, u) = 0) and otherwise as
a function of system properties and the number of observed transitions from every
state-action pair, such that

λ(x, u) = c

√
T (x, u)

log (|X ||U|/δ) , (9.25)

where c is a constant, and δ is a confidence parameter. This formulation is based on
Hoeffding’s inequality [233]. This usage is similar to the PAC-MDP framework [234],
as implemented, e.g., in the UCRL2 algorithm [225].

The algorithm presented in this section is a straightforward extension of the
tabular Q-learning algorithm, where we can use the Q-function bounds to guide the
agent’s exploration. The Q-bound updates are computationally efficient: without
regularization, they reduce to simple min/max operations over the model set
bounds, while with regularization, the optimization remains convex and tractable.
The computational complexity scales similarly to other finite MDP methods like
UCRL2 or PSRL, with runtime dominated by the state-action space size rather
than the model set optimization. Note that all the convergence properties of
Q-learning discussed in the previous sections are retained. In some cases, we can
even guarantee finite-time convergence of the exploring policy to the optimal policy,
as shown in the next section.

9.4.1 Finite-Time Convergence

We can guarantee finite-time convergence of the proposed exploration strategy
under the following conditions:

Assumption 9.7. For every (x, u) ∈ X × U , one of the following holds:
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1. Deterministic transitions: For all x′ ∈ X , M(x, u, x′) ∈ {0, 1}.

2. Tight bounds: For all x′ ∈ X ,
¯
M(x, u, x′) = M̄(x, u, x′).

Furthermore, λ(x, u) is set to rely entirely on the data for the deterministic case,
that is, λ(x, u) =∞ if 1) holds and T (x, u) > 0.

The finite-time convergence result is formalized in the following lemma.

Lemma 9.8. Let πϕ be the exploring policy defined in (9.10) and let Q be the Q-

function from Algorithm 4, using model set M̂ and divergence d with d(P, PE) ≥ 0

and d(P, PE) = 0 if and only if P = PE. Assume deterministic rewards. Assume

that every state is visited infinitely often (e.g., via exploring starts), and that

Assumption 9.7 holds. Then, the Q-bounds converge to Q∗ in finite time with

probability 1, and the πϕ converges to the optimal policy in finite time.

Proof. Consider any state-action pair (x, u). The exploring policy ensures that any
state-action pair with uncertain Q-bounds is eventually sampled at least once (in
finite time). Under Assumption 9.7, we have:

1. In the deterministic case, a finite number of visits yields the exact empirical
kernel PE(x, u, ·); with λ(x, u) =∞, the optimization in (9.16) forces P = PE ,
making the Q-bounds exact in finite time.

2. In the tight-bound case, the Q-bound update reduces to the standard Bellman
update, since the model set contains only a single model.

The reward function set G is reduced to the true reward function g in finite
time, since we have finite state and action spaces. The model uncertainty is thus
completely eliminated. By Theorem 9.6, the exploring policy therefore converges
to the optimal policy in finite time with probability 1.

Although this chapter aims to present a general theoretical framework that can
be cast into both finite and infinite state/action spaces, formulating a practical
algorithm for the infinite-state, infinite-action case is considerably more challenging.
In practice, one must resort to function approximation techniques to parameter-
ize the Q-function. Such a parameterization typically leads to difficulties when
performing optimistic max-max optimization because the overestimation inherent
in the optimistic operator can result in divergence issues or unstable learning
dynamics [235]. The development of such an algorithm is left for future work.

A practical workaround is to construct a finite abstraction of the original system.
By discretizing the state and action spaces, one can apply the proposed exploration
strategy and Q-bound updates in a tractable manner, with approximation accuracy
improving as the discretization becomes finer. This approach faces the same
computational scaling challenges as other state-of-the-art finite MDP RL methods
such as the ones used in the comparison in the next section.
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9.5 Results

We apply the proposed practical algorithm to three benchmark reinforcement learn-
ing environments: Frozen Lake, Cartpole, and Taxi from the OpenAI Gym [236].

9.5.1 Frozen Lake Environment

In the Frozen Lake environment, the agent navigates a gridworld to avoid obstacles
and reach a goal state, receiving a reward of 1 upon success and 0 otherwise. The
transitions are stochastic due to the slippery nature of the ice, with the agent
moving in either the intended direction or one of the two perpendicular directions,
each with probability 1/3.

We define the model set to include knowledge about adjacency in the gridworld.
In particular, we assume that all transitions for which the true model has probability
zero are known, while all others have probabilities between 0 and 1. The reward
function set G contains only the true reward function g, assuming full knowledge
of the rewards. This model set definition is similar to what a human player might
assume when playing the game, i.e., the agent knows the layout of the gridworld
and the locations of obstacles and goals, but not the exact transition probabilities.
The results are shown in Figure 9.2.

We compare standard (randomly exploring) ϵ-greedy Q-learning, Q-learning
with UCB1 exploration [224], UCRL2 [225], and PSRL [226] to two variants
of BUMEX: one without regularization (L = ∞) and one with regularization
(L = 100). All experiments use ξ = 1, ζ = 0, β as in (9.14), c = 5, δ = 0.05,
α = 0.05, and γ = 0.95, with ϵ decaying exponentially from 1 to 0.01. The results
indicate that BUMEX converges to the optimal policy quickly and consistently,
even when the Q-bound iterations are only performed at the beginning. When
performing Q-bound iterations (with regularization) every 100 episodes, BUMEX
converges even faster, although this comes at an additional computational cost
induced by the repeated calculation of Bellman operators. Note that methods such
as UCRL2 and PSRL also rely on repeated Bellman operations with comparable
computational costs.

9.5.2 Cartpole Environment

In the Cartpole environment, the agent is tasked with balancing a pole on a
cart by moving the cart left or right, receiving a reward of 1 per time step the
pole is balanced. The transitions are deterministic and governed by the physics
of the cartpole system. We create finite state and action spaces by discretizing
the continuous state and action spaces, which introduces stochasticity into the
transition model. Furthermore, we perform quadratic reward shaping during the
training phase to speed up learning.
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Figure 9.2. Evaluation performance of BUMEX with L =∞ ( ) and L = 100

( ) versus standard ϵ-greedy Q-learning ( ), Q-learning with UCB exploration
( ), UCRL2 ( ), and PSRL ( ) in the Frozen Lake environment. Plotted
are the median, and the 25th and 75th percentiles of 100 Monte Carlo runs, where
the performance is evaluated every 25 training episodes by averaging the returns
obtained by applying the greedy policy for 100 episodes.

We define the model set to include knowledge about the cartpole dynamics,
i.e., the cartpole is governed by Newtonian physics. In particular, we assume that
the dynamics equations are known up to an unknown mass parameter. We obtain
the set P by looping over the set of possible mass values, obtaining the transition
probability tensor for each, then taking the max and min over these tensors to
obtain

¯
M and M̄ in (9.21). The reward function set G contains only the true

reward function g, i.e., we assume full knowledge of the rewards. The results are
shown in Figure 9.3.

We compare the algorithms ϵ-greedy, UCB1, PSRL, BUMEX with L =∞ and
L = 200, with the same ξ, ζ, β, c, and δ as in Section 9.5.1 (UCRL2 is excluded due
to poor performance). We use α = 0.03, γ = 0.97, and ϵ decaying exponentially
from 1 to 0.001. The results are similar to those in the Frozen Lake environment,
showing that the regularized method converges fastest and most consistently,
followed by the non-regularized version. The more limited performance gain from
regularization in this environment can be attributed to the larger state space
dimension.
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Figure 9.3. Evaluation performance of BUMEX with L =∞ ( ) and L = 200

( ) versus standard ϵ-greedy Q-learning ( ), Q-learning with UCB exploration
( ), and PSRL ( ) in the Cartpole environment. Plotted are the median, and
the 25th and 75th percentiles of 100 Monte Carlo runs, where the performance is
evaluated every 100 training episodes by averaging the returns obtained by applying
the greedy policy for 100 episodes.

9.5.3 Taxi Environment

The Taxi environment consists of a more complicated gridworld, in which the agent
is tasked with picking up and dropping off passengers at dedicated locations. The
agent is rewarded -1 at every timestep, -10 for illegal passenger pickups/dropoffs,
and +20 for a successful passenger dropoff. The gridworld contains walls which
the agent cannot move through. Note that this environment is deterministic.

Our prior model knowledge largely takes the same form as in Section 9.5.1, i.e.,
we assume that the agent knows the adjacency structure of the gridworld and the
locations of the pickup and dropoff points. We assume the agent does not have
knowledge of wall placements or the reward function structure.

We compare the same algorithms (ϵ-greedy, UCB1, UCRL2, PSRL, BUMEX
with L =∞ and L = 100) as in the previous sections, with the same ξ, ζ, β, c, and
δ. We use α = 0.03, γ = 0.98, and ϵ decaying exponentially from 1 to 0.01. The
results are shown in Figure 9.4 and are consistent with the other two environments.
This experiment specifically highlights the benefits of having accurate dynamics
knowledge while learning unknown rewards. The proposed method converges very
quickly once the deterministic reward function has been learned.



9.6. Conclusions and Future Work

9

241

0 1000 2000 3000 4000 5000

Training Episodes

−103

−102

−101

0

101

A
v
er

ag
e

G
re

ed
y

R
et

u
rn

Figure 9.4. Evaluation performance of BUMEX with L =∞ ( ) and L = 100

( ) versus standard ϵ-greedy Q-learning ( ), Q-learning with UCB exploration
( ), UCRL2 ( ), and PSRL ( ) in the Taxi environment. Plotted are the
median, and the 25th and 75th percentiles of 100 Monte Carlo runs, where the
performance is evaluated every 100 training episodes by averaging the returns
obtained by applying the greedy policy for 100 episodes.

9.6 Conclusions and Future Work

In this chapter, we proposed an exploration strategy for reinforcement learning
that leverages model-based Q-function bounds to guide the agent’s exploration.
Our work establishes multiple theoretical results that guarantee the convergence of
the proposed exploration strategy to the optimal policy in a general MDP setting.
Furthermore, in the finite state and action space case, and under reasonable assump-
tions on the model set, we obtain a practical algorithm, BUMEX, with the same
convergence guarantees. We also demonstrated that, under additional assumptions
on the transition probabilities, our method achieves finite-time convergence to the
optimal policy. The effectiveness of the proposed strategy was validated in several
Gym environments, where it outperformed standard exploration methods.

Future work includes extending the theoretical results to infinite state-action
spaces, e.g., through function approximation. Additionally, a sample complexity
analysis of BUMEX is desired to quantify the efficiency compared to state-of-the-art
RL methods.





10
Conclusions

Given noisy observations, what can we learn about the system that produced
them? Each chapter of this thesis answered a version of this question for a different
problem, and read on their own they have little in common. They range from
calibrating optical aberrations in STEM and TEM, to nanometer-precision motion
control, to data-efficient reinforcement learning. However, when we step back, these
chapters share an overarching philosophy on learning from limited and indirect
measurements. This concluding chapter first states what the thesis achieved for
electron microscopy, then presents the themes shared across the chapters, and
finally returns to the question the introduction raised about the role of structure
in the learning context.

10.1 Toward Autonomous Electron Microscopy

The introduction set out four challenges for electron microscopy. The first, the
correction and calibration of aberrations (C1), runs through the first two parts of the
thesis. Chapter 2 gives a fully data-driven calibration for the scanning transmission
electron microscope (STEM). A neural network maps each Ronchigram to a scalar
measure of the distance to a calibrated state, and a Bayesian optimization loop
with a problem-specific acquisition function drives that measure down, calibrating
defocus and two-fold astigmatism in roughly twenty Ronchigrams acquired in
under fifteen seconds. The scalar measure is also the main limitation of this
approach, since it loses information as the number of aberrations grows. Chapter 3
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removes that limitation. A variational autoencoder learns a multi-dimensional latent
representation of the Ronchigram, and an expectation-maximization procedure
estimates the aberration state together with the mismatch between simulated and
real images. The evenness of the Ronchigram power spectrum in the aberration
space makes this joint estimate identifiable, and the resulting calibration more than
halves the error of existing automated methods while converging in tens of seconds.

Chapter 4 carries C1 into the transmission electron microscope (TEM), where
the aberrations are estimated from the image shifts that beam tilts induce. The
core difficulty is that the speed and accuracy of the estimate depend on which tilts
are applied. Casting the choice of tilts as a sensor-scheduling problem and selecting
them to minimize the trace of the predicted estimation covariance reaches a target
accuracy in about forty-two percent fewer tilts than an uninformed pattern, and
experiments on a real TEM reproduce the predicted covariances. The method also
handles polycrystalline specimens, which the classical Zemlin tableau cannot.

The third challenge, three-dimensional imaging and specimen positioning (C3),
is the subject of Chapter 5. Electron tomography reconstructs a specimen from
a series of images taken at different tilt angles, and the specimen must stay
fixed at the point of interest as the stage tilts. The stage is a four-degree-of-
freedom piezo-stepper whose actuators suffer from hysteresis and whose position
cannot be measured directly at the point of interest. A data-driven feedforward
controller compensates the hysteresis and the repeatable positioning error in the
commutation-angle domain through iterative learning control, while the microscope
images themselves provide the point-of-interest position measurement that drives
the ILC learning. Together these hold the specimen in place to within nanometers
on an operational microscope.

The fourth challenge, throughput, automation, and the data challenge (C4),
runs through all the applied chapters. Each calibration and positioning method
replaces expert operator time with an automated procedure that raises throughput,
and each interprets high-dimensional image data directly, which answers the data
side of the same challenge.

Together, these methods remove parts of the manual work that stands between
current instruments and autonomous operation. Each was developed for a specific
task. However, the ideas behind them recur across tasks, and the next section
turns to those.

10.2 Lessons Learned

Most of the chapters in this thesis attempt to solve inverse problems, which consist
of recovering a quantity of interest from indirect observations through a forward
model. A recurring difficulty in such problems is identifiability: distinct values of
the quantity can produce the same observations, so the data alone cannot decide
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between them. Structural assumptions are how we can restore a unique solution.
Many of the estimation chapters can be cast this way, since they rest on Bayesian
inference, with the Kalman filter of Chapter 4 and the Gaussian process regression
of Chapters 2 and 7 as two forms of it (Chapter 7 even makes this connection
explicit by unifying the two forms). The cases worth examining in detail are those
where identifiability is genuinely at stake.

Optical aberration estimation is the clearest example. Its forward map is non-
injective, since distinct aberration states can produce visually indistinguishable
Ronchigrams. Overfocus and underfocus, for instance, both appear as a defocused
pattern, so a single observation cannot be used to uniquely determine the aberration
state. Chapter 2 and Chapter 4 resolve this through the history of observations
and a rich choice of inputs. Chapter 2 compresses the Ronchigram to a scalar
distance from the calibrated state, turning estimation into a search for the input
that minimizes this distance. Bayesian optimization is well suited to that search.
It makes large, informative jumps across the parameter space, and it conditions on
the full history of observations while searching in the parameter space, which is
what separates overfocus from underfocus. Chapter 4 achieves the same effect by
estimating the aberrations based on the full history of tilts and the resulting image
shifts.

Chapter 3 faces a harder version of the same problem. There the estimate
must include both a proxy for the aberration state and the mismatch between
the simulator and the real instrument, and in general a continuum of state-and-
mismatch pairs explains the same observations. The joint problem is therefore
not identifiable. The chapter shows that further structural assumptions remove
the ambiguity. The evenness of the Ronchigram power spectrum in the aberration
space constrains the Gaussian process model of the mismatch and makes the joint
estimate identifiable, provided the history of measurements is rich enough.

The same concern reappears in a different guise in Chapters 3 and 6, which
both use variational autoencoders (VAEs). A VAE fits a forward model and an
inverse model at once, with the latent space as the hidden quantity, and many
latent spaces explain the data equally well. Chapter 6 constrains this freedom in
two ways. It prescribes the topology of the latent space by building the required
product or quotient structure into the encoder and decoder, where a quotient is a
symmetry reduction of the latent space. It also adds anchor constraints that pin
chosen observations to fixed latent locations, which ties the coordinate system to
reality. The symmetry used here connects to Chapter 3, though it enters differently.
Chapter 6 builds the symmetry into the latent space through the autoencoder,
whereas Chapter 3 reads the symmetry off the data and uses it to constrain the
forward model that maps the aberration state to the latent representation.

A related idea is the explicit closing of the gap between a model and reality.
The simulation-to-reality gap of P2 is closed directly in Chapter 3, which estimates
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the mismatch from a small amount of real data. Chapter 9 does something similar
for reinforcement learning, where its data-based regularization pulls the model set
toward the observed transitions, bringing the assumed dynamics closer to the true
system as data accumulates.

Several chapters use a model of the remaining uncertainty to choose what to
measure or do next. Chapter 4 chooses each beam tilt by minimizing the trace
of the predicted estimation covariance (A-optimality), so that the next tilt is the
one expected to reduce the uncertainty the most. Chapter 2 selects each corrector
setting with a custom acquisition function evaluated on the Gaussian process
posterior, weighing each candidate by its distance from the current best estimate
and by the probability that it improves on it, so the setting tested next is the one
whose outcome would most change the calibration if the current estimate were
wrong. The same idea appears in Chapter 9, which adapts acquisition functions
from Bayesian optimization to reinforcement learning and uses bounds on the Q-
function to select the next action and prune the ones that are provably suboptimal.
In each case, choosing the measurement or action expected to be most informative is
the experiment-design counterpart of the Fisher information from the introduction.

An additional idea concerns the choice of modeling assumptions. Across the
chapters, the assumptions are chosen strong enough to make the problem tractable
and weak enough to stay accurate. Smoothness, assumed in the Gaussian process
models of Chapters 2 and 7, is a mild assumption that admits flexible methods such
as Bayesian optimization, at the cost of efficiency. Convexity, used in the quadratic
Q-function of Chapter 8 and the model-set optimization of Chapter 9, is far more
restrictive but admits efficient solvers. The same trade-off appears in the separable
kernel that reduces Chapter 7 to a finite Kalman filter. Where an assumption is
known to be inexact, the chapters quantify the cost. Chapter 4 shows empirically
that its physical model is accurate enough for the estimator to perform well, and
Chapter 7 bounds the error introduced by reducing the model order.

10.3 Structure vs. Scaling

The introduction raised the Bitter Lesson as an objection to the premise of this
thesis [35]. It argues that across the history of artificial intelligence, general methods
that scale with computation have outperformed methods built on human-engineered
domain knowledge. Much of this thesis is, in fact, built from general-purpose tools:
convolutional neural networks, Gaussian processes, Bayesian optimization, Kalman
filters, Q-learning, and gradient-based and convex optimization. These are not
curated domain knowledge, and to that extent the work agrees with the Bitter
Lesson. The structural assumptions sit on top of these tools, and the question is
when they are necessary rather than optional.

There are two regimes where structure is necessary, and they are distinct. The
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first is identifiability. When the goal is to recover a quantity of interest and the
forward model is non-injective, no quantity of data resolves it without a structural
prior, regardless of scale. This matters only when the quantity itself is the goal.
For problems where only a prediction or a decision is needed, two parameter values
that produce the same observations are equally acceptable, and identifiability can
be ignored. The joint estimation in Chapter 3 is a case where it cannot be ignored,
since we can only calibrate the optical aberrations if they are identifiable from the
data.

The second regime is the combination of bounded real data (P1) and a simulator
that does not match the real instrument (P2). Either condition alone leaves scaling
a way out. With abundant real data, a model can be trained on the instrument
directly. With a simulator that matches reality, more simulated data closes the gap.
When both hold at once, neither remedy is available, and improving data-efficiency
is the only option. Chapter 3 shows this concretely: for the same number of
Ronchigram observations, its structured estimate more than halves the error of the
simplified approach of Chapter 2.

Where neither regime applies, the Bitter Lesson likely holds, and the effort of
building in structure is better spent on scaling. This thesis marks where that view
breaks down rather than refuting it. Electron microscopy sits in the regime where
it does: the data is bounded, the simulator is approximate, and we are dealing
with non-injective forward maps.

10.4 Limitations

The thesis intentionally focuses on specific aspects of electron microscopy. Scanning
electron microscopy and specimen preparation are considered out of scope from the
start. Dose-limited imaging (C2), a central motivation for the field, is addressed
only indirectly, since methods that need fewer Ronchigrams or fewer tilts spend less
dose, while the dose-limited regime itself is left untreated. The fully autonomous
operation of C4 is brought closer but not reached.

The structure-first approach behind these contributions also has limits of its own.
As the previous section discussed, it helps where identifiability or the combination
of P1 and P2 is at stake, and where neither holds, its advantage over collecting
more data is small. It further depends on the structure being known and correct,
since a wrong model or symmetry pulls the solution toward the wrong answer, and
a problem with no usable structure leaves nothing to build in.

A second kind of limitation concerns maturity. The methods of Parts I and II
are validated on real instruments and built with practical use in mind, but they
are not yet deployed, which would take further integration and engineering. The
methods of Part III are demonstrated mostly on simulated case studies of modest
size, so their performance on large-scale real datasets is open. The chapters analyze
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the computational complexity of these methods and suggest how to scale them, for
instance through function approximation, but that scaling has not yet been carried
out in practice.

10.5 Recommendations

The clearest direction for future work is fully autonomous electron microscopy, in
particular STEM calibration and continuous-tilt TEM tomography. For STEM
calibration, the main remaining challenge is scaling to higher-order aberrations.
Chapter 3 treats defocus and two-fold astigmatism, but higher-order aberrations
have more localized effects on the Ronchigram, and thus it is recommended to
divide the Ronchigrams into patches with local Fourier features extracted from
each. The estimation problem also grows rapidly in dimension, and therefore a
hierarchical approach that resolves lower-order aberrations first and then refines
higher-order terms would keep the dimensionality tractable. A further open problem
is corrector fidelity. The calibration loop assumes that the correctors apply exactly
the commanded changes, but this relation carries uncertainty in practice and is
not currently accounted for in the estimation.

For specimen positioning, the remaining gap is full three-dimensional POI
tracking. The ILC framework of Chapter 5 tracks the specimen’s in-plane position
from image cross-correlation and encoder measurements, but has no measurement
of the axial coordinate (the specimen’s displacement along the beam). That axial
displacement determines the defocus seen in each TEM image. The tilt-based
aberration estimation of Chapter 4 estimates defocus quickly and without requiring
a particular specimen type, so it could in the future supply the out-of-plane position
measurement that Chapter 5 currently lacks. Fusing all three sources (encoder
readings, image-based in-plane tracking, and tilt-derived defocus) into a single
high-rate 3D POI estimate would benefit both the feedforward learning of Chapter 5
and the closed-loop feedback.

For the general methods of Part III, several concrete extensions remain open.
The latent topology of Chapter 6 could be learned from data rather than prescribed
by hand. The Dynamic Gaussian Process of Chapter 7 could be given control inputs
and the posterior-covariance-based sensor scheduling that it already points to. The
two convex methods of Chapter 8 invite a convergence analysis and conditions
under which the relaxation is exact. The bounded-uncertainty exploration of
Chapter 9 could be extended to continuous state-action spaces through function
approximation. Each of these would widen the range of problems the methods can
reach.
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10.6 Closing Remarks

This thesis set out to learn from limited and indirect measurements, with electron
microscopy as the case that motivated the question. The answer it offers is that
structure is what makes such learning possible: it determines which quantities can
be identified, it sets how much each measurement reveals, and it allows us to bridge
the simulation-to-reality gap rather than ignore it.

The history of electron microscopy is one of instruments that grow more
capable and, with that, harder to operate. The methods in this thesis let learning-
based algorithms take on part of that burden, enabling calibration and precision
positioning based on a handful of measurements. As this kind of automation
matures, the operator’s effort can move from tuning the microscope toward the
science it serves. The same reasoning applies wherever real data is scarce, and a
simulator stands in for reality. More fundamentally, it applies wherever observations
alone cannot uniquely identify what produced them. What noisy observations can
teach us, it turns out, depends entirely on what we already know.
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